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Let # be a complex Hilbert space. Some examples of complex Hilbert spaces are: éi((C), £2(C), LA(T)
(where T denotes the unit circle about the origin of the complex plane), etc.

Let M be a closed subspace of a Hilbert space H. The orthogonal complement subspace M~ of M is
defined by
Mt ={zeH:(z,k)=0forallk € M}.

Let M be a closed subspace of a Hilbert space H. Any vector h in H has the unique representation as
follows :
h=k@Pz

where k € M and z € M-~-. Briefly it can be expressed as H = M @ M=

A mapping T from a Hilbert space H to H is said to be a linear operator if T satisfies:
additive: T(h+k)=Th+ Tk foranyh ,k € H.
homogeneous : T(ah) = aTh forany h € H and any complex number c.

The identity operator I is defined by Ih = hfor all h € H, and the zero operator 0 is defined by 0h = 0 for all
heH.
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A linear operator T on a Hilbert space H is said to be bounded if there exists ¢ > 0 such that || Th|| < c||h||
for all h € H. The norm of T is defined by

I T|| = inf{c > 0: ||Th|| < c||hl| for all h € H}.

For any bounded linear operator T,

71l = sup{[IThI| : [IAll = 1} = sup{|| Th]| - [[All < 1}.

B(H) means the set of all bounded linear operators on a Hilbert space H. Needless to say, B(#) can
be regarded as an extension of the set of all n x n matrices.

For any linear operator T on a Hilbert space H, the following statements are mutually equivalent:
T is bounded;
T is continuous on the whole space H;
T is continuous on some point hy on H.
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Let T be an operator in B(#).

For each fixed k € H, consider a functional f defined by f(h) = ( Th,k ) on H.

According to Riesz’s representation theorem, there exists uniquely u € H such that f(h) = (Th, k) = (h, u)
forall h € H.

Hence, we may define T*, the adjoint operator of T, by

(Th, k) = (h,u) = (h, T*k), for h, k € .

Let T € B(H) be an operator on a Hilbert space H. Then T* is also in B(H.), and the following properties
hold:

o T = ITI o(T)y =T
O (T +T) =Tf + T3 o (8T)* = T*s".

Let T € B(#) be an operator. Then

o |IT*T|| = |ITT*|| = ||T|2. o T*T =0ifandonlyif T = 0.

R(T), the range of T, is defined by R(T) = {Th: h € H}, and N'(T), the kernel of T, is defined by
N(T)={heH:Th=0}.
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Let T € B(#). Any orthogonal decomposition H = M & M- induces for the operator T the following

representation:
T To T4 M
T\ T3) (ML

To: M —> M,

T MLt - M,
To: M — M,
TgiML—)MJ‘.

This matrix form indicates the following relations:

Moreover, its adjoint T* is represented as:
Tr Tk M
r-(# ) ]
T T3 Mt
Ty M — M,
T M- ML
Thi ix f indi he followi lations: J :
is matrix form indicates the following relations Ty YL L [
T3 ML = ML

Any operator T € B(#) admits the following matrix representations with respect to the decompositions
H=N(T)®R(T*) =R(T) ®N(T*):

-8 )] (5 S
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Let T be an operator on a Hilbert space H.

A closed subspace M of a Hilbert space H is said to be invariant under T if TM C M, that s,
Th € M whenever h € M.

A closed subspace M of a Hilbert space H is said to reduce T if TM C M and TML C M-, that is,
if M and M~ are both invariant under T.

Let T be an operator on a Hilbert space H and M be a closed subspace of H. Then the following
conditions are mutually equivalent:

TMcC M. T*M+L c ML,

Let H be a Hilbert space, and T € B(#). Some special types of operators are defined as follows:
Q Normal: TT* = T*T;
Q Self-adjoint: T = T*;
Q Positive operator (denoted by T > 0): (Th,h) > 0 forallh € H;
Q Isometry: T*T =1;
QO Coisometry: an operator whose adjoint is an isometry;
O Unitary operator: T*T = TT* =1i.e. ||Th|| = ||T*h|| = ||h||, forallh € H;
@ Contraction:1> T*T, ie. ||T|| < 1.
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Consider the Hiloert space L?(T).
Let o : T — C be a bounded function.
We consider the mapping M,, : L?(T) — L?(T) defined by

M,f = of forevery fe L3(T).

This mapping is called the multiplication operator on L?(T).
Q M, is linear and bounded (i.e. M, € B(L?(T))).
Q Mol = llelloo = supzer|e(2)]-
Q Mg = @g forevery g € L3(T).
Q@ M, is a normal operator, because M,M5g = v@g = gpg = MiM,g, for every g € L3(T).
@ M, is unitary if and only if p(z) € T for all z € T.
O M, is self-adjoint if and only if ¢(z) € R for all z € T.

@ M, is positive if and only if o(z) > 0 for all z € T.
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LetH = Ei(C) be a Hilbert space with the canonical orthonormal basis (en)n>o0. An operator W € B(H) is
called a weighted shift (forward weighted shift) if there exists a bounded sequence of nonnegative
scalars (wWn)n>o (called weights) such that

Wep = whepyq, VYn>0.
The adjoint operator W* : H — H called the backward weighted shift is defined by

W*ey =0, W<*e, 1 =wnen, n>0.

o Ifallwy, =1, W is the classical unilateral shift, which is an isometry.

o The operator is completely determined by the sequence of weights (wp).
o [|W|| = supnenWn.

o W is a contraction if and only if wy € [0, 1], Vn > 0.

o Matrix Representation of W: o Matrix Representation of W*:
0 0 0 0 0 wp O 0

wy O 0 O 0 0 w O

10 w 0 O <0 [RORSHOSS OS>

= 0 M @® @ 0 0

0 0 Wo
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Let # , and K be complex Hilbert spaces such that H C K as a closed subspace.

ForT € B(#), S € B(K) we say that S is an extension of T if S has the matrix relative to the

g :) . In this case SH C H.

decomposition Kk = H @ H-= in the form S = <

For T and S, as in the Definition 3.1 we say that S is a lifting of T if S has the matrix relative to the
decomposition K = H @ H of the form S = (I 2) . In this case SH+ C H* .

S is a lifting (extension) of T < S* is an extension (lifting) of T*.

If S is an extension of T then T is called a restriction of S.
In the case, when, S is a lifting of T then T is called a lifting compression of S.

— —

A lifting (extension) S of T is called unitary, isometric or coisometric, respectively, if S is a unitary operator,
an isometry or a coisometry.
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Let H be a Hilbert space, and T € B(H).
Left and right invertible operators:

T is left-invertible if there exists S such that ST = 1. In this case S will be a left inverse of T.
T is right-invertible if there exists S such that TS = 1. In this case S will be a right inverse of T.
T is invertible if it is left and right- invertible.

The following assertions are equivalent in pairs:

o T js left-invertible; o T*T > «al, i.e. T is bounded from below; o T is injective with closed range.
v

The following assertions are equivalent in pairs:

o T is right-invertible; o T is surjective.

T is left-invertible if and only if T* is right-invertible.
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Here are some examples of operators with invertible properties:

@ An isometry is always left-invertible.
More generally, a weighted shift W is left-invertible if and only if inf,>q wn > 0.

@ A coisometry is consequently right-invertible.
@ Finally, a unitary operator is invertible.

H=N(T)eR(T*) H=N(T*)dR(T)
N(T) N(T*)
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An important objective in this thesis will be to characterize and study from the point of view of dilation theory
operators on a Hilbert space that are similar to contractions.

We say that T € B(#.) is similar to a contraction on H if there exists an invertible operator L € B(#) such
that

HLTL*‘ H <.

It can be proved that T is similar to a contraction if and only if there exists an invertible A > 0, A € B(H)
such that

T*AT < A> T*T.

A weighted shift W with weights (wn),>0 Is similar to a contraction if and only if

SUp [WnWpiq -+ Wppk—1| < 0.
n,k>0
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2, ifniseven,

%, if nis odd.

Consider the weighted shift W on a Hilbert space with weights (wn),>o defined by w, = {

o The operator satisfies || W|| = 2 > 1, so W is not a contraction, but it is similar to a contraction.

o Matrix Representation of W: o Matrix Representation of W*:
0 0 0 O 02 0 0 O
2 0 0 0 00 3 00
0 3 0 0 0 OSENEw.
W=|o 0 2 0 W*=|0 o PFW<
00 0 3 0 0 0 0 O

Let W be a weighted shift satisfying limp— o wn = ¢ € [0,1). Then W is similar to a contraction.

As a concrete example we consider : wp = 3 + 715, Nn>0.
e Lt S 5 AR
O el SRR o Y SRl BN N2 A

3 ) 4
) nim Wp = i € (0, 1), so the weights converge to a value strictly less than 1.
oo
o W is not a contraction because ||W| = wy = 7/4 > 1, but it is similar to a contraction.
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A continuous linear Hilbert space operator S is said to be a quasi-isometry if the operator S and its adjoint
S* satisfy the relation

5282 = §*8S.

A quasi-isometry can be represented on the decomposition H = R(S) & N (S*) by the following matrix

S— X R(S)
~\0 O N (S*)
with V*V =1 and X is an arbitrary operator.

If the inequality S*2S? < S*S is satisfied then S is called a quasicontraction.
A quasicontraction can be represented on the decomposition H = R(S) & N (S*) by the following matrix

o~(5 1) 58]

with C*C < I and X is an arbitrary operator.

o Quasi-isometry: o Quasicontraction:
© © © © 0 0 0 O
2 200 © 0
1
s |0 s=|0 3 00
0 DO &5 €
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For any positive operator A, there exists the unique positive operator S such that
$2=A

We denote the unique positive square root S of A by A'/2,

For any contraction T on #, we have | — T*T > 0, and we denote

Dr=(I—T*T)"/2 and
Dr =R(Dr)
which are the defect operator and the defect space of T, respectively.

Next, we consider the Hilbert space 2 (D7) = g§° Dr, and define the natural shift Sy on ¢2 (D7) as
follows:

St (X0, X1, -+ s Xn, Xng1,---) = (0, X0, X1, - -+, Xn—1, Xn, - . .)
where x; € Dy fori € N.
The matrix representation of St on Zi (D7) is given by:

OO O 1D

im @ . e

~Jo 1 o0 D7
=l @

The operator St is an isometry.
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The following isometry V7 is called the isometric lifting (or the isometric Sz.Nagy-Foias’s dilation) of the
contraction T.

The matrix representation of V7 (the Sz.-Nagy-Schaffer’'s form) on the space H1 = H & Zi (D7) is given by

T 0 0 O H
Dr 0 0 O Dt
0 1 0 0 Dy = .
Vir=| 0 0 I O Dr| = (\ ) |: 2 :|,
0 o 0 |/ Dr D ST, £+ (DT)

where I denotes the identity operator on Dr.
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Types of Special liftings

For an operator T € B(#) we have just seen that it is important to highlight liftings S with desirable
properties, such as being left-invertible.

We now define types of liftings S that are well-behaved with respect to T, liftings that arise from
Nagy-Foias’s dilation theory.

LetSon KK =H O HL.

Sis left-invertible

Sis a quasi-isometry

S*SH C M
and V is an isometry
S*SH CH

The isometric liftings for contractions are of the Sz. Nagy-Schaffer’s form.
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For an operator T € B(#) the following assertions are equivalent :
Q T is similar to a contraction;
Q T admits a natural quasi-isometric lifting Sy on a space Ko D H;
Q T admits a left-invertible quasi-isometric lifting Sy on a space K1 D H.

hif

Every operator similar to a contraction admits a quasi-isometric lifting, which is similar to an isometry.

An operator T € B(H) has a quasi-isometric lifting S on a space K O H that is both natural and
left-invertible, if and only if there exists an invertible operator A € B(H) such that

A>T'T,A> T*AT,R[(A-T*T)2] = R [(A— T*AT)"/2] .
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Q T e B(H)hasr(T) = nﬂ)m ||T”||1E < 1, then T admits a quasi-isometric lifting that is both natural
and left-invertible.
For W a weighted shift satisfying limp— o wp = £ then
r(W)=¢.

If ¢ is strictly less than 1 then W is an example for Theorem 5.8.

Q On the space H = H & H we consider the operators J, Ay and T, having the block matrices

_ 0 Jo _ %I 0 - 0 2JO
J—(Jg o)’AO_(o (LU Y °

where Jp : {0} & H — H & {0} is the natural embedding Jy(0, h) = (h, 0).

Clearly, J2 = I with ||J|| = 1 and Ay1/2T = JA,'/2.

Therefore T is not a contraction which is similar with the unitary operator J, by Ay € B(ﬁ).
For any invertible operator A € B(#) with

T*AT<A>T"T,

together T and A cannot satisfy the range condition from (1).

Hence for every left-invertible quasi-isometric lifting S for T, one has S*SH ¢ H.
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For an operator T € B(H) the following assertions are equivalent :

Q T is a quasicontraction;
Q T has a quasi-isometric lifting S that is both in Sz. Nagy-Schéffer’s form and left-invertible.

Proof.

Let T be a quasicontraction on . Then T and T* T have on H = R(T) & N (T*) the matrix representation

c G «+_ [ C*C C*G
T:(o o)’ TT_(G*C G*G) @
We aim to obtain a left-invertible quasi-isometric lifting for T, using an isometric lifting for the contraction C
and an invertible operator in B (N (T*)).
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Let D € B(N (T*)) be an invertible operator such that D*D > G*G + %I, which subsequently yields

1 1

G'CC*'G<G'1G=G*G < % (G*G+ DD - %I) = % [(G*G+ DD - %1)} " [(G*G+ DID™ %I)} /
Hence, using Douglas’ Criterion for Range Inclusion:

Let A, B be bounded operators on a Hilbert space #.

The following statements are equivalent:

(1) R(A) € R(B);

(2) 3E € B(H) such that A = BE; ’

(3) 3 > 0 such that AA* < X\ BB*;

Moreover, when these conditions hold, one can choose ||E|| < v/X and E* : R(B*) — R(A*).

there exists a contraction

kil
Co: R (G*G+ D*D — %I) =R (KG*G+ D*D — %I)} 2) — R(C*G) C R(T)
with || G| < % and satisfying the relation
1

Co (G*G—',—D*D—%I)z = C*G; 3)

i
where we considered A= G*C, A = }, B= (G*G+ D*D — }1)* and C = Co.
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Letnow Dg = (I — C* C)% and D = R (D¢) be the defect operator, and the defect space of C respectively.
Denote K = £ & H where £ = (2 (D¢ & N (T*)), and let S € B (Kq) be the operator with the following

matrix representationon Ko = LS R(T) BN (T*) = LB H,

S¢ De D s ey
S= 0 C G :( c ) D:(DC D):H—>L,Scistheforwardshiﬂonﬁ. (4)
0 0 0 O

Since V = S|L@W = ( SOC %3 ) is an isometry, it follow that S is quasi-isometric for T.

We would like now to state that S is left invertible and of Sz.-Nagy-Schéffer’s form.
By the representations of Sin (4), T and T*T in (2), we obtain

1 0 0
S*S=1| 0 I Cc*G =1®B
0 G*C D*D+G*G

respectively on K = L@ R(T) @N (T*) = L ® H, where B = S*S|,,.

So §*SH C H and because S¢ = S| is an isometry, the lifting S has the Sz.-Nagy-Schéffer’s form.
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On the other hand, we have on H = R(T) & N (T*) that

1 *
g 1l _( & ca )
2 G'C D'D+G'G- i

;
: : A *m_ 1 s s 1 2
Since the relation (3) can be expressed in the form C*G = ﬁl (\/ECO) (D D+ G*G— EI) .

where v/2Cy is a contraction, from the characterization theorem for positive 2 by 2 operator matrices
(see [11], Ch. XVI, theorem 1-1.1)

o Q
and there exists a contraction I : R(Q2) — R(A) satisfying © = A'/2rQ'/2, (||r|| < 1)

A ©
The operator T = < ) on G1 @ G» is positive if and only if A and Q are both positive,

)

where we considered © = C*G, A = JI, Q = D*D+ G*G — Jland thus T = v2Cp,
we infer that :
B——-1>0.
o2
Hence S*S > %I, which ensures that S is left-invertible in B (Kg).

Thus S has the properties required in (2), hence (1) implies (2).
The reverse implication is simple.
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