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Introduction

Optimal Control problem

@ An optimal control problem (OCP) seeks a control function that minimizes a given
performance criterion, while satisfying the governing equations of the system.

o Mathematically,
mgin J(0) = J(u(0),0), subject to A(u, ) =0,

where
o u: state variable, describes the system’s behavior.
6: control variable.
A(u,0) = 0: State (governing) equation, often an ODE or PDE.
J(u, 0): cost functional, measures system’s performance.

Arghya Kundu KAAS SEMINAR 3/53



Homogenization

. . Macroscopic Scale
Microscopic Scale b

@ describes the heterogeneties O Gl 9E5 Hil2 e sn) oSl ienors

. @ size of cm-km
@ size of nm-mm

@ better suited for numerical

@ not suited for numerical simulations . .
simulations

@ Mathematically, homogenization is an averaging process that replaces
heterogeneities in microscopic description with effective macroscopic ones.

R A®(u®) =f inside the material,
u® = g on the boundary,

what if e (heterogeneity) — 0?
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Periodic Setting

e Q C R"- bounded domain and Y :=[0,1)"-
representative cell.

@ Y? is the pore space and Y? is the solid parts such
that Y := YPU Y*.
Y @ 00 and I'- are the boundaries of Q and Y*.
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Periodic Setting

e Q C R"- bounded domain and Y :=[0,1)"-

& representative cell.
@ Y? is the pore space and Y? is the solid parts such
that Y := YPU Y*.
Y @ 00 and I'- are the boundaries of Q and Y*.
. @ Choose a sequence of scale parameter € > 0. For
é yeY, weset x =e¢y.
l @ For fixed £,Q2 C U (Y + k).
keZn
1 0 Qp:= U e(YP+k), Q= Ue(Y+k),
g kEZN kEZN
M= U e(l+k), 09, :=0QUT:.
] kEZN
+
£ =07
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e-scaling

F*

\ 7] 3
QS< X =gy

Qp D \ ree 18 i
\ e}’ 3 @

Domain () covered by Y

\ ></<

e-scaled Q

Figure : e-periodic scaling of Q.
Assumptions:
@ ) is connected.

e f is disconnected.
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Homogenization of an OCP

min J(6°) = J5(ut(6°),0°) min Jo(6o) = Jo(u0(6o), 00)
€ 0
subject to the constraint subject to the constraint
A(UEJGE) = O' A(u0760) = 0.
Homogenization T

@ If 6°* and 05 be optimal controls for (OP)® and (OP), respectively, then what is
the convergence relation between them?
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Literature Survey and Proposed Work

Nandakumaran et al., 2015 [16]

An OCP associated to a bvp in a two
dimensional oscillatory domain is considered
and homogenization of the optimal solution is
discussed.

Ayappan et al., 2019 [1]

considered OCP on a rapidly oscillating
circular domain and homogenization.

S. Ayappan and A.k Nandakumaran, 2017

[2]

discussed a homogenization of an OCP in a
multibranched oscillating domain.

Arghya Kundu

Diaj et al., 2022 [12, 11]

o studied convergence analysis of
an OCP for adsorption chemical
phenomena in a perforated
domain.

@ homogenization problem in a
perforated domain with holes of
critical size and arbitrary shape.

cabarrubias, 2016 [9]

limiting behaviors of OCP based on
an elliptic boundary value problem
with highly oscillating coefficients in a
periodically perforated domain.
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Literature Survey and Proposed Work

Biswas et al., 2020(8]

Studied OCP governed by 2D nonlocal
Cahn-Hillard-Navier-Stokes equations.

y
Bag et al., 2023, [7]

Optimal boundary control for the CHNS
equations. )

Hintermuller 2014, [13]

Optimal control of a semidiscrete CHNS
system.

.

Colli et al., 2021, [10]

Well-posedness and optimal control for a
Cahn-Hilliard-Oono system with control in the
mass term.

V.
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Proposed Work

@ Homogenization of OCP for
chemical reactions in porous
medium governed by a system of
diffusion-reaction equations.

o Homogenization of a system of
diffusion-reaction-precipitation-
dissolution equations.

o An OCP for
Stokes-Cahn-Hilliard-Oono
system in a smooth domain.
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Mathematical Preliminaries

Mathematical Preliminaries
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Mathematical Preliminaries

o Let 1 < pu<oo, reNgand © € {Q,Q7}. Then Sobolev space H"*(©) is defined
with the norm

1
|:Z\a|§rfe|Dag|udxi|H for 1<p<oo

|1gllHrn(e) ==
© Zlal<,ess sup|D“g| for p = oo,
=" e

_ PR Han
where a = (a1, a2, , ), D%g = alaaz"-mgand
ol =01+ 02+ + an.

o Extension Theorem: Let g € H*(£5), then there exists a bounded linear operator
ES: HY* (Q5) — H“*(Q) such that

(a) E°g =g in Q,
(b) IE g5y < Cllgl\‘,jl,#(gg)

where the constant C is independent of € and g but depends on p.
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Mathematical Preliminaries

. . . L . « Q
o Let I'7 be defined as in domain description, then lim || = |I'|u
e—0 |Y|
area of '} increases proportionally to é i.e, [TZ| = oo as e — 0, this leads us to
define the duality pairing between L?(I'7) and L*(I'}) as

The surface

(g1,8) = 5/ gig»doyx for g € L°(T7) and g € LM(T')
rz

and norm of the space L"(S x I'%) is defined by

f5xr* "(t,x) d(t,0x) for1l<r < oo,

HgHZ'(SXr;) = {

ess Sup(; yesxr:|8(t, x)|  for r=oo.

@ Trace Theorem: For 1 < u < o0, there exists a bounded linear operator
Te: HY (Q5) — L* (IZ) such that

(@) T’g=gl. forge HY (Q5) N C ()

e / | T*g(x)|" doy < C / () Pdx + & / Vg (x)[? dx |
r Qs Qs

where the constant C is independent of € and g. [14]
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Mathematical Preliminaries

o Let U C R" be a bounded domain with Lipschitz boundary 0U. Suppose further
that r € (1,n] and p € [2— 1, 2(””__,1)], g=r*(p—1) with 2 + L =1. Then for
g € H(U),

/ gl ds < G / gl dx + p G llgllfa IVl o),
ou U

hence
€ |g|4 dox < Cl/ |g|4 dX+45C2||g||iﬁ(ﬂg)||Vg||L2(Qg)7
r: Qg

where constants Ci, G, are independent of both ¢ and g. [6]
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Mathematical Preliminaries

o A sequence of functions (u%)c0 in L2(S x Q) is said to be two-scale convergent to a
limit u € L*(S x Q@ x Y) if

e—0

lim / u®(t, x)n(t, x, 5) d(x,t) = / u(t,x, y)n(t, x,y) d(x, y, t)
5xQ € SxQxY

for all n € L*(S x Q; Cx(Y)). [4, 5]

o A sequence (uf)e>0 in L?(S x I'Z) is said to two-scale convergent to a limit
uel](SxQxTI)if

EIi_r)nof:‘/ /* (t, x)op(t, x, d(ax, / //u(t x, ¥)o(t, x,y) d(x, oy, t).

for any ¢ € C(S x Q; Cx(Y)). [3]
o Let (u%)->0 be a sequence in L*(S x I't) such that

)
: / (£, ) d(o, £) < C,
0 r;

where C is independent of £. Then there exists a subsequence (still denoted by ¢)
and a function u € L*(S x Q x I') such that u° is two-scale convergent to u in the
sense of the above definition.
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Problem 1

Homogenization of an Optimal Control Problem for a
Diffusion-Reaction System
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Problem Description

il *

ys

Y=YPUYSUT
species A

species C
SpeciesB

Figure 1: Chemical species A, B and C in Q°.
@ Chemical species A, B and C has microscopic concentrations uf, u5 and u3,
respectively.

@ A, B and C are chemically involved in such a way that
o source terms:

A: KR, B kius, C: KA(uf)+ KER(uS),
@ sink terms:

A: Kkifi(ui), B: Kh(us), C: (K +kp)us.
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Problem Description

An OCP (OP*)

3
. e/ pe 1 < <
inf 7°(0°) = = E {/ |uj —ud/.|2d(x7 t)+/ |u,-(T,X)—ud[(T,X)|2 dx}
0° 24 Usxas o

subject to (P°)

ouy
ot
ous
ot
ous
ot

O epan,
SxQE
P
— DAY = ku§ — ki fi(uf) in S xQ,
— DyAus = kyu§ — ki fa(u) in S x QS

— D3Au = kA (uf) + ke h(us) — (K + k) u§ + 6° in S x Q5

D,'VU,-E . f_f: 0
ui (0, x) = wjp(x)

Arghya Kundu

on Sx AU,

. 1>
in Q.
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Problem Description, Function Spaces and Assumptions

e /=123 @ 0° control variable.
@ ui, u5 and u§ microscopic e 3>0.

concentrations of A, B and C. o ki, k2, k? and ki are reaction rate
@ D; is the diffusion coefficient. terms.

Function Spaces

Fo={u" v € L2(S; HY(RQ})), 9:u” € L2(S; H(5)")},
F={u:uel’(SH(Q), dwe L>(S; H(Q)")}.
Assumptions
Al. uj, € L*(Q) such that sup,., Hu,—OHLz(Qg) < oo.
A2. ug € L3(S x Q) and uy(T) € L3(Q).
A3. Constants ki, k%, k2, k3, D;, B > 0.

A4. f; : R — R is a real-valued smooth function such that 0 < G < f/(x) < G,
£;(0) = 0 and f” is bounded.
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Lemma 1 (A-priori estimate)

Let the assumptions Al - A4 be satisfied, then there exists a weak solution
(uf,u5,u3) € F° x F° X F° of (P°) which satisfies the following estimate

[ut|l2s; Hy@s) t [|0cut|| 2 (siHL@3)7) T [|u5]] 2 (siHr@g) T [|0cu3 |12 (SiHL(Q3)")
3] 2(s; HY(3)) T [10:u5 || 2(s: Hi@5)*) = C([lu1oll 2 @)t [ w2, ]2 Qs)
+||“3o||L2(Qg) + ||0€||L2(S><Qg))a

where the constant C is independent of ¢.

Let 67, 65 be two controls, then the asociated solutions ((uf)1, (u5)1, (u5)1) and
((uf)2, (u5)2, (u3)2) to the state equations (P°) satisfy

I(uf)1 = (u1)all 7= + [1(w2)1 = (u2)all7e + [[(u5)r — (u3)2] 7= < ClI61 — O2[l2(sx0)

where the constant C is independent of ¢.
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Optimality Condition

Lemma 2 (Existence of optimal solution)

Assume that assumptions A1-A4 hold, then for a fixed € > 0, (OP°) admits a solution.

proof.
o Let m= ignsf J(67) with 0 < m < co. Then there exists a sequence {6;}, such that
lim J°(67) = m.

n— oo
o WOLG taking J°(05) < J°(0) implies (65)n is bounded in L*(S x Q5).
@ There exists subsequences {05 }n, {(tf)n}n and {0:(u] )n}n, s.t.

(i) 65 2 6 in L2(S x Q3), (iv) (u§)n — uf in L2(S x Qf),
(i) (uf)n = uf in L2(S; HL(Q3)), (v) f((uf)n) = A(uf) in L2(S x Q5),
(i) Oe(uf)n = Beuf in L2(S; HL(Q3)"), (vi) R((u5)n) = Ra(u§) in L2(S x Q5).

o Weakly lower semicontinuity of ¢ implies that 6° is an optimal control for (OP*)
and §(0°) = (uf, u3, u3) is the associate state, where
S L3S x Q5) — F° x F° x F* is control to state mapping.
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Optimality Condition

For any optimal control §°* € L*(S x Q;), control to state mapping S is Fréchet
differentiable. Moreover, the Fréchet derivative DS(6°*) in the direction h is given by

DS(6°*)(h) = (¢1, p2, p3),

where (¢1, 2, ¢3) is the unique weak solution to the following linearized system
associated with h

9] o . e
% — DiAp1 = K p3 — ki f] (u5*) 1 in SxQ,,
9] oo ' e
% — D2Dp2 = kyip3 — K3 65 (U5 2 in S xQ,
a E% E% H €
S~ Dalos = KA (U7 o1 + K (05 )p2 — (K + K)ps +h in S x
DiVy;-A=0 on Sx&QUF;,
»i(0,x) =0 in Q.
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Optimality Condition

o Since 6°* is an optimal control, we have DJ®(6°*)0° = 0 for all 6° € L*(S x Q5).

@ Hence,

-
—Z{/W(u S0+ [ 08 (T) - (M)}

+8 6°*6° d(x, t),
Sng

where (¢1, 2, 03) = DS(0°)6° is the unique weak solution to the linearized system
with h = 6°.
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Optimality Condition

Let (ui*, u5™,us™,0%") be an optimal solution for (OP), then we have the following
optimality condition:

. 1
96 = _5757

where (71, 75,75) is the solution of the following adjoint equations

a 1 € €% 5 ex € Ex . B
— TR DAY KR — KRS = — s, in S x

ot

8726 £ 2p/¢ €x\ _€ 20 ¢ €x\_ € _ . E* . @
T DoAv; + koo (uz)v: — kofo(uz")ys = u3” —ua,  in S XQp,

8 5 1> € 1> £ E% . €
—% — D35 + (ky + k)5 — kv — ks = us™ — g, in S x Qp,

DiV~i-A=0 on SxO0QUTIL,

Y (T, x) = ui*(T) — uq,(T) in Q.
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Convergence Analysis

Theorem 4

Suppose (uf™*, us*, u3™) is the optimal solution of (OP°) and let (v1,75,75) be the
solution of the adjoint equations. Then, for i = 1,2, 3, there exists a constant C
(independent of €) such that

™| 2s;n sy + 110eui ™ lizsitniag)«) + 117 llzsinnas)) + 110677 liz(simagy) < € < oo

v

Lemma 3 (Extension Lemma)

E%

For all i = 1,2, 3; we get an extension of uf™, v and 6°* into all S x Q (still denoted by
same symbol) such that

167 2(s, 1y + 10007 i2s, 11 (@y«y + 117 1i2gs,m@)) + 110677 |i2(s, 11 @)%
H10% | 2sx) < C,

where C is independent of ¢.
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Convergence Analysis

Assuming that (uf™)e>0, (77 )e>0 and (6°%)c>o satisfy the Extension Lemma, then there
exist subsequences, still indexed by ¢, the following convergence results are obtained:

(1) (u7™)e>o0 2wl in L2(5 HI(Q)), (vii) (uf*)es0 — u? in L2(S x Q),

(II) ( )e>0 ’Y, in L2(5 Hl( )) (VIII) ( )e>0 _),yl in L2(S XQ)

(i) (uf*)es0 = u? in L2(S; HY(Q)),

(iv) (Vaxuf )s>0 —\V w4Vl (%) 6((4i")e>0) = f(uo) L L2(5 x S25).
(V) (3)es0 > 7, in L*(S; H(Q)), (x) £ ((uf")e>0) = £ (uf) in L2(S x Q5),
(Vi) (Varf)es0 = Var? + Vyak (xi) (6°%)e>0 — 6% in L*(S x Q).

where uf, 7P € L2(S; HY(Q)), uf, v € L2(S x Q; Hper(Y)/R), i = 1,2,3 and j = 1,2.
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Convergence Analysis

Limit optimal control problem (OP):

3
. 1 2 2
f 0) == i — ug|“d(x, t i(T,x) — ug,(T, d.
ot T0) 2;{/Mw wa a6+ [ Ju(T.x) = wo(T. 20 e}

+2 / 1612 d(x, 1),
2 SxQ

subject to
% — Ay = Kus — k() inSxQ,
% — Aol = Krus — K2 f(w) inSxQ,
% — AsAus = ki () + k3 () — (ki + ko )us + 0 inSxQ,
DiVu;-7=0 on S x 99,
ui(0,x) = up(x) in Q,
where

o . P D; Oki(y)
Ai = (alm)lgl,mgna with Am = /YP ‘YP| (6/m + aym )dy

Arghya Kundu
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Convergence Analysis

and k; solves the cell problem

Vy - (Vyki+e)=0 Vye Y?,
(Vyk/-Fe/)-ﬁ:O onl,
y — ki(y)is Y — periodic.

Let (uf*, us*, u5™,0°%) € F° x F° x F* x [*(S x Q5 o) be the optimal solution of (OP*)
and (ui,u3,u3,0%) € F x F x F x [2(S x Q) be the optimal solution of (OP), then the
following convergence results hold:

(i) 6= — 0" in L*(S x Q),

(i) us* 2 urin L3(S; HY(Q)),
(i) uf* — uf in L(S x Q),
(iv) 7 =i in L3(S; HY(Q)),
(V) ¢ — i in L2(S x Q)
fori=1,2,3.
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Convergence Analysis

continued- - -

where (71, 72,73) satisfies the following adjoint system
8t L AlAY + ki f (u5) (3 — m1) = ugy — ug in SxQ,
92 4 A . .
a5 T Yo+ kB (u3) (3 — 72) = ug, — 3 in SxQ,
9% | an ki + k K2y + ki = 3 in SxQ
8t+ 3Ay3 — (z+ 1)73+ 171 + koYy2 = Ugy; — U3 n X3,
D,'V"y,' -A=0 on Sx 89,
i(T,x) = ui (T) — ug,(T) in Q,

with the charaterization 6* = —%73.
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Problem 2

Homogenization of a Diffusion-Reaction-Precipitation-Dissolution
System
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Problem Description

Chemical Reaction
A+B=ConTl..

Qap r* a0
Y?

. e

Ys

.
'6

as

species A P a

Y=YPursur
species B

crystal C
Figure 2: mobile species A and B in Q° with crystal C on '*.
The Model (P°):
ouf

- (- D,-Vu,):O in S x Q5
-DiVu;i -7=0 on S x 09,
-DiVui - i = e on SxTIZ,

ot
ui (0, x) = up(x) in Q,
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Problem Description

aavf = kouiu; — kgze on SxTI7,
ze € Y(we) on SxTI7,
we (0, x) = wo(x) in T

e ji=1,2
o D; diffusion coefficient.

@ u;, w. microscopic concentrations.

[17] The dissolution process is described by a multi-valued function: when the
crystal/mineral is present in the solid matrix, the dissolution rate is constant; in its
absence, the rate is adjusted to ensure a net zero dissolution. In summary, if the
dissolution term is ry(x), then it can be represented as rq(x) € kqip(x), where

{0} if x<0O
P(x) =41[0,1] if x=0
{1} if x>0.
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Function Spaces and Assumptions

Function Spaces:
Fo={u":u® € LP(S; HY(Q)), d:u” € LP(S; HH () )},
F={u:uel’S;H(Q),due [*(S; H(Q)")},
We = {w. s w. € [3(S x T2),0w. € L2(S x T2},
W={w:wel’(SxQxT),dwe L*(SxQxN)}.
Assumptions:
Al. ujy(x) > 0 and wo(x) > 0.
A2. uj, € H'(Q), wo € L*(Q x T) such that sup||uj || gy < oo and
e>0
sup [[wol | 2(q ) < 0
e>0
A3. kpuiu; =0if uf or u5 <O0.
A4. ky, kg, Di, B8 > 0.
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Well-posedness of (P¢)

Let the assumptions Al - A4 be satisfied, then for i = 1,2, there exists a unique positive
weak solution (uf, u5, w.) € F° x F° X W of (P°) which satisfies

||uf t)||L2(ng) <M in Q,
|| we t)||L2(r;) <Ms; on T,

|Juf t)||L2(ng) + ||VU:'8(1‘)||L2(Q§) + ||8f”i5||L2(S;H1(Qg)*) < 00,

—_ T~~~

[We ()] 12(r2) + [|0ewe || 2(sxrz) < 00

for a.e. t € S, and constants M;’s are independent of ¢.
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Proof of the Theorem

Step 1: Obtaining the a-priori estimates by choosing suitable test functions.
Step 2: Introducing Lipschitz regularization § > 0 such that

0 if we <O,
Ys(we) = ¢ if we €(0,9),
1 if we > 0.

Corresponding integral formulation is

8U§(t) / €
2 ni(t dt + DiVu; - Vni d(t,x
/S< ot 77( )>H1(ng)*le(Qg) SxQs K ( )

—l—s/ Orwe mi d(t,0x) =0, (4.1)
Sxr¥

/ Orwe ¢ d(t,0x) = kp/ ui Uz ¢ d(t,0x) — kd/ Ys(we) ¢ d(t,0x). (4.2)
Sxrs Sxr* Sxrx
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Proof of the Theorem

Step 3:Forming the closed convex sets to apply Banach Fixed point theorem. The closed
sets are

Sre = {uf € F* 1 ||ui(t)l|2@5) < My ae. in S},
Sy ={us e F°: ||u§(t)||Lz(Qg) <M, ae in S},

Swe. = {we € We i [[we(t)|[i2rr) < M5 ace. in S}

Step 4: For (uf,u5) € Sk- x S, consider the equation (4.2) with w.(0, x) = wo(x),
then the Lipschitzness of r.h.s. of (4.2) implies that there exists a unique solution

we € Sy, of (4.2).

Step 5: Again, for uf € Sk. and considering the equation (4.1) for i = 2 with the initial
condition, there exists a unique solution Giu5 € Sr<. Here, G s a contraction mapping
from S%. to S%-, ensuring the existence of a unique fixed point. Consequently, for

uf € Sze; the equation (4.1) for i = 1 has solution Gouf where G, : Sk- — Sk. is a
contraction map and possesses a fixed point in Sk..

Step 6: Passing limit § — 0.
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Limiting Analysis

There exists extensions of the solutions uj into all of S x Q (still denoted by same
symbols), such thatV i=1,2,3 andV e

67 [l 2sxa) + [IVU7 || 2sxq) + 10:47 [ 2(s;m1(0)) < € < 00,

where the constant C is independent of ¢.

There exists functions u € L*(S; H'(Q)), uj € L*(S x Q; Hpe,(Y)/R) and
wo € L?(S x Q x I) such that upto a subsequence (still denoted by same symbol), the
following convergence results hold:

o (Uf)eso = uf in L2(S; HY(R)).

o (uf)eso 2 uf in L*(S; H(Q)).

o (Vxtf)eso = Vit + V,u} .

o (uf)eso — u? strongly in L*(S x Q).

o (We)e>0, (Oewe)eso0 2 wo, Otwo in L2(5 x QxT).
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Limiting Analysis

The following convergence results hold:
(i) (uf)eso0 — u strongly in L*(S x T%) fori=1,2.
(i) (ufus)eso = udul in L3(S x Q x T).
(iii) (z:)es0 = 20 in L3(S x Q x T).
(iv) The unfolded sequence {T(we)}Yeso — wo in L*(S x Q x T).
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Limiting Analysis

Upscaled model:

e +V - (—AVE) + P(t,x) =0 in SxQ,
—AVul - 7=0 on Sx9QuUT,
%_kuluz kazo in SxQxT,
ot
29 € P(wo) on SxQxT,
u?(0, x) = wjy(x) in Q,
wo(0, x,0,) = wo(x,0y) on QxT,

where 87 = Iyl—p‘ [, 07 dy, P(t,x) = |YP| I % 2 do,, Ai = (@)m)1<1m<n, With
(5 + ak’ )dy and k; solves the cell problem

i
Am = fyp \YP|

Vy - (Vyki+e)=0 Vye Y?P,
(Vyk,+e,)-ﬁ':0 on I',
y — ki(y)is Y — periodic.
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Problem 3

Optimal Control Problem for Stokes-Cahn-Hilliard-Oono Equations
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Problem Description

An OCP(OP)

inf 7 (0) = 1/ v — vl d(x, £) + 1/
2 S5xQ 2 5xQ
Subject to(P)

Ov —puAv+Vp = —AuVw+0
Vv =0
v = 0

v(0, x) = wo(x)
Otu+v-Vu+au=Aw
w=—Au+ f(u)
Vu-n=0
Vw-a=0
u(0, x) = uo(x)
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1 viscosity o F=21(/—-1) @ 0 control variable
. _

v velocity . ° f(u) = F.(u) 0 QC R (n=23)

u concentrations @ ) interfacial length

a, B > 0 constants @ vy, ug desired state e S=[0,T)

Free energy E
E(u)z/Q(%|Vu|2—|—F(u)) dx—}—/ﬂ/gu(x’)g(x',x)u(x) dx’ dx,

where g(x’, x) describes the long ranged interactions [15].

Function Spaces

V={n:neH(Q)" YV n=0}
H=A{sd:¢ecl*>(Q)"}
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Weak Formulation

Assumptions

Al. v €V and u € H'(Q).

A2. vy € L*(S;V) and uq € L*(S x Q).
A3. 5> 0.

Weak Formulation

Let the assumptions A1-A3 hold true, then (v, u, w) € L3(S; V)N H(S; V*)
xHY(S; HH(Q)*) N L2(S; H3(Q)) x L*(S; HY(Q)) is called a weak solution of P, if it
satisfies v(0, x) = w(x) and u(0, x) = up(x) for all x € Q and

/(8tv,1/1> dt+ p Vv : VY d(x, t) = —)\/
s

5xQ

uVw - d(x, t)+/ 0 - d(x,t),

SxQ SxQ

VW'V¢>d(x,t)+a/

5xQ

/(E%u, @) dt + up d(x,t) = / uv - V¢ d(x, t),
s

S5xQ SxQ

/ wep d(x, t) = Vu- Ve d(x,t) + / f(u)p d(x, t),
S5xQ S5xQ SxQ

X

for all 1 € L*(S; V) and ¢, ¢ € L*(S; HY(Q)).
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Lemma 1 (A-priori estimate)

Let the assumptions A1-A3 hold true, then weak solution (v, u, w) of P satisfies the
following a-priori estimate:

[|ull oo (s:ea0)) + 10cull 2(s;mn@)y + IV Ulloo (s, 2e)) + Wl 2s:mr@) + VWl 2(sxa)
Hlull2s;m3@) + IVI2s2@m + IV VI caymxn 4 [|0ev]| 2 < C < oo,

where C is a constant.

Let (vi, u1, wr) and (vz, u2, wa) be two week solutions of P for 61 and 62, respectively.
Then the following estimates hold

[lur — wal|i2(s;13(0)) + [10cu1 — Orti2|| 2(s:1(0)) + || VW1 — Vwal|12(sxq) + Vi — valli2(s,1)
+ IV — V| 2(sxq) + [|0cvi — Oeval| 2(s,0%) < Gil[01(t) — 02(t)|12(0

for t a.e in S and G is a constant depending on initial conditions. S : 0 — (v,u, w) is a
Lipschitz continuous from L?(S,H) onto F = L(S; V) N H(S, V*) x HX(S; H}(Q)*)
NC([o, T]; HY(Q)) NL*(S; H3(Q)) x L*(S; H(Q)).
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Optimality condition

Lemma 2 (Existence of optimal solution)
Assume that assumptions A1-A3 hold, then OP admits a solution.
Proof.
o Let m= ir;f J(0). Since 0 < m < oo, then, there exists a sequence {0}, s.t.
nln;o J(0n) = m.
o WOLG J(6,) < J(0) implies (8,)n is bounded in L2(S; ).
@ There exists subsequences {0n}n, {Va}n, {O:Vatn, {tn}n, {Ottn}tn, {Wn}n s.t.

(i) 0n % 8 in L2(S,H), (V) un "2 uin L°(S; H(RQ)),

(i) va 2 vin L2(S,V), (Vi) Brun = Brwin L2(S, HY(Q)*),
(iil) Bev X Bev in L2(S,V*), (vi)) wn = w in L2(S; HY(Q)),

. W orc. 13 (viil) up — uin

(iv) up = uin L2(S; H>(Q)), L2(S; H2(Q)) N ([0, T]; H(Q)).

o Next, the weakly lower semicontinuity of 7 implies that 0 is an optimal control for
OP.
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Optimality Condition

For any 0e LZ(S; H), cAontroI to state mapping S is Fréchet differentiable. Moreover, the
Fréchet derivative DS() is given by

DS(B)(h) = (3, ¢1, ¥2),

where (3, 1, ¢2) is the weak solution to the following linearized system associated with
h.

% — w3 + VB = —Ap1 VW — AaV, + h in SxQ,
01 P _ :
W—Ag@g—l—cpqu—i—v-Vnpl—l—atpl—O in Sx€Q,
2 = —Ap1 + f'(8)p1 in SxQ,
V-p3=0 in SxQ,
©3(x,t) =0, Vo1 - A=V - 7=0 on S x99,
L)03(X70):07 @1(X70) =0 in Q.
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Optimality Condition

o Since f is an optimal control, we have D7 (6)8 = 0 for all 6 € L*(S; H).

@ Hence,
0="DJ()0
:/ (6 — ua)er d(x, £) +/ (0= va) - 3 d(x, £)
SxQ SxQ

+8 0-0 d(x, t)
5xQ

where DS(0)0 = (i3, 1, 2) is the unique weak solution to the linearized system for
h=206.
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Optimality Condition

First Order Optimality Condition

Let (¥, 0, w) be an optimal solution for (OP), then we have the following optimality

condition:
A 1
0= _B’Yh
where (71, 72,73) is the solution of the following adjoint equations
0 S LG
—% — pAy1 +Vqg=—7Vi+ (V- v)
0 . . . A
_% — V-V tar + AV -y + £(8)ys = (0 — ug) + Ay
Y3 = —A’}Q — )\Vﬁ 71
V- Y1 = 0

N(x,t) =Vy2-7=Vy-7=0
’)/1(X, T) = ’yz(X, T) =0

inSxQ

inSxQ

in S xQ
in S xQ
on S x 0N
in Q
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Future Scopes

@ The homogenization analysis can be extended by considering arbitrary domains
instead of assuming a periodic microstructure.

@ Instead of considering a fixed domain, an evolving microstructure could be explored
(i.e., 5(t), Q:(t), TE(1)).
o For the phase-field model, several meaningful extensions can be explored:
o One can extend the current problem by incorporating homogenization techniques to
capture the multiscale effects.
o Instead of Stokes equations, damped Navier-Stokes equations (convective

Brinkman-Forchheimer equations) can be considered to model flow through porous
media more realistically.

o Replacing the double well free energy functional, one can choose a more general energy
functional, such as a Logarithmic functional.
o Extending the analysis to compressible, miscible, or non-Newtonian fluid systems to
address a wider range of physical phenomena.
@ Conducting detailed numerical studies of the optimal control problem to validate the
theoretical results and to explore the behavior of optimal states and controls.

@ In this study, we assumed constant diffusion coefficients for the chemical species. As
a future work, we can explore models where the diffusion coefficients depend on the
concentration.
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Thank You

Thanks for your attention
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