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Outline

v Homogenization of reaction-diffusion-drift problem with variable scaling defined in a thin
layer

v Homogenization of large drift problem in an unbounded domain using asymptotic
expansion with drift

v Rigorous homogenization of large drift problem with nonlinear boundary condition

v Iterative scheme to study the solvability and numerical simulation for strongly coupled
nonlinear dispersion problem.
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Model Geometry
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Microscopic equations

∂uεl
∂t

+ div(−DL∇uεl + BLPδ(uεl )) = fl on (0, T)× Ωε
L,

∂uεr
∂t

+ div(−DR∇uεr + BRPδ(uεr )) = fr on (0, T)× Ωε
R,

εα
∂uεm
∂t

+ div(−εβDεM∇uεm + εγBεMPδ(uεm)) = εαfεm on (0, T)× Ωε
M,

Pδ(r) := ρδ ∗ P(r),

P(r) :=
{

a0 + a1r+ · · ·+ amrm for r ∈ [0, 1],
0 otherwise.

A special structure of the drift P(r) = r(1− r) was obtained from the mean-field limit of a
totally asymmetric simple exclusion process for a population of interacting particles crossing
a domain with obstacles [E. N. M. Cirillo, O. Krehel, A. Muntean, R. van Santen, and A. Sengar
(2016)] .
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Boundary and Transmission Conditions

uεl = UL on (0, T)× ΓL,

uεr = UR on (0, T)× ΓR,

(−εβDεM∇uεm + εγBεMPδ(uεm)) · nεm = εξgε0 on (0, T)× Γε0 ,

(−DL∇uεl + BLPδ(uεl )) · nl = gl on (0, T)× (Γh ∩ ∂Ωε
L) ,

(−DR∇uεr + BRPδ(uεr )) · nr = gr on (0, T)× (Γh ∩ ∂Ωε
R) ,

uεl (0, x) = hεl (x) for all x ∈ Ω
ε
L,

uεr (0, x) = hεr (x) for all x ∈ Ω
ε
R,

uεm(0, x) = hεm(x) for all x ∈ Ω
ε
M,

uεl = uεM on Bε
L,

uεr = uεM on Bε
R,

(−εβDεM∇uεm + εγBεMPδ(uεm)) · nεm = (−DL∇uεl + BLPδ(uεl )) · nl on Bε
L,

(−εβDεM∇uεm + εγBεMPδ(uεm)) · nεm = (−DR∇uεr + BRPδ(uεr )) · nr on Bε
R.
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Choices of Scalings and Transformation of Problem

Table 1: List of discussed scalings.

Scaling options for infinitely thin layer
Choice S1 Choice S2
α = −1 α = −1
β = 1 β ∈ (0, 1)
γ ≥ 1 γ ≥ β

ξ ≥ 1
2 ξ ≥ min{β − 1

2 , 0}

Scaling options for finitely thin layer
Choice S3 Choice S4
α ∈ (−1,∞) α ∈ (−1,∞)

β − α = 0 β − α ∈ (0,∞)

γ − α ≥ 0 γ − α ≥ 0
ξ − α > 1 ξ − α > 1

vεi := uεi +
1
2
(x1 −

ℓ

2
)UL −

1
2
(x1 +

ℓ

2
)UR,

uεi = vεi − ub,

where i ∈ {l,m, r}.
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Two Scale Convergence for Thin Layer

Definition
We define the sequence of functions vmε ∈ L2((0, T)× Ωε

M) two-scale converges to
v0(t, x̄, y) ∈ L2((0, T)× Σ× Z) if

lim
ε→0

1
ε

∫ T

0

∫
Ωε
M

vmε (t, x)ψ(t, x̄,
x
ε
)dxdt =

∫ T

0

∫
Σ

∫
Z
v0(t, x̄, y)ψ(t, x̄, y)dydxdt,

for all ψ ∈ L2((0, T)× Σ; C#(Z)), where Σ := {(0, x2) ∈ Ω : x2 ∈ (0, h)} and we denote the
two-scale convergence of vεm to v0m as vεm

2−s
⇀ v0m .

Definition

We define the sequence of functions vmε ∈ L2((0, T)× Γε0) two-scale converges to
v0(t, x̄, y) ∈ L2((0, T)× Σ× ∂Y0) if

lim
ε→0

∫ T

0

∫
Γε0

vmε (t, x)ψ(t, x̄,
x
ε
)dσxdt =

∫ T

0

∫
Σ

∫
∂Y0

v0(t, x̄, y)ψ(t, x̄, y)dσydx̄dt

for all ψ ∈ L2((0, T)× Σ; C#(∂Y0)).
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Compactness results

Theorem (M. Neuss-Radu and W. Jäger (2007))

For any sequence vmε ∈ L2((0, T)× Ωε
M) satisfying the condition

1
ε
∥vmε ∥2L2((0,T)×Ωε

M)
≤ C,

then there exists a subsequence (again denoted as vmε ) such that vmε two-scale converges to
vm0 ∈ L2((0, T)× Σ× Z).

Theorem (A. Bhattacharya, M. Gahn and M. Neuss-Radu (2020))
For any sequence vmε ∈ L2((0, T)× Γε0) satisfying the condition

∥vmε ∥2L2((0,T)×Γε0 )
≤ C,

then there exists a subsequence (again denoted as vmε ) such that vmε two-scale converges to
vm0 ∈ L2((0, T)× Σ× ∂Y0).

8



Macroscopic model

Theorem (V.R., E. N. M. Cirillo, I. de Bonis and A. Muntean (2022))

The upscaled model for the scaling choice S1 is: Find

v0l ∈ L2((0, T);H1(ΩL)) ∩ H1((0, T); L2(ΩL)),

v0m ∈ L2((0, T)× Σ;H1(Z)) ∩ H1((0, T)× Σ; L2(Z)),
v0r ∈ L2((0, T);H1(ΩR)) ∩ H1((0, T); L2(ΩR)),

satisfying
∂v0l
∂t

+ div(−DL∇v0l + BLPδ(v0l − ub)) = fbl on (0, T)× ΩL,

∂v0r
∂t

+ div(−DR∇v0r + BRPδ(v0r − ub)) = fbr on (0, T)× ΩR,

v0l = 0 on (0, T)× ΓL,

v0r = 0 on (0, T)× ΓR,

v0l (t, x̄) = v0m(t, x̄, y) for a.e. (t, x̄, y) ∈ (0, T)× Σ× ZL,
v0r (t, x̄) = v0m(t, x̄, y) for a.e. (t, x̄, y) ∈ (0, T)× Σ× ZR,
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Theorem (cont.)

(−DL∇v0l + BLPδ(v0l − ub)) · nl = gbl on (Γh ∩ ∂ΩL)× (0, T),

(−DR∇v0r + BRPδ(v0r − ub)) · nr = gbr on (Γh ∩ ∂ΩR)× (0, T),

v0l (0, x) = h0bl on ΩL,

v0r (0, x) = h0br on ΩR,

(−DL∇v0l + BLPδ(v0l − ub) + DR∇v0r − BRPδ(v0r − ub)) · nl

=

∫
ZL
DM∇yv0m · nldσ + DL∇xub(t, x̄) · nl

−
∫
ZR
DM∇yv0m · nldσ + DR∇xub(t, x̄) · nl on (0, T)× Σ,

and vm0 solves the following cell problem

∂v0m
∂t

+ divy(−DM∇yv0m) = fa0 on (0, T)× Σ× Z,

(−DM∇yv0m) · n = 0 on (0, T)× Σ× (∂Z\(ZL ∪ ZR)) ,
v0l (0, x) = h0bl on Σ× Z.
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Microscopic Problem: Reaction-Diffusion Equation with Large Drift

We consider the following reaction-diffusion-drift problem
∂uε

∂t
+ div(−Dε∇uε +

1
ε
BεP(uε)) = fε on (0, T)× Ωε,

(−Dε∇uε +
1
ε
BεP(uε)) · nε = εgεN on (0, T)× ΓεN,

uε = εγgεD on (0, T)× ΓεD,

uε(0) = g in Ωε,

where Ωε is periodic replication of ε scaled standard cell Z in R2 and

P(r) := a0(
x
ε
) + a1(

x
ε
)r+ · · ·+ am(

x
ε
)rm.

(0, 0) (1, 0)

(1, 1)(0, 1)

ΓD

ΓN

ΓN

ΓN

Figure 1: Standard cell Z exhibiting a rectangular obstacle Y0 placed in the center.
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Assumptions and Technique

Assumptions

(D1) D is uniformly elliptic.
(D2) B : C1#(Z) → R2 satisfies

divyB = 0 in Z,
B · ny = 0 on ΓN,

divy(Bai) = 0 for i ∈ {0, 1, 2, 3, · · · ,m},∫
Z(Bai)dy = 0 for i ∈ {2, 3, · · · ,m}.

(D3) fε(t, x) := f(t, x, x
ε
), gεN(t, x) := gN(t, x, xε ), g

ε
D(t, x) := gD(t, xε ) such that

f ∈ L∞(0, T; Cc(R2)× L2#(Z)), gN ∈ L∞(0, T; Cc(R2)× L2#(ΓN)) and gD ∈ L2(0, T; L2#(ΓD)).

(D4) g : R2 → R+ ∪ {0} such that g ∈ L∞(R2) ∩ L2(R2).
(D5) The inequality

∫
Z f dy−

∫
ΓN
gNdσy ≥ 0 hold.

Homogenization tool
Two scale expansion with drift [G. Allaire, R. Brizzi, A. Mikelić and A. Piatnitski, Chem. Eng. Sci.
(2010)]

uε(t, x) =
∞∑
k=0

εkuk
(
t, x− B∗t

ε
,
x
ε

)
.

Note: If |ΓD| > 0, then u0 ≡ 0.
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Upscaled Model1

Find the pair (u0,W) satisfying the following system of equations:

∂tu0 + div(−D∗(u0,W)∇xu0) =
1
|Z|

∫
Z
f dy+ −1

|Z|

∫
ΓN
gN dσy on (0, T)× R2,

u0(0) = g on R2,

−∇y · D(y)∇ywi + P′(u0)∇y · (B(y)wi) = ∇y · D(y)ei + B∗ · ei − P′(u0)B(y) · ei on Z,(
−D(y)∇ywi + BP′(u0)wi

)
· ny = (−D(y)ei) · ny on ΓN,

wi is Z–periodic,

where W = (w1,w2) and i ∈ {1, 2}.

1V.R., E. N. M. Cirillo and A. Muntean, Quart. Appl. Math. (2022)
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Effective Dispersion Tensor

The effective dispersion tensor D∗ is defined as

D∗(u0,W) =
1
|Z|

∫
Z
D(y)

(
I+
[

∂w1
∂y1

∂w2
∂y1

∂w1
∂y2

∂w2
∂y2

])
dy

+
1
|Z|

∫
Z
B∗W(y)t dy− 1

|Z|

∫
Z
P′(u0)B(y)W(y)t dy,

and the effective drift is defined as

B∗ · ei =
∫
Z a1(y)B(y) · eidy

|Z|
.
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Microscopic Problem: Large Drift Model with Nonlinear Boundary Condition

We consider the following reaction-diffusion-drift problem

∂uε

∂t
+ div(−Dε∇uε +

1
ε
BεP(uε)) = fε on (0, T)× Ωε,

(−Dε∇uε +
1
ε
BεP(uε)) · nε = εgN(uε) on (0, T)× ΓεN,

uε(0) = g in Ω
ε
,

where the nonlinearity P(·) defined as

P(uε) = uε(1− Cεuε),

with ∫
Z
BCdy = 0.
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Assumptions on the data

Assumptions

(D1) Dε is uniformly elliptic and Dε ∈ C2,β# (Z)2×2 for some 0 < β < 1.

(D2) B ∈ C1,β# (Z)2 , C ∈ C1,β# (Z) satisfies
divB = 0 in Z,
div(BC) = 0 in Z,
B · ny = 0 on ΓN.

.

(D3) fε ∈ C2c(R2) such that fε
2−drift(B∗)−−−−−−−→ f.

(D4) gN ∈ C1(R) satisfies

−gN(x)x < 0 for all x ̸= 0,
gN(x) ≤ gN(y) if x ≤ y.

(D5) g : R2 → R+ such that
g ∈ C∞c (R2).
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Weak formulation for the microscopic problem

Definition

A weak solution to the microscopic problem is a function
uε ∈ L2(0, T;H1(Ωε)) ∩ H1(0, T; L2(Ωε)) satisfying∫

Ωε
∂tuεϕdx+

∫
Ωε
Dε∇uε∇ϕdx− 1

ε

∫
Ωε
Bεuε(1− Cεuε)∇ϕdx

=

∫
Ωε
fεϕdx− ε

∫
ΓεN

gN(uε)ϕdσ,

for all ϕ ∈ H1(Ωε) and a.e. t ∈ (0, T) with the initial condition u(0) = g.

Theorem
For every fixed ε > 0, there exists a unique weak solution
uε ∈ L2(0, T;H1(Ωε)) ∩ H1(0, T; L2(Ωε)) to the microscopic problem.
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Upscaling of microscopic problem- Two scale convergence with drift

Definition (Two scale convergence with drift)

Let r ∈ R2 and uε ∈ L2(0, T; L2(Ωε)), we say uε two-scale converges with drift r to u0 (denote
as uε 2−drift−−−−→ u0), if for all ϕ ∈ C∞c ((0, T)× R2; C∞# (Z)) the following identity hold

lim
ε→0

∫ T

0

∫
Ωε
uε(t, x)ϕ(t, x− rt

ε
,
x
ε
)dxdt =

∫ T

0

∫
R2

∫
Z
u0(t, x, y)ϕ(t, x, y)dydxdt.
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Upscaling of the microscopic problem- Compactness result

Theorem (E. Marušić-Paloka and A. Piatnitski (2005))

Let uε ∈ L2(0, T;H1(Ωε)) and there exist a constant C > 0, such that

∥uε∥L2(0,T;H1(Ωε)) ≤ C,

then there exist u0 ∈ L2(0, T;H1(R2)) and u1 ∈ L2((0, T)× H1(R2);H1#(Z)) such that

uε 2−drift−−−−→ u0,

∇uε 2−drift−−−−→ ∇xu0 +∇yu1.

Theorem (G. Allaire and H. Hutridurga (2012))

Let uε ∈ L2(0, T; L2(ΓεN)) and there exists a constant C > 0 independent of ε such that

ε∥uε∥L2(0,T;L2(ΓεN)) ≤ C,

then there exists u0 ∈ L2(0, T; L2(R2 × ΓN)) such that

lim
ε→0

ε

∫ T

0

∫
ΓεN

uε(t, x)ϕ(t, x− rt
ε
,
x
ε
)dxdt =

∫ T

0

∫
R2

∫
ΓN
u0(t, x, y)ϕ(t, x, y)dydxdt.
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Strong convergence in moving coordinate

Theorem
Assume (D1)–(D5) hold. Then there exist u0 ∈ L2(0, T;H1(R2)) such that

lim
ε→0

∫ T

0

∫
Ωε

∣∣∣∣uε(t, x)− u0
(
t, x− B∗t

ε

)∣∣∣∣2 dxdt = 0,

lim
ε→0

ε

∫ T

0

∫
ΓεN

∣∣∣∣uε(t, x)− u0
(
t, x− B∗t

ε

)∣∣∣∣2 dσdt = 0.

where
B∗ · ei :=

∫
Z B(y) · eidy

|Z|
.
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Macroscopic Equation2

The weak solution uε of the microscopic problem converges to u0(t, x) in the sense of
two-scale with drift B∗ as ε→ 0, where u0(t, x) is the weak solution of the homogenized
reaction-dispersion problem

∂tu0 + div(−D∗(u0,W)∇xu0) =
1
|Z|

∫
Z
f dy− |ΓN|

|Z|
gN(u0) in (0, T)× R2,

u0(0) = g in R2,

−∇y · D(y)∇ywi + B(y)(1− 2C(y)u0) · ∇ywi
= ∇y · D(y)ei + B∗ · ei − B(y)(1− 2C(y)u0) · ei in (0, T)× R2 × Z,

(−D(y)∇ywi + B(y)(1− 2C(y)u0)wi) · ny = (−D(y)ei) · ny on (0, T)× R2 × ΓN,

wi(t, x, ·) is Z–periodic,

where i ∈ {1, 2}.

2V.R., I. de Bonis, E. N. M. Cirillo and A. Muntean, Quart. Appl. Math. (2024)
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Effective Drift and Dispersion Tensor

The effective drift B∗ is defined as

B∗ · ei :=
∫
Z B(y) · eidy

|Z|
,

and the effective dispersion tensor D∗ is defined as

D∗(u0,W) :=
1
|Z|

∫
Z
D(y)

(
I+
[

∂w1
∂y1

∂w2
∂y1

∂w1
∂y2

∂w2
∂y2

])
dy

+
1
|Z|

∫
Z
B∗W(y)t dy− 1

|Z|

∫
Z
B(y)(1− 2C(y)u0)W(y)t dy.
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Corrector result

Theorem (V.R., I. de Bonis E. N. M. Cirillo and A. Muntean (2024))

Assume gN(r) = r for all r ∈ R. Then

lim
ε→0

∥∥∥∥∇(uε(t, x)− u0(t, x−
B∗t
ε

)− εu1(t, x−
B∗t
ε
,
x
ε
)

)∥∥∥∥
L2(0,T;L2(Ωε))

= 0,

where u1 =
∑
wi∂xiu0 , uε solves the microscopic problem, u0,w1,w2 solves the upscaled

problem and the cell problem respectively.
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Strongly coupled parabolic-elliptic system

∂tu+ div(−D∗(u,W)∇u) = f in (0, T)× Ω,

u = 0 on (0, T)× ∂Ω,

u(0) = g in Ω,

divy (−D∇ywi + Gi(u)Bwi) = divy(Dei) in Y,
(−D∇ywi + Gi(u)Bwi) · ny = (Dei) · ny on ΓN,

wi is Y–periodic,

where

D∗(u,W) :=
1
|Y|

∫
Y
D(y)

(
I+
[

∂w1
∂y1

∂w2
∂y1

∂w1
∂y2

∂w2
∂y2

])
dy.

x
Ω

ΓN

Y

Figure 2: Schematic representation of the macroscopic domain Ω and the cell Y with internal boundary ΓN .
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Assumptions

Assumptions on the data

• The microscopic diffusion matrix satisfies D ∈ (L∞(Y))2×2 and there exists θ > 0 such that

θ|η|2 ≤ Dη · η for all η ∈ R2 and almost all y ∈ Y.

• G1,G2 : R → R are locally Lipschitz functions.
• The microscopic drift velocity B ∈ (H1#(Y) ∩ L∞(Y))2 satisfies{

divyB = 0 in Y,
B · ny = 0 on ΓN.

• The reaction rate satisfies f ∈ Cα,α2 ((0, T)× Ω) and the initial condition g ∈ C2+α(Ω), for
some 0 < α < 1.
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Iterative scheme

Set u0 = g, for any k ∈ N ∪ {0}, uk+1,wk1 , and wk2 satisfy:
divy

(
−D∇ywki + Gi(uk)Bwki

)
= divy(Dei) in Y,(

−D∇ywki + BGi(uk)wki
)
· ny = (Dei) · ny on ΓN,

wki is Y–periodic i ∈{1, 2},

∂tuk+1 + div(−D∗(uk,Wk)∇xuk+1) = f in (0, T)× Ω,

uk+1(0) = g in Ω,

uk+1 = 0 on (0, T)× ∂Ω,

where the dispersion matrix D∗(uk,Wk) is given by

D∗(uk,Wk) :=
1
|Y|

∫
Y
D(y)

I+
 ∂wk1

∂y1
∂wk2
∂y1

∂wk1
∂y2

∂wk2
∂y2

 dy.
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Dispersion tensor

Lemma
The macroscopic dispersion matrix D∗(uk,Wk) satisfies the following properties:

• There exists λ > 0 independent of k such that

λ|η|2 ≤ D∗(uk,Wk)η · η for all η ∈ R2.

• There exist a constant C > 0 independent of k such that

|[D∗(uk,Wk)]i,j| ≤ C, (i, j ∈ {1, 2}).

• There exist C > 0 independ of m and n, such that

|D∗(um,Wm)− D∗(un,Wn)| ≤ C|um − un|.
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Convergence of the iterative scheme

Theorem (V.R., S. Nepal, R. Lyons, M. Eden and A. Muntean (2023))

There exists a u ∈ L2((0, T);H1(Ω)) and a W ∈ L∞((0, T)× Ω;W2) such that,

uk → u strongly in L2((0, T)× Ω),

D∗(uk,Wk) → D∗(u,W) strongly in L2((0, T)× Ω),

∇uk ⇀ ∇u weakly in L2((0, T)× Ω),

∂tuk ⇀ ∂tu weakly in L2((0, T);H−1(Ω)).

Moreover, (u,W) is a solution to the nonlinear parabolic-elliptic system.
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Summary and Future Works

Summary

ä We studied the effect of different scaling on the upscaling of the reaction-diffusion-drift
problem posed on a homogeneous domain separated by a thin layer

ä We derived a nonlinear reaction-dispersion model as the upscaled model for the
reaction-diffusion problem with large non-linear drift in an unbounded perforated
domain.

ä We proposed an iterative scheme that helps to show the existence and numerical scheme
for a strongly coupled reaction dispersion problem.

Potential future works

ã Derive a corrector estimate for every upscaled model that is presented in the thesis.
ã Derive the effective model for the evolution of two (or more) populations of interacting

particles moving with drift in a composite material.
ã Derive macroscopic equation and effective transmission condition for large nonlinear

drift problem for bounded thin domain
ã Find efficient numerical scheme and order of convergent for the coupled

nonlinear-dispersion problem
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