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1 Introduction and Motivation



Many agents, individual decisions, collective behavior

Flocking Crowd dynamics
collective motion pedestrians

T E

Energy systems Financial markets Autonomous systems
EV charging / smart grids many traders drone swarms

How can we describe the behavior of thousands of
interacting decision-makers?
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Microscopic viewpoint

» Microscopic level — individual behaviors

— Track individual agents and their interactions M) (=) ) @D
— Agents/players = individual drivers - H
— Agent-based model (ABM)

Rule-based individual behavior
& = Vi, v; = A(8i, Vi, vi-1), 8i = Ti—1 — T
e.g., in traffic: car-following, lane-changing, cellular automata

— Finite-player differential game (FPDG)
[V. Neumann and Morgenstern 1944; Nash 1950, 1951]

¥ P— . ) e . * P— 3 . . B3
Ty = g, v = ag, a; = argmin Ji(ai,a™;).
1
Strategic/optimizing individual behavior; Nash equilibrium

— Computationally expensive

Many agents interact; possible stochasticity




Macroscopic viewpoint

» Macroscopic level — collective dynamics

— Describe the evolution of the whole population

— Individual agents represented by density m

— Mean-field game/control (MFG/C)
[Huang et al. 2006; Lasry and Lions 2007]

-0 — vAu + H(SC, Vu, m) =0 HJB: optimal decision
om —vAm — V- (m DpH(l‘, Vu, m)) =0 FP: population evolution

— Many individual interactions are replaced by a mean-field interaction
— Coupled forward—backward equations

u(T,x) = g(m7m(T7 1‘)), m(O,x) = mo().

— Often nonlinear, high-dimensional, and possibly stochastic
— Discretization — large nonlinear systems

Grid size, number of unknowns, dimension — curse of dimensionality

A. MACHTALAY



MFG theory over the last 20 years

» Micro-to-macro game-theoretical framework
Mean-field equilibrium lead to e-Nash equilibrium for FPDG.

Huang et al. 2006; Lasry and Lions 2007; Carmona and Delarue 2012; Nourian and Caines
2013; Bensoussan et al. 2014; Carmona and Delarue 2018a; Lacker 2020; Flandoli et al.
2022. ..

» Numerical methods for solving mean-field systems
Camilli et al. 2015; Cacace et al. 2017; Chassagneux et al. 2019; Ruthotto et al. 2020;
Achdou and Kobeissi 2021; Lauriére 2021; Bonnans et al. 2023; Baudelet et al. 2024;
Carlini et al. 2024. ..

P Applications: economics, finance, crowd dynamics, sociology,

engineering, epidemiology, computer science, traffic flow...

Guéant et al. 2011; Couillet et al. 2012; Gomes et al. 2014; Kolokoltsov and Bensoussan
2015; Bauso et al. 2016; Chan and Sircar 2017; Koulali et al. 2018; Barreiro-Gomez and
Tembine 2019; Tembine 2020; Mo et al. 2024. ..

» Micro-macro bridge + Numerically validate e-Nash
single-class traffic [Huang et al. 2020] , multi-class traffic [Machtalay et al. 2025]

20 Years of Mean-Field Games :g%*gi@
IMSI - February 22-26, 2027



 https://www.imsi.institute/activities/20-years-of-mean-field-games/ 

Mean-field and finite-player games

Best strategies

' Validation

. 1-car optimal 1. Non - d“}f‘l'caf_ | - 5. €-Nash MFE-Constructed
* control cooperatiop” | ifferentiel controls
games
/

2. N—x» 4. Feed-back
law

: MEG »| MEE | >

3. Solution Special|case

Figure: micro-macro game approach adapted from [Huang et al. 2020] .

MFE: Mean-Field Equilibrium

LWR: Lighthill-Whitham-Richards model [Lighthill and Whitham 1955; Richards 1956]




2 From finite-player differential games to mean-field games



Finite-player game

» Multi-class vehicle indexing:
— J vehicle classes, indexed j € {1,...,J}.
— Class j contains Nj vehicles, total number N = Z}]:1 N;.

— The vehicles of class j are indexed i; € Z; = {1+Zi;i N,y S Nk}.

k=1
» Every i;-th vehicle:
— Has velocity v;, () and position z;, (t).
— Follows the dynamics: dx;; (t) = v (t) dt, x;;(0) = x4, 0.
Possible extension: stochastic setting, e.g., dz;, (t) = v;; (t) dt + oy, dW;, (t).
— Minimizes the cost:
= One-vehicle OC + interactions

Lo (@, 0 1) = /OT fi; (vij(t)axz‘j (&), 2, (8), 7 (t )) dt+Gi; (24, (T))-

fi; running cost, G;; terminal cost, v/ = (vi;,v—i,), v—i; = (Vk)ki;-
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Finite-player game

Eij (vij’ V—i;, Ufj) = /OT fij <Uij (), Li; (t), L—i; (t),z ( )) dt+Gi, (:CZJ( ))-

» Admissible set of control functions

Vs, =

J max Y

{05 110, 7] 5 R| 0 < v3,(t) < o, ¥ € 0,71}

» Minimizing the cost

*x . . . * —7J,%
v, = argmm{ﬁlj (vij, vZ5,, 07 )}7

Vi ev;
» N-player differential game:
Li; (v, 02, ,v77") < L (v, v

— —a . ’
50 ij 79

» Nash-equilibrium: (’Ul’*, v
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Mean-field limit

» Two main assumptions:

— Infinite-population: N — oco.

— Homogeneous driver behavior: f; := f,,;j, Gj = G,-,J.

= Representative vehicle of class j.
» Micro-macro approach
— Lagrangian description < Eulerian description
= Velocity field: «/ (L.,zr,z-,,}(t)) = vy, (t).

ty of particle = u at
its position




Mean-field limit

» Micro-macro approach

— Particle-based < density-based
— Kernel density estimation (KDE) [Weglarczyk 2018]

- z—m; (t
= Density function: p/ (¢, z) ~ ﬁ Yier K (Lﬁ/m) ,
“t °J J

Vs € R, fRK(s)ds:l7 o> 0.

7 Ve ’
a
L s »/\/\/\
T () an,t)  a) @) a0 7,0 wt) @)
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Mean-field game

» Every i;-th vehicle:
— Follows dZEij (t) = (7 (t) dt, T, (0) = Ti;0-

— Minimizes

L, (vi,, 0, 077) = /OT Fiy (03, (8), 4, (8), 2 (£), 279 (1)) di+ G, (4, (T)).

P> Representative vehicle of class j
— Follows dz = w(t,z(t))dt, x(0) = ;.
— Minimizes

Lj(w;p) :/0 i (W2 (¢, 2(8)), p(t, (1)) dt + G((T)),

xj,0 is a given initial position of the generic vehicle j, and p = (p, ...p7).
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Hamilton-Jacobi-Bellman (HJB) equation

» Optimal cost (Bellman value function)
) T ) .
Vi) = min [ f; (w(s,2()),pls 2())) ds+ VI (T,a(T))
0<w Sufpngq /'t
» Dynamic programming principle [Bellman 1957; Bensoussan and Frehse 1984]

local cost on [t,t + dt] optimal continuation

dt, x(t + d .

T time

state x

t t+di
» Over an infinitesimal time interval [¢,t + dt]

Vit,z) = n%n /tt+dt i (uj(s, x(s)), p(s, x(s))) ds + VI (t +dt, z(t +dt)).

«O0>» 4 F» «E»
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Hamilton-Jacobi-Bellman (HJB) equation

» Assumptions over [t,t + dt], dt — 0:
— The state trajectory x(:) is Lipschitz,
— The map s +— f;(u/(s,z(s)), p(s,x(s))) is continuous,
» First-order expansions
, : oV oV
VIt +dt,x(t +dt) =VI(t,z)+dt ﬁ(t’ x) +dx %(t, x) + o(dt),

t-+dt . .
[ 15 (ws,0(5)),pls,2()) ds = £ (t,2)), plt, 2(8))) d + o)

» Plugging

uJ
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Hamilton-Jacobi-Bellman (HJB) equation

> HJB equation

8V7 ; oV
» Hamiltonian function: H;(pj,p) = min {fj(a, p) + ap;}.
0<a<uinaq
pj = % the derivative of V7 w.r.t x.

» HJB equation [Hamilton 1834; Jacobi 1884; Bellman 1954]

88‘;](7573:) + H; <%‘Z(t,x)7p(t,:c)> =0, VI(T,z) = Gj(x).

Terminal condition VI(T,z(T)) = G;(«(T)).
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Fokker-Planck-Kolmogorov (FPK) equation

> FPK [Fokker 1914; Planck 1917; Kolmogorov 1931]

— Describe how the traffic density evolves in time.
— Probabilistic derivation
= Stochastic dynamics: FPK equation
probability density m? (¢, z), Brownian motion, 1t&'s formula.
= Deterministic dynamics: Continuity equation (CE)
physical density p? (t,z) = N; m?(t, ), chain rule.
— Conservation of vehicles

within each class, over [t,t + dt], dt — 0, one-directional continuous road section
[z, z + dz], dz — 0.

0

& D)+ A (w(1,2) P (1,2) = 0, p(0,) = po(a)
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Mean-field game system

» Multi-class MFG:
— Interaction type: competition within and between classes.
— Mean-field classification [Bensoussan et al. 2013, 2018] .

= Nash mean-field game (NMFG).

> Hamiltonian = minimizer u”*(p;, p) = argmin {f;(«, p) + ap;},
0<a<uinaz
fj(a, p) is C* and strictly convex in c.

» Optimality condition = feedback control u/*(t,z) = % (pj, p)-

> NMFG system:
% (t,2) + & (P (t o) (t, 7)) = /ﬂ(O,ﬂ?) = (@), (@)
% (t3) + H; (92 (6, 2), o2, >) Vi(T,x) = Gj(a), (id)
uj(t,m):H;‘ (%—‘f( ,x), p(t ,m)), (zu)

pj = oV /o, H]* = 0H;/0pj, (i) forward nonlinear FPK or continuity equation,
(44) backward nonlinear HJB equation, (4i7) feedback.
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3 Solving the mean-field game PDE system using Newton-GMRES solver



Finite difference schemes

» Uniform grid: At =T/Ny, Az = L/Ny, 41 = x + Az, "1 =" + At.

> Numerical approximations:
xr
in L [

. . 1 Tk ) ; )
Jn 1m J (4T D~ YT (4T
¥ N An " p (t ,s)ds, uy A Ar /$k1 u! (", s)ds, [/k ~V (t Tk ),

=il

p?,u? cell averages — preserve mass, V7 pointwise.

» Continuity equation (non-linear conservative hyperbolic)
Jntl L (phm oy i UE R KU K
Pk 2 (pk—l +pk+1) 4 Pt — Peoa e

At 2Ax =0

Lax-Friedrichs, At = ﬁ ¢ € (0,1] —> robustness, monotonicity, p? > 0.

Umax

» HJB equation (first-order non-linear hyperbolic)

il L T
vntt v Viti — Vi n)
@ T\ Ty ) =0

upwind backward — monotonicity, convergence to the viscosity solution.




Finite difference schemes

» Viscous HJB equation
V]g’,n+1 _ ij,n . (Vlg%n{%l o ij,n+l B V]g;rn{kl _ 2Vk{,n+l + V]gin1+1
i J 7pk +v
At Az

Ax? ’

Umaxz ~

A A
regularity, viscosity solution, stability At = min (ﬂ %) , B € (0, %] v e (0,1].
» Feedback-law equation

Jyn+1 J,n+1
jm H* VkJrl B Vk nl —o
Uy J Az Pe | =Y,
upwind difference, consistent with HJB.
P Initial and terminal conditions
J
T

1 ko 3Nt J
Gplz)dz =0, VI —Vp(xy) =0.
-1

pj70 _
k ]
Az zi

» Boundary conditions

Jm _ ysdm Jjn o j,n
Yo =VN,s P00 =P,




Newton iterations

» Vector unknown: w € R3Nt(JN2)+2(JNz)

jm,}0<'rL<f\"t i }0<n<.e\971 jim }0<n<.e\ff
1<k<N, '’ ko Ji<k<N, k 1<k<Ng’

Y

contains: {p'

f j=1,---,J

» Non-linear NMFG system: F(w) =0, F € R3N:(JNa)+2(JNz)
encodes discrete: CE, HJB, feedback-law, initial, terminal, and boundary conditions.

» Linear system (Newton iteration m)
7 (w<m—1)) , (w(m) _ w(m—l)) —_r <w<m—1>> 7

large, initial guess w(®), Krylov-subspace (LGMRES)

» Jacobian matrix of F: J € RGNe(JNa)+2(JN2))x(3Ne(J Ne)+2(INe))

non-symmetric, extremely sparse, nnz(7) = [(2J + 13)N¢ + 2](JNz) < 1%.

» Jacobian-free: Finite-difference Jacobian-vector product

T(w)y ~ F(w + ev) —]-'(w)'
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Preconditioning and multi-grid initialization

> Jacobian: non-symmetric, non-normal, ill-conditioned (x2(J) > ;).
mesh-dependent, k2(J) — oo as Az — 0.

> Preconditioning Pyt Pp = P(w®), with J(w) = P(w) + Ry (w),

Py ' T(w®) =1+ Pyt (Pw®) — P(w®)) + Py R (w®).

Multi-grid initialization: wg_1 Interpolate wéo) s°|ve, )

1/2

A\

> Root Mean Square Error: RMSE = (£ 3o | |w; — @)

without with with
preconditioning | preconditioning | preconditioning & multi-grid
N, N iter Res iter Res iter Res RMSE | time
30 | 120 | 1000 4.96 9 1.4e-07 | 2 | 7.2e-07 | 0.028 | 3.5
60 | 240 | 1000 5.42 30 | 2.3e-06 | 3 | 1.6e-08 | 0.022 | 2e01
120 | 480 | 1000 5.01 117 | 45e-06 | 5 | 7.5e-07 | 0.016 | 1e02
240 | 960 | 1000 5.33 659 | 6.0e-06 | 15 | 2.0e-06 | 0.011 | 2e03
480 | 1920 | 1000 | 12.80 | 1000 | 0.262 | 168 | 5.9e-06 | 0.008 | 7e04
960 | 3840 | 1000 | 12.01 | 1000 | 0.404 | 840 | 6.0e-06 | 0.005 | 2e06

. 2\
f,GLWR('u-’.p) = % (L»‘",(/J) = u-’) J=1,T=3,L=1, pjam =1, Umaz =1

Res = || F(w)||, < 6.1076, CPU time in seconds, number of iterations for convergence (iter).
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Regularization-continuation

At
> j\l;,v = Jv,v +v—-—=L, viscosity-free w, — w as v — 0

Ax?
[GS]: v = 0.0. [GS]: 0.01 < v < 0.04.
N, | Ny iter | Res N, Ny v iter Res RMSE | time
30 | 120 | 1000 | 0.35 30 | 240 | 0.04 | 5 | 2.1e-06 | 0.0100 | 2e01
60 | 240 | 1000 | 0.71 60 | 720 | 0.03| 5 | 2.2e-06 | 0.0068 | 1e02
120 | 480 | 1000 | 0.9 120 | 1920 | 0.02 | 19 | 3.3e-06 | 0.0107 | 3e03
240 | 960 | 1000 | 1.1 240 | 3840 | 0.01 | 959 | 5.5e-06 | 0.0170 | 5e05
[GNS]: v = 0.0. [GNS]: 0.01 < v < 0.04.
N, | N; | iter Res N, Ny v iter Res RMSE | time
30 | 120 | 1000 | 0.097 30 | 240 | 0.04 | 2 | 4.1e-06 | 0.0083 | 6e01
60 | 240 | 1000 | 0.137 60 | 720 | 0.03 | 3 | 1.6e-07 | 0.0057 | 1e02
120 | 480 | 1000 | 0.164 120 | 1920 | 0.02 | 5 | 1.0e-06 | 0.0068 | 7e02
240 | 960 | 1000 0.9 240 | 3840 | 0.01 | 112 | 4.5e-06 | 0.0040 | 5e04
fGS(“;/ )) _ 1 u’ 27 s fGNS(“] )) _ 1 u’ 27 u? + ul s
7 =2 W oo 1 . Siam’ 7 =2 Umaz Unaz Uinas Siom
2
5= 2171 )/’7 €10,1], Sjam =J
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Parallel solver

» Preconditioner Jo = 7(w(®), 7; ' 7 (w™) =1+ 7,7} (j(w("’>) - j(w“”)).
» Parallel solver

— MPI [Dalcin and Fang 2021] : inter-process communication.
— PETSc [Balay et al. 2019] : large-scale numerical simulations.
— Pyccel [Bourne et al. 2023] : C/Fortran compiled-style kernel.

> Percentage improvement of the saved time: PIST = (‘feld=trew x 100) %.

> GLWR (J = 1), PIST: LGMRES 9%, 1 core %, 16 cores <2%, 56 cores.

parallel (CPU cores)

LGMRES 1 16 56 112

- - - - - - - ; ; : RMSE

N, Ng iter time iter time iter time iter time iter time
30 120 2 1304822 | 4 | 06479 | 4 |0.1957 | 4 | 0.1865 | 4 | 0.1614 | 0.0289
60 240 3 |173.088 | 4 29317 | 4 | 08708 | 4 | 0.7639 | 4 | 0.6494 | 0.0226
120 | 480 3 1702323 | 4 |13.152 | 4 |3.9964 | 4 | 35443 | 4 | 2.8693 | 0.0161
240 960 3 1963726 | 4 | 61594 | 4 | 17838 | 4 | 16.601 | 4 | 12.605 | 0.0114
480 | 1920 | 3 | 725714 | 4 | 31204 | 4 [81.798 | 4 | 74985 | 4 |56.501 | 0.0080
960 | 3840 | - - - - 4 | 41564 | 4 | 34205 | 4 | 265.41 | 0.0056
1920 | 7680 | - - - - - - 4 | 20059 | 4 | 1374.0 | 0.0039

TOUBKAL supercomputer, PowerEdge R840 server, 4 Intel Xeon Platinum 8276 CPUs (112 cores in total), 1.5 TB of RAM,

Performance CPU governor mode, SLURM-managed jobs.




Parallel solver

> GS (J = 1): LGMRES 2—/% 1 core A—% 16 cores <—/°> 56 cores.

parallel (CPU cores)
LGMRES 1 16 56 112

: - = : : : : - - - RMSE

N, Ny | iter | time iter | time | iter | time | iter | time iter | time
30 120 | 4 | 377560 | 5 | 08363 | 5 | 02356 | 5 |0.21561 | 5 | 0.23177 | 0.0204
60 240 | 5 | 228240 | 5 |4.0176 | 5 | 1.1025| 5 | 0.92241 | 5 | 0.92102 | 0.0136
120 | 480 | 6 | 134806 | 6 | 23654 | 6 | 6.3526 | 6 | 533464 | 6 | 5.06342 | 0.0087
240 | 960 | 9 |40000.0 | 6 |128.77 | 6 |31.042 | 6 |26.4452 | 6 | 24.0049 | 0.0054
480 | 1920 | - - 7 192439 | 7 |193.27 | 7 | 154.744 | 7 | 114.693 | 0.0032
960 | 3840 | - - - - 9 | 21888 | 9 |1277.61 | 9 | 1183.04 | 0.0019
1920 | 7680 | - - - - - 10 | 13025.0 | 10 | 12151.2 | 0.0011

> GNS (J = 1) LGMRES —— 0% 1 core ; 16 cores % 56 cores.

parallel (CPU cores)

LGMRES 1 16 56 112
= = = 5 : : = = = : - RMSE

N, N, | iter | time | iter | time | iter | time | iter time iter time

30 120 4 119892 | 9 |1.4183 | 9 |0.3808| 9 |0.33785 | 9 | 0.36964 | 0.0142

60 240 | 4 | 86943 | 11 | 8.4206 | 11 | 2.0786 | 11 | 1.66433 | 11 | 1.63943 | 0.0086
120 | 480 | 5 |89.412 | 15 | 56.405 | 15 | 13.663 | 15 | 11.0040 | 15 | 10.2259 | 0.0050
240 | 960 | 5 | 5000.0 | 17 |350.53 | 17 | 73.656 | 17 | 59.1687 | 17 | 52.8208 | 0.0028
480 | 1920 | - - 19 | 24179 | 19 | 406.71 | 19 | 317.431 | 19 | 281.389 | 0.0015

960 | 3840 | - - - - 22 | 3445.0 | 22 | 2021.92 | 22 | 1775.82 | 0.0008
1920 | 7680 | - - - - - - 25 | 21228.1 | 25 | 20045.9 | 0.0004




4  From mean-field games back to finite player differential games



Discrete optimal controls

> NMFE-constructed controls (9;;);.e7; jef1,....7}

Zi. 0)i.ez.: N; random samples generated from p7 (0, z).
§:0/i5€L; J & P

> e-Nash equilibrium (3, (¢))i;ez; je(1,....3

Vi € [0,wa0)y Lij iy, 0y 5 7) < L (viy, 5-iy, 577) + €45

[Huang et al. 2006; Lasry and Lions 2007; Carmona and Delarue 2012; Bensoussan et al.
2014; Carmona and Delarue 2018a; Carmona and Delarue 2018b]

> e-Nash equilibrium with lower bound &;;

éij = max {'Cl] (@l] ) ﬁ—ij ’ @7j) - Eij (’Uij ) ﬁ—ij ) {)7])} :
Vi E[Oyu%ax}




Best responses

> e-Nash equilibrium with lower bound &;,

éij = 'Cij (ﬁija ﬁ—ija ’0—]) - IIlil’l_ {‘CZJ (vija ﬁ—ipﬁ_J)}
UZJE[Ovuinax]

= »Cij (IA)Z] 5 ’LA}_Z'j 5 ’LA}_J) — Eij (Eij 9 @—ij 5 ’17_3).
exploitability in game theory, £;; ~ 0 suggests 0;; — v;;.

> Best responses (v;,(t))i;ez; je(1,....}

;.

. = argmin {ﬁij(vij,v_ij,v_J)},

'Uij E[O:uzrlam}

G = By 07 @0 = gy dig, = Ol W a0 22 050 0 = @00
adjoint equation ff"z-, (t) = Vaf; (U (t), p(t, ;. (L))) , P (T) =0,

gradient function g;, (t) = Vo fj(v iz (1), p(t, Ti; ()))+P (1),

D) = o0 ) — 7 o 1),

gradient descent method v; Tk 9;
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e-Nash validation

P Relative accuracy:

— MaxRA = max max éij /mazx mazx |£ij (ﬁij,ﬁ_ij,ﬁ_j)| .
J i€T; J ij€T;

— MeanRA = Zj Zij ez, /Z] Zij ez, ’Eij (B4 ﬁ_ij,ﬁ*j)’ .

P Theorem 6.7 [Carmona and Delarue 2018b] = €:;] < CON—V4 vjie{l,..,J},i; €I;.

Eij

|23, (83,,9—i,,9_;)| > co > 0 = MaxRA, MeanRA < £ N~1/4,

GSTCT GNS-TC) GNS-CT (GNS-TCT

N : N

B P W loa(N) log(N) og(N) log(N) loa(N log(N)
Tog(N log(N

= v = —— MaxRA MeanRA  —— log(MaxRA) +— log(MeanRA)

MaxRA ~ Crae N ™", MeanRA ~ Crmnean N ™", p1,n > %.




5 Conclusion



Conclusion

» Contributions

— Extending the micro-macro bridge from single-class to multi-class traffic.
— Combining tailored numerical methods and parallel implementations.

— Solving very large systems with up to 88M unknowns and 600 vehicles.
Original micro-macro comparisons for different traffic scenarios.
Numerically validate e-Nash with convergence rates better than
theoretically expected.

EfiEsE
e Rt o]
e e
w3 GIes
PhD dissertation [Machtalay et al. 2025]

» Future directions

— Richer traffic models (second-order dynamics, multi-lane traffic)

— Theoretical analysis (existence and uniqueness of solutions,
convergence)

— Scalable numerical methods (e.g., improved preconditioners)
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Thank you for your attention!
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