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< Homogenization of reaction-diffusion-drift problem with variable scaling defined in a thin
layer

2
<

Homogenization of large drift problem in an unbounded domain using asymptotic
expansion with drift

< Rigorous homogenization of large drift problem with nonlinear boundary condition

< Iterative scheme to study the solvability and numerical simulation for strongly coupled
nonlinear dispersion problem.
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Microscopic equations

ous

8; +div(—=D; Vuf + BPs(uf)) =f; on (0,T) x Q%,
auf . € & £
o + div(—DrVu; + BrPs(uf)) =fr on(0,7T) x Q%,

o OUE,
ot

+ div(—ePDE VUE, + e7B5Ps (US,)) = €25, on (0,T) x Q5

Pa(r) = ps * P(1),

a4+ air4+---+amr™ forre|o,1],
P(r) := i
0 otherwise.

A special structure of the drift P(r) = r(1 — r) was obtained from the mean-field limit of a
totally asymmetric simple exclusion process for a population of interacting particles crossing
a domain with obstacles [E. N. M. Cirillo, O. Krehel, A. Muntean, R. van Santen, and A. Sengar
(2016)] .



Boundary and Transmission Conditions

uf =Uon (0,T) xTg,
uf =Ugon (0,7T) x Mg,
(—ePD5VUE, + 7B Ps (U5)) - N5, = €°g§ on (0,T) x I,
(=DuVuf +BiPs(uf)) - np=gion (0,T) x (I NOQZ),
(~DRVUE + BRP5(UE)) - 11r = gr on (0,T) x (T N 8R%)
uf(0,x) = h#(x) forallx € QF,
us(0,x) = he(x) for all x € Q%,
ug,(0,x) = h&,(x) for all x € Qi
uf = uy on B,
uy = uy on Bg,
(—ePD5Vus, + 7B Ps (U5)) - N5, = (=D Vuf + B Ps(uf)) - ny on B%,
(—ePD5VUS, 4+ VBGPs(US)) - NS, = (—DRVUE 4 BrPs(uf)) - nr on Bs.



Choices of Scalings and Transformation of Problem

Table 1: List of discussed scalings.

Scaling options for infinitely thin layer Scaling options for finitely thin layer
Choice S1 Choice S2 Choice S3 Choice S4
a=-—1 a=-1 a € (—1,00) a € (—1,00)
B=1 B € (0,1) B—a=0 B —a € (0,00)
y=1 y=8 y—a=0 y—a=0
£>1 &> min{8— 1,0} E—a>1 E—a>1




Choices of Scalings and Transformation of Problem

Table 1: List of discussed scalings.

Scaling options for infinitely thin layer Scaling options for finitely thin layer
Choice S1 Choice S2 Choice S3 Choice S4
a=-—1 a=-1 a € (—1,00) a € (—1,00)
B=1 B €(0,1) B—a=0 B —a € (0,00)
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1 L 1 ¢
vi=uf + E(X1 = E)UL = E(Xw + E)UR,

E __ )
uij = v

;_ubv

where i e {[,m,r}.



Two Scale Convergence for Thin Layer

Definition

We define the sequence of functions v € L2((0,T) x Q) two-scale converges to
vo(t,X,y) € L2((0,T) x X x Z) if

||m—// T(t, X)3p txf)dxdt ///votxy (t,X,y)dydxdt,
e—0 e s

forall v € L2((0,T) x ; C4x(Z)), where T := {(0,x;) € Q: x, € (0, h)} and we denote the
two-scale convergence of v, to V9, as v&, = V2.

Definition

We define the sequence of functions v € L2((0,T) x [§) two-scale converges to
vo(t,X,y) € L2((0,T) x X x 9Yp) if

T T
lim / / VIt XYt X, ) dorwdlt = / / / Vo(t, %, Y)W (t, %, y)doydRdt
e=0Jo Jrg € o Jxz Jav,

forall ¢ € L2((0,T) x ; C4(0Yo)).



Compactness results

Theorem (M. Neuss-Radu and W. Jager (2007))

For any sequence v € L2((0,T) x Q%) satisfying the condition

1 mi2
g“vs ||LZ((O’T)><Q'E/VI) £G

then there exists a subsequence (again denoted as v) such that v two-scale converges to

vl € L2((0,T) x X x 2).

Theorem (A. Bhattacharya, M. Gahn and M. Neuss-Radu (2020))
For any sequence v € L((0, T) x '§) satisfying the condition

2
”vg)HLQ((O,T)XI_S) S @

)

then there exists a subsequence (again denoted as V') such that vl two-scale converges to
vl € L2((0,T) x X x 9Yp).



Macroscopic model

Theorem (V.R., E. N. M. Cirillo, I. de Bonis and A. Muntean (2022))

The upscaled model for the scaling choice S1is: Find
v € L((0, T H'(2)) N H'((0,T); LP(22)),
VO € 12((0,T) x ; H'(2)) n H'((0,T) x X; [2(2)),
VP € L2((0,T); H'(Qr)) N H'((0,T); L*(Qr)),

satisfying
0
a—t’ +div(—D V) + BiPs(W) — up)) =fp, 0N (0,T) x Q,
vy . 0 0
E =F le(—DRer aF BRP(;(Vr — Ub)) = fbr on (O7 T) X Qr,

v( =0o0n (0,T) x g,

W =00n(0,T) x Iz,
VO(t,X) = V5 (t,X,y) for ae. (t,%,y) € (0,T) x X x Z,,
V(t,X) = vip(t,%,y) for ae. (t,%,y) € (0,T) X T x Zg,
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Theorem (cont.)
(=DLVV} + BLPs(V) — Up)) - Ny = gy, 0n (T N 0R) x (0,T),
(—DRVVS =+ BRP[;(V? = Ub)) - Nr = gbr on (I'h n BQR) X (O,T),
v(0,x) = hp on Qg,

v2(0,x) = hy on Qg,

(7DLVV[0 -+ BLP(;(V? = Ub) 4 DRVV(,) = BRP(;(V? = Ub)) - Ny

= DMV)/VPW -ndo + DLVXUb(t, )_() - Ny
4

—/ DuVyVo, - nido 4+ DrVxup(t,X) -n; on (0,T) x X,
2R

and v{ solves the following cell problem

o 0
% + divy(—DuVo) = fay 0N (0,T) X £ x Z,

(=DuVyV3)-n =0 on (0,T) x ¥ x (82\(ZL U Zg)),
V(0,x) = hgl on¥ xZ



Microscopic Problem: Reaction-Diffusion Equation with Large Drift

We consider the following reaction-diffusion-drift problem

du* 1
;t +div(=D°Vu® + —B°P(u%)) = f° on (0,7) > e,
(55
1
(=DVu* + ~B%P(u)) - e = g on 0.1 I,
uE =] 67gg on (07T) X rE,
us(0) =g in Q,

where Q. is periodic replication of e scaled standard cell Z in R? and

P(r) 1= ao(Z) + D)+ + am( D).

N

(0, 1) (1,1)

(0,0) (1,0

Figure 1: Standard cell Z exhibiting a rectangular obstacle Y, placed in the center.



Assumptions and Technique

Assumptions

(D1) D is uniformly elliptic.
(D2) B: C}(2) — R satisfies
div,B =0 in Z
B-ny =0 on Ty,
divy(Ba;)) =0 for i€{0,1,2,3,---,m},
J5(Ba))dy =0 for ie{2,3,---,m}.
(D3) fo(t, %) := (t X, £), g (t,x) == gn(t, X, ;) gD(t X) == gp(t, £) such that
oo 22 2, oo 2 ., 2(0. T 12
(D5) The inequality [, fdy — er gndoy > 0 hold.
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Homogenization tool
Two scale expansion with drift [G. Allaire, R. Brizzi, A. Mikeli¢ and A. Piatnitski, Chem. Eng. Sci.

(2010)]
= B*t
uE(tx) =Y fup (t,x— ,f) }
k=0 3 &3
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Note: If |[[p| > 0, then u® = 0.




Upscaled Model'

Find the pair (ug, W) satisfying the following system of equations:

1 —1
Orlg + div(—=D*(ug, W)Vxug) = m /fdy+ ﬁ/ gndoy on  (0,T) x R?,
z Fy

uo(0) = g on R?,

—Vy - D(Y)Vyw; + P'(Uo)Vy - (B(y)w;) = Vy - D(y)e; + B* - e, — P'(Uug)B(y) -e; on Z,
(=D(y)Vyw; + BP'(uo)w;) - ny = (=D(y)e;) - ny on Ty,

w; is Z-periodic,

where W = (wy,w;) and i € {1,2}.

VR, E. N. M. Cirillo and A. Muntean, Quart. Appl. Math. (2022)



Effective Dispersion Tensor

The effective dispersion tensor D* is defined as

1 owq owy
D* (o, W) = ﬁ/zu(y) </+ o 3%;]) dy

9y, 9y,

g fEworay— 2 [ P oo,

and the effective drift is defined as

. a1(y)B(y) - e;jdy
B .e/. — IZTI




Microscopic Problem: Large Drift Model with Nonlinear Boundary Condition

We consider the following reaction-diffusion-drift problem

€
aa”t + div(—DEVUE + LBEP(UT)) = FF on (0,7) x O,
€
(—DEVUE + LBEP(UT)) - e = egu(uF) on (0,T) x 5,
&
us(0) =g in Q°,

where the nonlinearity P(-) defined as

P(u®) = us(1— C°u®),

/BCdy: 0.
Jz

with



Assumptions on the data

Assumptions

(D1) D= is uniformly elliptic and D¢ € C;f(z)2X2 forsome 0 < 8 < 1.

(02) B € CLP(2)?, ¢ e CLP(2) satisfies
# #

divB=0 in 2z

div(BO)=0 in 2,

B-ny=0 on TIy.
(D3) f* € C2(R?) such that £ 2=27E7),
(D4) gy € C'(R) satisfies

f.

—gn(x)x < 0 forall x#0,
gn(x) < gnly) if x<y.

(D5) g : R? — Rt such that
g € C°(R?).



Weak formulation for the microscopic problem

Definition

A weak solution to the microscopic problem is a function
u® € L2(0,T; H'(Q¢)) N H'(0, T; L?(Q2°)) satisfying

/ Btu5¢d><+/ DEVUEV pdx — 1/ Buf (1 — C°u®)Vedx
Qe Qe € JQe

- /QEJ=€¢<1x—a/rﬁ gn(u%)gdo,

forall ¢ € H'(2¢) and a.e. t € (0, T) with the initial condition u(0) = g.



Weak formulation for the microscopic problem

Definition

A weak solution to the microscopic problem is a function
u® € L2(0,T; H'(Q¢)) N H'(0, T; L?(Q2°)) satisfying

/ 8tu5¢d><+/ DEVUEV pdx — 1/ Buf (1 — C°u®)Vedx
Qe Qe € JQe
= [ Fodx—= [ au(ue)ods,
Qe I

forall ¢ € H'(2¢) and a.e. t € (0, T) with the initial condition u(0) = g.

Theorem
For every fixed € > 0, there exists a unique weak solution
u® € L2(0,T; H'(Q¢)) N H'(0, T; L?(R22)) to the microscopic problem.



Upscaling of microscopic problem- Two scale convergence with drift

Definition (Two scale convergence with drift)

Let r € R? and u® € L?(0, T; L?(Q2°)), we say u® two-scale converges with drift r to ug (denote

as ue 2297, uo), if for all ¢ € C&((0,T) x R?; C3(2)) the following identity hold

EITO/ / =(t, X)p(t,x — — —)d xdt = / / /uo (t, x, ¥)o(t, x, y)dydxdt.



Upscaling of the microscopic problem- Compactness result

Theorem (E. Marusic-Paloka and A. Piatnitski (2005))
Let u® € L?(0, T; H'(Q22)) and there exist a constant C > 0, such that
luslliz 0, (o) < G
then there exist up € L*(0, T; H'(R?)) and u € L2((0,T) x H'(R?); HL,(2)) such that
ue 2—drift

Uo,

2—drift

VU ——— Vil + VyLM

Theorem (G. Allaire and H. Hutridurga (2012))
Let us € L2(0,T; L?(T§)) and there exists a constant C > 0 independent of  such that

ellutllizgo,maz(rey) <

then there exists ug € L?(0, T; L>(R? x ['y)) such that

5“3105/ / (L, X)p(t,x — — 7)d xdt = /OT/H%2 /FN uo(t, X, y)o(t, x, y)dydxdt.

20



Strong convergence in moving coordinate

Theorem
Assume (D1)-(D5) hold. Then there exist uy € L>(0, T; H'(R?)) such that

=
e—0 /o e

U B*t
lim s/ / us(t,x) — uo (t,x— )
e—0 0 ﬁ £

fz B(y) : eidy
1| '

2
dxdt =0,

B*t
€

u®(t,x) — uo (t,x —

2
dodt = 0.

where

B* - ej =

21



Macroscopic Equation?

N

The weak solution u¢ of the microscopic problem converges to u°(t,x) in the sense of
two-scale with drift B* ase — 0, where u°(t, x) is the weak solution of the homogenized
reaction-dispersion problem

Ao + div(—D*(up, W)Vxup) = o /f )/— |Z| QN(UO) in (0,T) x R?,

ug(0) =g in R,

— Vy - D(y)Vyw; + B(y)(1 — 2C(y)uo) - Vyw;
=Vy-D(y)ej + B* - e; — B(y)(1 — 2C(y)up) - ¢; in (0,T) x R? x Z,
(=D(y)Vyw; + B(y)(1 — 2C(y)uo)w;) - ny = (=D(y)e;) - ny on (0,T) x R* x Ty,
wi(t, X, -) is Z-periodic,

where i € {1,2}.

2VR, I. de Bonis, E. N. M. Cirillo and A. Muntean, Quart. Appl. Math. (2024)

22



Effective Drift and Dispersion Tensor

The effective drift B* is defined as

fz B(y) - eidy

B* o @ = ‘Z|

)

and the effective dispersion tensor D* is defined as

1 owq owy
D*(uo, W) := ﬁ /ZD(y) (I + g\ﬁ gvyjz:|> dy

oy, 9y,
]
|Z]

“W(y): dy — % B(y)(1 — 2C(y)uo)W(y)' dy.

23



Corrector result

Theorem (V.R., I. de Bonis E. N. M. Cirillo and A. Muntean (2024))

Assume gn(r) = rforall r € R. Then

lim
e—0

B*t B*t
V(ua(t,x)fuo(t,xf ) —euq(t,x — ,{)>
£ 8 £

=0,
[2(0,T;L2(Q¢))

where uy = ) w;dx;Ug, US solves the microscopic problem, ug, w1, w, solves the upscaled
problem and the cell problem respectively.

24



Strongly coupled parabolic-elliptic system

O + div(—D* (u, W)Vu) = f
u=20
u(0) =g
divy (=DVyw; + Gj(u)Bw;) = divy(De;)
(=DVyw; + Gj(u)Bw;) - ny = (De;) - n
w; is Y-periodic,

D*(u, W) fM/ y)<l+

where

Awq

O
owq

9y,

Figure 2: Schematic representation of the macroscopic domain € and the cell Y with internal boundary 'y.



Assumptions on the data

- The microscopic diffusion matrix satisfies D € (L°°(Y))?*? and there exists § > 0 such that

Oln|> < Dn-n foralln € R? and almost ally € Y.

- G1,G; : R — R are locally Lipschitz functions.
* The microscopic drift velocity B € (H},(Y) N L>(Y))? satisfies

divyB=0 in Y,
B-ny=0 on TIy.

- The reaction rate satisfies f € C*% ((0,T) x Q) and the initial condition g € C2**(Q), for
some 0 <a <.

26



Iterative scheme

Set u® = g, for any k € NU {0}, uf*+1, wk, and w¥ satisfy:

divy (vawa = G,-(u’*)Bwf) = divy(De;) in v,
(—Dvyw? + BG,(uk)w?) -ny = (De;) - ny on Ty,
Wf is Y-periodic i €{1,2},

Ut 4 div(—D* (uf, WO Vxuf 1) = F

in (0,T) x Q,
uk1(0) =g in Q,
Ukt = on (0,7T) x 99,

where the dispersion matrix D*(u®, W¥) is given by

. owy  owj
D*(uf, W) ;:M/Yo(y) </+ gvﬂ g@ dy.

9y, 9y,




Dispersion tensor

Lemma

The macroscopic dispersion matrix D*(uf, WR) satisfies the following properties:
- There exists A > 0 independent of k such that
A2 < D*(uf,W-)n - foralln € R2.
- There exist a constant C > 0 independent of k such that
D™ (", WR)ijl <€, (i) € {1,2}).
- There exist C > 0 independ of m and n, such that

[D*(u™, W™ — D*(u", W")| < Clu™ — u"|.

28



Convergence of the iterative scheme

Theorem (V.R., S. Nepal, R. Lyons, M. Eden and A. Muntean (2023))

There exists a u € L2((0,T); H'(Q)) and a W € L>°((0,T) x Q; W?) such that,

R

uf > u strongly in ~ L2((0,T) x Q),
D*(uf, WRY — D*(u, W) strongly in ~ L2((0,T) x Q),
vuf =~ vu weakly in 12((0,T) x Q),

At — dyu weakly in 12((0,T); H(£2)).

Moreover, (u, W) is a solution to the nonlinear parabolic-elliptic system.

29



Summary and Future Works

Summary
» We studied the effect of different scaling on the upscaling of the reaction-diffusion-drift
problem posed on a homogeneous domain separated by a thin layer

» We derived a nonlinear reaction-dispersion model as the upscaled model for the
reaction-diffusion problem with large non-linear drift in an unbounded perforated
domain.

» We proposed an iterative scheme that helps to show the existence and numerical scheme
for a strongly coupled reaction dispersion problem.

Potential future works

> Derive a corrector estimate for every upscaled model that is presented in the thesis.

> Derive the effective model for the evolution of two (or more) populations of interacting
particles moving with drift in a composite material.

> Derive macroscopic equation and effective transmission condition for large nonlinear
drift problem for bounded thin domain

> Find efficient numerical scheme and order of convergent for the coupled
nonlinear-dispersion problem
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