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Introduction— Boundary Layer Originated Problems (2

Example:
—eu’(z) +u(z) =0, 0<e<k1l, =z€(0,1),
w(0) =0, wu(l)=1.

exp(z/v€) — exp(—z/+/E)
exp(1/V/e) — exp(—1/v/&)

Exact Solution:  wu(z) =

) _

Exact Solution u

Figure: Comparison of the solution plots for various values of € with number of mesh intervals
N =100
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Numerical Difficulties

Consider the following problem
eul +2u. =0, x€(0,1),
ues(0) =1, wu(l)=0.

Approximate solutions corresponding to the Upwind and Central Difference Schemes with
16 number of uniform partitions and ¢ = .01;

= ycentral

g yupwind

T uexact = uexact

04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
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® Multiscale behavior of solutions leads to a big challenge for developing proper
numerical schemes.

® On equidistant meshes, classical numerical methods converge if ¢ > N~!. [RSTO08]
¢ Adaptive mesh may lead to optimal (or nearly optimal) convergence. [RSTO08]

e Computational cost increases for coupled system in 1D/2D.

® c-uniformly convergent scheme: A numerical method is e-uniformly convergent, if

sup |lu(z;) —UN||ov <C NP, p>0, N> N,
0<e<l

where u is exact solution, UY is numerical solution, C'is independent of mesh
points x;, mesh size and the parameter ¢ in the discretized domain Q.

e Aim-To obtain higher order accurate e-uniformly convergent approximation for
problems having discontinuous data, and the effect of mixed conditions on the layer
phenomena.

]
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Mesh Adaptivity: Piecewise Uniform Mesh

e Uniform mesh: OV = {0 =29 <21 < - <anx_1 <2y = 1} where z; = i/N.

® Piecewise Uniform Mesh: [RST08] For problems having discontinuous data, define
discrete domain QY as a piece-wise uniform layer adaptive mesh having N mesh
intervals.

® Domain Q™ = [0,d] = [0,71] U (11,d — 11] U (d — 71, d] , where

d
Ty :min{4,k*lnN},

and d = x5 and k* = 2\/2/\/a.

e Similarly, the domain Q% = [d, 1] is subdivided into the three sub-intervals.

® Each sub-intervals (71,d — 71] and (d + 72,1 — 2], a uniform mesh with %.

® (0,7],(d—m7,d], (d,d+ 7] and (1 — 72, 1], a uniform mesh with £ mesh points
are placed.

® Hence, the discrete domain

N g
OV =0 U QY, where QY ={2;}2,", Q) = {a:j}j.vzfgl+1 and oy = d.

]
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Non-premixed Combustion: Overview

® Non-premixed combustion: Fuel and oxidizer are not mixed before entering the
combustion zone.

Reaction occurs at the interface where the two meet.

Flame structure determined by diffusion rate of reactants.

Hottest region: near the stoichiometric mixture.

Modeling requires:
® Species and energy conservation equations,
® Turbulence and chemical kinetics models,

e Diffusion and mixing processes.

] L
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- . Fod)
Non-premixed Combustion Model =
et
Mathematical model of nonlinear form:
5u”+f( ) :g(:c), T € (_171)7 (12)
u(—1) =u(1) = 1. (1.3)
® ¢ —small parameter, ratio of diffusive to reactive effects.
® 1 = 0: position of the flame (fuel-oxidizer interface).
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Burke-Schumann Approximation

For f(x,u) = u® — 22, g(z) = 0:

® y, — x: fuel mass fraction.
® y + x: oxidizer mass fraction.
e Stable path: u(x) = |z| ~Burke-Schumann approximation.

1/3 -2
u(z) = || + O 57 <1 n “‘$’>

173

Flame thickness: O(c!/?)

]
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Aim of the Work

Objective

Investigate the impact of mixed boundary conditions on:
® Asymptotic behavior of nonlinear solutions,
e FEfficiency of identifying the flame region,

® Reduction in flame width.

]
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Catalytic Reaction Model

Nonlinear mixed boundary value problem:

e =u—u®, z€(0
1

A, u(l) +u/(

g
—~
(=)
~

|
:\
—~
(=)
SN—

I

Physical context:
® |sothermal reaction within a catalyst pellet.

® Balance between diffusion and reaction rates.
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Dr. Pratibhamoy Das Department of Mathematics, Indi&@MRYTUXE|GMNRENGEISZY RBEHACTRON[ KIpEIORKdbSd University, SwedenN¢VEm Patid) 2025 1132



Introduction Preliminaries
= 1 L -

Catalytic Reaction Setup

Simplified governing equation:

' = U?F(u), x€(0,1)

® 4. normalized reactant concentration,
® U: Thiele modulus (reaction vs diffusion),
® F'(u) = u™: nonlinear reaction rate.
Boundary conditions:
W'(0) =0, u(l)+X3u/(1)=1

=1 Sherwood number (mass transfer capability).
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HLDE

Boundary Layer Phenomenon

Fore=U02«1:

® When X = 0: strong boundary layer near z = 1.
® Reactant concentration decreases:
m exponentially for n =1,
m algebraically for n > 2.
lim u.(z) =0, z€]0,1—/]

e—0t
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Effect of Mass Transfer Resistance

e

For > > 0:
® Resistance to mass transfer from bulk to pellet.

® Solution behaves as:
O(E)v n=1,

us(1) = O/ DY > 2.

® No boundary layer as ¢ — 0.
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Broader Applications

Nonlinear singularly perturbed problems appear in:
® Michaelis—Menten enzyme kinetics,
® Schrodinger equations,
® Turing’'s model for pattern formation,
® Reaction—diffusion systems with Robin boundary conditions.

Need: Robust numerical algorithms that:
® Handle low regularity of solutions,
® Are stable on uniform meshes,

® |mprove convergence for nonlinear boundary layers.
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Non-linear Reaction-Diffusion Problem

We start with the following class of mixed boundary value problems having discontinuous
source term:

Tu := —eu”(z) + f(z,u(x)) = g(z) on @~ UQT, (1.6)
Bou(0) == p1u(0) — pow'(0) = ¢, fru(l) == pau(l) + peu'(1) = ¢ (1.7)

Here Q= = (0,d), Q" = (d,1) and Q = Q- UQT, O~ =10,d],Q" = [d,1].
We take g(d—) # g(d+) for d € D = (0,1), and pu? + u3 # 0, p3 + u3 # 0,
p2, pg > 0.
The jump of ¢ at d is denoted by [(](d) = ((d+) — {(d—).
Assumption: For all 2 € €, we consider

- Of (w,u(x))

af > ————= > a >0, for some constants a,a” € R. (1.8)

- ou

]
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Analytical Properties

® It is to be noted that u(z) ¢ C?(D). Also u(d+) = u(d—).
® Due the appearance of the discontinuity on g, the solution u(x) exhibits an
additional interior layer of width O(/¢) at z = d [MMS21],

® Note that the sharpness of boundary layers at x = 0,1 [MQ15], depend on the type
of Robin boundary conditions.

Theorem
The given problem has a solution u € C°(Q2) N CY(D) N C%(Q~ U Q). J

The uniqueness of the solution under the assumptions in (1.8) is similar to the linear
version of the current problem. It also satisfies the maximum principle [FMOS98].
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Decomposition of the Solution and Derivative Bounds

Decompose u(z) into a smooth component s(x) and a singular component ¢(x) so that:
u(z) = s(z) + t(x),
Theorem

For every = € Q, we have the following bounds for s\¥)(z) and t*) (x)

z ‘ <C, k=0,1,2,3, ’3(4)(1’)’ <Ce V2,

(k=1)

2 Bl($)7 k:27374-7

(k—1)
2 BQ(I’), k=234,

)Sw( )
)f(k)(as)‘gCBl(:v), k=01, ‘E(k)(x)‘SC%_
)g(k)( )

x)| < CBy(z), k=0,1, %(k)(x) < Ce™
| )

where C' is independent of ¢.

Bl(ﬂ?) — ef:v\/a/s _’_ef(df:v)\/a/zs, on ), BQ(I) _ 67(zfd)\/a/€ _{_ef(lf:r)\/a/s on OF.
i L
Dr. Pratibhamoy Das Department of Mathematics, Indi&€MRTUXE |EMNRENGEISZY RBEHACTRON[ KIpEIORKdbSd University, SwedenN¢VEm Patid) 2025 1832



Introduction Discrete Problem
= 1 L -

Discrete Problem

The discrete formulation corresponding to (1.6)-(1.7) is provided by:

TNUZ' = —E(SQUZ‘ + f (l‘i, Uz) =g; on QN, (19)
Tj\*[U% = DjU% - D;Uy =0, (1.10)

BYUs = mUo— paD Up = ¢, B Uy = usUn + D" Uy = . (1.11)

At the point of discontinuity xy /o = d, we can define two types of discrete schemes:

TNUy = DY"Uy — D Uy =0, (1.12)
2 2 2
o U AU Uy U AU 3T
TNy, = a2 TR T Tae TR T (1.13)
“"g T 2hn 2h y ’ '
2 2

where hiy | and hn are the right and left step sizes around the point z /o respectively.
2 2

] L
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Hybrid Scheme

Remark

If we replace (1.10) by TNUN = D+UN - D_UN = 0, the matrix associated with the

boundary condition forms an M—matr/x and un/formly first-order accurate.

Now put the values Uy /249 and Uy a_p from (1.9) in (1.13), to get

a N h2 BN h2
N _ 1 21! 2+ h
TYUN/s =55 |- (2- . U%71+4U%7 2 2 U%+1 =L g%+1+g%71 ,

Lemma

associated with (1.13) forms an M-matrix.

> —23 , where o = max,cq a(z) and o = min, g a(z). Then the matrix

So, from the above lemma, we conclude that the operator T vy satisfies the discrete maximum

principle, which directly leads to the following stability result.
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Convergence on Interior points

Theorem

For any mesh functions V. and W with
Vo = B W, BN Vv = BN W (DS — D7)V = (DS — Dy) Wu, we have
2 2

V; = Wi| < C|TN(V; — W5)

N
) forz’;é?.

Theorem

Let u be the solution of (1.6) -(1.7) and U be the solution of (1.9) - (1.11). Then for
z; € OV, we have |(U — u) (z;)] < C(N~1InN)2.

Remark

The order of convergence for the present Robin-type semi-linear reaction-diffusion

problem is almost second order at all the interior points except the region of discontinuity.
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Convergence on Boundary points

Theorem

Let u be the solution of (1.6) -(1.7) and U be the solution of (1.9) - (1.11). Then for
z; € Q. we have
18y (U — u)(0)] < Cy/eN~'InN,

18N (U —u)(1)| < Cv/EN~'In N.

Remark

The point-wise rate of convergences for the present Robin type semi-linear
reaction-diffusion problem at boundary points is almost second order, for sufficiently
small values of £, say \/e < CN-1L.
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Main Theorem

Theorem

Let u be the solution of (1.6) - (1.7) and U be the solution of (1.9) - (1.11)using the
scheme (1.13). Then, |(U —u) (zn2)| < C(N~'InN)2.

Remark

The above three point scheme (used at the point of discontinuity) can be also used at
the mixed boundary condition to obtain a higher order numerical approximation. Note
that the condition /e < CN —L will not be required, which is mentioned in Remark 3, in
this case. Similar things happen with scaled boundary conditions too.

Theorem

Let u be the solution of (1.6) -(1.7) and U be the solution of (1.9) - (1.11). Then, for
x; € QN,

a5 -
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Introduction Numerical Experiments

Numerical Example

Example 1
Let us consider the following nonlinear reaction-dominated problem with discontinuous
source term:

0.1 — z(z — 0.5), for 0<z<.5,

—eu + (1 —v?)u=
—02—(z—1)(z—0.5), for H<z<l,

with any one of the following boundary conditions:

(a) u(0) =0,u(l) =0,

(b) Bou(0) :=2u(0) —u/(0) =1, Fru(l) :=8u(l) +u/(1) =8,

() Bou(0) :=2u(0) — /eu/(0) =1, Bru(l) :=8u(l) + /eu/(1) = 8.

(1.14)
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Error Formula

® FErrors and orders are evaluated as

Y = max (U U2 @)] N = logy(BY /EZY).

° Sl - {1710717"' 71078}7 SQ = {8 € Sl
tolerance 1076.

Table: Almost second-order accuracy with uniform errors at the whole domain, for Example
1.14(a) using the scheme (1.13).

, € < N71}. For Newton iteration, we took

N 32 64 128 256 512 1024 2048 4096 8192

4.7277e-3 2.3038e-3 8.3144e-4 2.8366e-4 9.0582e-5 2.8041e-5 8.4942¢-6 2.5280e-6 7.4177e-7

eesS
! 1.0372 1.4703 1.5515 1.6469 1.6917 1.7230 1.7485 1.7689
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Error and Order Tables

Table: Almost second-order accuracy with uniform errors at the interior points (except the point
of discontinuity) for Example 1.14 (b), using the scheme (1.12). (See Remark 2)

N 32 64 128 256 512 1024 2048 4096 8192

3.4569e-2 1.5364e-2 5.5297e-3 1.4516e-3 3.8241e-4 1.0180e-4 2.7286e-5 7.3326e-6 1.9695e-6

e €S
2 1.1699 1.4743 1.9295 1.9245 1.9094 1.8994 1.8958 1.8965

Table: Almost second-order accuracy with uniform errors on the whole domain, for Example 1.14
(b), (See Remark 3) using the scheme (1.13).

N 32 64 128 256 512 1024 2048 4096 8192
ces 3.4569e-2 1.5364e-2 5.5297e-3 1.4516e-3 3.8241e-4 1.0180e-4 2.7286e-5 7.3326e-6 1.9695e-6
2 1.1699 1.4743 1.9295 1.9245 1.9094 1.8994 1.8958 1.8965
i L
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Error and Order Tables )

Table: Uniform errors and corresponding rates of convergences throughout the discrete domain for
Example 1.14 (c) using the scheme (1.13).

N 32 64 128 256 512 1024 2048 4096 8192
ces 3.4569e-2 1.5364e-2 7.3353e-3 3.2617e-3 1.5174e-3 7.5133e-4 3.6501e-4 1.7982e-4 8.9241e-5
! 1.1699 1.0666 1.1693 1.1040 1.0141 1.0415 1.0213 1.0108
10~ T T 107 T T
Weerrorforu = Woerror foru
m_Lt \*\ * Wonoghy) 102k *\ * Fon(oghy)
~ w

AN , A NG N f

v3 S MR ]

£ ~ \ £

2wt X E g *® *

: Yo ISR N ]
wel v 3 ] b “w R 3 ]
) v | . /

10 10 10 10° 10% 10° 10* 10°
Number of mesh points Number of mesh points
(a) Example 1.14 (a) (b) Example 1.14 (b)

Figure: Loglog plot for Example 1.14 through scheme (1.13), where € € S5.
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Numerical Experiments

Solution Plot

0.4 T T T T T T T T T

05 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

(a) Boundary and Interior Layers

0.2 T T T T T T T T T

0.15 / 1

01 g

0.2} /

0.25
045 046 047 048 049 05 051 052 053 054 055
X

(b) Magpnified version near the point of
discontinuity

Figure: Example 1.14(a) with e = 1078, N = 128 through scheme 1.13.
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Numerical Experiments

Solution plot
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(a) Example 1.14 (b)

Figure: Boundary and interior layers appearances with respect to different boundary conditions of
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0.1

Example 1.14 with ¢ = 1078, N = 128 through scheme 1.13.
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(b) Example 1.14 (c)
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Collaborations & Communications

This work is a collaborative work with Dr. Shridhar Kumar (IISER Thiruvananthapuram),
and Dr. R. Ishwariya (Amrita Vishwavidyapeetham).

@ Shridhar Kumar, Ishwariya R and Pratibhamoy Das. Impact of Mixed Boundary Conditions and Non-smooth Data on Layer Originated Non-premixed
Combustion Problems: Higher Order Convergence Analysis. Studies in Applied Mathematics, 2024, https://doi.org/10.1111/sapm.12763
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