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In-vitro tumor

In-vivo tumor

Figure: Cartoon of an in-vivo and in-vitro tumor

@ An abnormal mass of tissue that forms when cells grow and divide more than they
should or do not die when they should. Tumors may be benign (not cancer) or
malignant (cancer).

o Typical approaches: (a) Long time scale - growth model (b) Short time scale - no
growth/avascular phase of tumor growth - transport scale.
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Figure: Anatomy of tumor within a representative elementary volume (REV)
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Deformable solid phase: cell population, fibrous matrix (ECM) and vascular space.
The cell population which is the major part of the solid phase is constituted by
single type of cells.

Fluid phase: blood flow through blood vessels and interstitial /extracellular fluid.

o Homogenized model: biphasic mixture approach assuming tumor as a homogeneous
deformable porous medium

©

©
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o Motivation to the present work comes from a study of fluid and nutrient transport
inside soft biological tissues, in particular through solid tumors.

o Necessity: To describe the mechanics of the tumor growth one needs to know about
fluid flow and nutrient distribution inside the tumor.

o We focus on the mathematical modeling and analysis of the coupled phenomena of
fluid flow and solid phase deformation (poroelastohydrodynamics) inside soft
biomaterials, such as a tumor.



Following [1, 3, 4, 5]

% +V - [(pres) Vil = ppSp(x,t) in Qr =Q x (0,7T)

8 ~5 S - - i
% +V - [(pps) V] = puSs(@,t), in O = Q x (0,T)

For the saturated mixture,
prtes =1,

when p¢, pr is constant and equal
V(s Vi +@sVs) = Sp(a,t) + Ss(x, ).

Veom = @V + @5V composite velocity.

Note: Q C R? and T'r = 9Q x (0,T).
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If the mixture is closed so that mass exchange occurs only between the constituents
taken into consideration, i.e., Sy(z,t) + Ss(z,t) = 0, then conservation of mass

Vo (prVi+psVs) =0. (5)

Another case is when there is no generation of new tumor cells and fibrous skeleton during
perfusion of solutes i.e., conservation of mass when the mixture is not a closed mass

Vo (prVi+@sVs) =5y (6)
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Momentum balance equation for each of the constituent phases (solid and fluid) in the
binary mixture of cellular phase (solid) and extracellular fluid are given by [2, 5]

pr (%JF(Vf‘V)Vf) =V T;+1II;+by, inQr ()

Fluid stress:
Ty =—[psP =XV - VL4 ps(VVy + (VVy)), (8)
P (‘9(;;8 +(VS-V)VS> —V.T, +1L +b,, in Qr 9)

Solid stress:
Ts = —[(psP) = Xs(#)(V - UL+ s () (VU + (VU,)). (10)

au, 9V a%u, ~ .
where V, = &2= =L = S-5= and p; = pjp; for j = f, s.
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Interaction force:
—TII, =11y = K(Vs — Vy). (11)

K=puk™, Xxs=0pY/(L+1p)(1=21p), ps=Y/2(1+1).
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o The supply of fluids and macromolecules within a tumor is quite heterogeneous
owing to the heterogeneous blood vessel distribution. As a consequence, the
physiological transport parameters should depend on space.

o Various experimental and theoretical investigations indicate clearly that for the
deformable porous medium (or soft biological tissue such as articular cartilage,
arterial tissue, and tumor), the permeability also called in this context the drag
coefficient/hydraulic resistivity depends on stress, dilatation, volume fractions
(porosity), etc, [10, 11].
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o Nutrient proliferation rate is much faster than the tumor cell growth (statié p:emrvl?ljged
model i.e., o is constant and S, = 0). Further, as py =1 — @, thus ¢y is also a
constant.
o IFV and SPD are slow (i.e. we can neglect inertial terms compared to viscous stress
terms).
With these assumptions, biphasic mixture equations reduce to:
Find (V#,Us, P) such that

piVi =V -2 D(Vy) + Ap(V - VI — s PI + B2 (Vi=U,)=by, in Qr

k
(12)
psUs — V- 21 D(U,) + (V- U — o, PI] + &L - (U -Vy)=b,, in Qr
(13)
V- (SOfo +505 s) va in QT7 (14)
where Vy = &1 v, = U, = 20 U, = 2Y: D(U,) = L(VU, + (VU,)7) and

D(Vy) = 3(VVy+ (VVy)T) denote the deformation and rate of deformation tensors,
respectively.
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Boundary conditions:
T; n=T,, Tin=0in TIr, (15)

where n denotes the outward unit normal vector to the boundary 92. We propose the
following initial conditions.
Initial Conditions:

V(z,0) = Vo, Uu(,0) = Uy, U.(,0) = Uy. (16)

Note: Fluid source is assumed to be driven by the average transmural pressure and is
given by [5, 6]
Sf = —G,O(P — PF)



V‘ Mahindra”

Using following transformations

X N P A, Vf 2 I_]S ~ t/Lf
Xx—=—— P=— V:= s = , = ,
* Ry’ Py’ = Repe> U. R Pp t Ri.py

K Hyv

we get the following dimensionless form of the governing equations

%—V'(2D(Vf)+>\(v-Vf)I—LprI) ! (Vf—Us):bf,

ot * Da
A 1 .
pr; =V (201 D(Us) + a2(V - UL = 9, PT) + (U, = V) = by,

V(s Vs +¢sUs) + aoP = ao,

University

(17)

(18)

(19)
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Boundary conditions:
(2D(V§) + A(V - V)L —¢;PI)-n=TL, on Ir (20)
and
(20:D(Uy) + (V- U )L — @, PI)-n=0, on Iy. (21)
Initial conditions:

Vi(z,0) = Vo, Us(z,0) = Uy, Uy(z,0) = Uj. (22)
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Da = k/R3 : is the Darcy number (Permeability parameter).

Ao . S -
A= ﬁ : is the ratio of the two viscosity coefficients.

LA, =L, A /L,A : is the ratio of the hydraulic conductivities of blood and lymph
vessels.
a% = Loy (A/V) : is the strength of solute source.
or = yR%pf/M? : represents response of solid phase (cellular phase + extracellular
matrix or ECM) towards viscous drag force due to interstitial fluid movement.
_ ps . . .
pr= gt density ratio.
|| : volume in 3d and area in 2d of the domain .

o] = 2(%’1;}19), Qg = %, and apg = Ofrzr(l + LTAT).
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We define a function of ‘t’

[GL(1)? = |[bs (D)3 +

3

ITL@)I13,00 + [[bs(I[6,0 + a0l (23)

for a.e. ¢t in (0,T"), and the following constants

(G2)? = 401|[Uo[5.0 + [ Vollo.2 + oI [Ur][5.0 + 201 || D(Uo)|[5,0 + 2|V - Uo|l5.0,

(24)
2 1 2 g7 cul
(G2 = s+ 273 + 20 )] [[Gal o my + (G2)*] € (25)
Here
. 201 2001
ch,zmln{Lpr,—}7 a4:max{5,1+4a1T,—}, (26)
Ck Ck

where ¢y, c: are constants that appear in the Korn and trace inequalities, respectively.
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A triplet (V, U, P) € L2(0,T; HY(Q)?) x L0, T; H*(Q)%) x L*(0,T; L*(Q)), is
called a weak solution of the system of equations (17)-(19) with respect to initial and
boundary conditions (20)-(22) if V; € L*(0,T; (H'(2)%)*), and U, € L*(0,T; L*()%),
U, € L2(0,T; (H*(Q)%)*) such that for every (W, W,q) € H'(Q)% x H'(Q)? x L*(Q)
and for a.e. t € (0,7),

(Vi(t), W) +2(D(V;(t),VW)q + AV - V;(t),V - W)q
—p7(P(t),V - W)a + 52 (Vs (), W)a — 52 (Us(t), W)

= (bs(t), W) + (TL (1), W)aa,

pr(Us(t), W + 200 (D(U (1), VW)a + a2(V - Us(£), V- W)g
—ps(P(), V- W)a + 55 (Us(t), W)a — 55 (V5 (1), W)a = (bs(t), W),
@ (V- V1), )a + s (V- Us(t), 9o + ao(P(t), 9)o = (a0, 9o,

(V(0), W)a = (Vo, W)a, (Us(0), W)a = (Uo, W)a,

(UL(0), W)a = (Ur, W)a.
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The spaces H*(Q)? and L?(2) are separable Hilbert, thus one can find a basis consisting
of smooth functions {W;, W;,r;} of Y = H'(Q)? x H'(Q)? x L*(Q). Define the finite
dimensional subspaces of Y as Y., = span{(W;, W;,r;), i =1,--- ,m}. Denote mp,
(7m) the projection of L2(Q) (H'()?) onto M, = span{r;, i =1,--- ,m}

(X =span{W;, i =1,---,m}) then a Galerkin approximation to problem (A,) is the
finite dimensional problem (A,,) defined as:
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Find (V, U2, P™) € L*(0,T; Y,m), with VP € H'(0,T; L*(Q)?) and

U™ € H*(0,T; L*(2)?) such that

(VF(t), Wi)a + 2(D(VF(t), VWi)a + MV - VI (t),V - Wi)a

—ps(P™(1),V - Wi)a + 55 (VF(1), Wi)a — 55 (U(1), Wi)a

= (bs(t), Wi)a + (TL (1), Wi)oq,

pr(UT(t), Wi)a + 201 (D(UT (1)), VWi)a + a2(V - UL (1), V- Wi)g
—ps(P™(1),V - Wi)a + 5 (UL (), Wia — 55 (VE (), Wi)a = (bs(t), Wi)e,
r(V-VF (), )0 + s (V- U (), mi)a + ao(P™(t),7i)a = (a0, 7i)e,

(VF(0), Wi)a = (7 Vo, Wi)a, (U (0),W;)o = (7, Uo, Wi)a,

(U7(0), Wi)a = (mm U1, Wi)a.

We now show that the problem (A,,) has a unique solution.
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We look for an approximation of the solution (V*, US*, P™) in the following form

m

V7 (z,t) :zm: z), Ul (z,t) = > b (6)W;(x), P™ (1) :zm:

j=1

where the coefficients a]", b7, and c* are to be determined. With this form of
approximate solution, problem (A,,) leads to a system of ordinary differential equations

(ODEs) for the coefficients aj", b7", and c" as

g 2 Y5
da db 1
A — — —A — 2A A —A —prAsc=F 2
1dt Da ldt+( 2+ A 3+Da 1)3 @prA4C 1, (7)
b 1, db
prAlﬁ + —A E + (2a1A2 + a2As)b — D—Ala psAsc =Fy, (28)
db
psA1— ¥ +psAia+ Asc = F3, (29)
Asa(0) = Ar, Arb(0) = Ao, A;T2O _ 5 (30)

dt
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where the coefficient matrices are
Ay = (W, Wi)a)i<ij<m, A2 = ((D(W;), D(Wi))a)i<ij<m,

Az = ((V-W;,V-Wi)a)i<ij<m, Aa = (15, V-Wi)a)i<ij<m, As = ao((r,1i)e)1<ij<n
and the unknown coefficients are given by:

a*(t) b1 (t) ' (t)
a= : , b= : , €= : )

am (t) bin(t) cm(t)

together with the functions F1, F2, and F3 on the right hand side are given by:
(bs(t), Wi)a + (TL(£), W1)an (bs(t), W1)a
F, = , Fo = s
(bs (1), W) + (TL (1), W) (bs(t), Win)o
(ao,h)n
Fs =

(a0, rm)a
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(mmVo, Wi)q (mmUo, Wi)a (mm U1, Wi)a
A= , Ao = , As =
(TrmV07Wm)Q (ﬂ'mUOme)Q (ﬂ-mUth)Q
We introduce the following vector )
e = b, (31)
into Eq. (29) to obtain
c=A;"(F3—psAie — prAia). (32)

Using equation (31) and (32) into the system of equations (27)-(30), we get the
following autonomous system of first order ODE in B:
B=M '(NB+F) (33)
B(0) = By (given)
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where
Al 0 0
M = ( 0 pAr O ) )
0 0 I
Ay ﬁAl + tpstpfAz;AglAl) 0
N= (ﬁAl - apsgofA4AglA1) — (ﬁA1 + <p§A4A§1A1) —(281A2 + B2A3)
0 I 0

where Ag = — (2A2 + A3 + 5= A1 + ¢3A4A;TAy) , and

a Fi+ ¢ A1AS'F; ATA
B = e B F F2 + (PSA4A571F3 ) BO = A1_1A2 :

b 0 AT'A;
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o The right hand side of the system of ODEs (33) depend continuously (even
Lipschitz) on the variables a, b, e and on time,

o Hence from the theory of ordinary differential equations [9] the system of ODE (33)
has a unique solution (a,b,e) € H' (0, T;R™) x H'(0,T;R™) x H'(0,T;R™), and
cc H'(0,T;R™).

o The finite dimensional problem (A,,) has a unique solution
(VF, U, P™) € L*(0,T; Y ), with VP € H'(0,T; L*(2)?) and
U™ € H*(0,T; L*(Q)%).

o Next, we find a priori estimates on the finite dimensional solution (V*, U{", P™),
which are known as energy estimates.
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To find the energy estimates, we multiply a™, b7, and ¢} respectively, with each of the
equations of the system (A,,) and take the summation from i = 1...m. Further, adding
all the equations, we get

ZIIVFWIE e + 4DV OG0 +2XV - VEWIE e + 5 IIVFO50
+or [T @13 0 + 200 I DUT O 0 + a2 &IV - U (0[50

+ 52 02 @13 0 + 20| [P (1)[[5.0 = 2(bs (1), V' ()a + 2(TL(2), VT (t))on
+2(bs(1), UT (1) + 2(a0, P™ (t)e + 57 (UL (1), VF(1)a.

(E1)

Using Cauchy-Schwarz, Young's, Korn's, and trace inequalities, in (E1), and integrating
over (0,t) gives

IIVF @l

ot & [UIVEEIRade +2) [[ IV - VFEIR.ade + il U7 (1)
(B2) 3 +2Z|[UT0)IF g + 02l |V - UT Ol + a0 [} 1P O30 dé < GO de

+(G2)2 +5 [0 IVF O3 0 dE + (1 +4anT) [ [[UT(€)]13 ¢ de

2
0,Q
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Further,
IVFOIR e+ 07 OB + U701 0 < & [fy 61 dé + (G2)?]
(E3)
+22 ([ IVF©IB e de + [y TR de + f; 1UT 11 d6)
Define .
V() = IVF Ol + 107 Ol 0 + U200
(E3) implies

1 « ‘
¥ < = [iealron + (@27 + 2 [ w)as
0

and Gronwall's inequality gives,

ayT

1 T
U(t) < P [HG1||%2(O,T) + (G2)2] e s,
ie.,
ayT

(E4){ IVE@OIIF 0 + T2 @13 o0 + 10RO 0 < 55 [[1G1l 2000 + (G2)*] e

= a3

(E,) implies V', U™, and U™ are bounded sequences in L°°(0,T, L?(2)%),
L>=(0,T, L*(Q)%), and L>=(0,T, H*(Q)%)), respectively.
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Similarly, using (E4), we get

ayT

t
[ IV @I ads < L fas + 276+ 2] [1G1 ey + (G2 5. 30
0
Similarly, with the help of (E3), and (E4), we have
t
m 2 1 2 2 agT
J 1P @l de < ofos + 276+ 2] 161 oy + (G2 3. (39)
0

Eqgs. (34) and (35) indicate that V’*, P™ are bounded sequences in L2(0,T, H*(Q)%)
and L?(0,T, L*(€2)), respectively.
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Similarly, we have shown that V'*, and U are bounded sequences in
L2(0,T, (H (2)%)*). They satisfy

- XL ¥ 1+ ’
[ IVF @i de <2 (03 + L 2o ) @ s [ bs@lade

ao
T
e / ITL ©)12.00 ds}
0
(36)

and

. 2 2 2 2 5 1+ 2 T 2
0@ e de < 5 | (10 et 24 1) @02+ [ ]
@)
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The above energy estimates gives the following weak convergence results up to
subsequence (as m — o)

T
/ (VP (), W 1th—>/ (Vy(t )1thVW€L (O,T;]:II(Q)d)7
0

/T< (), W dt—>/ (Vi(t), W(t)). dt, YW e L*(0,T; H (Q)%),
0

where (-,-)1.q denotes the inner product in the space H'(Q)%.
T T
/ (UTt), W(t)iedt — [ (Us(t), Wt)1,edt VW € L*(0,T; H ()%,
0 0

/ T(f;;n(t),w(t))ﬂ dt — T(Us(twv(t))n dt, YW e L*(0,T; L*()%),

/T<I"J;”(t),vv(t)>*dt—> (U (1), W(t)). dt, YW e L*(0,T; H (Q)%),

/ (P™(t), q(t))q dt — (P(t),q(t)adt, ¥ qe L*(0,T;L*(Q)).
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Following some standard arguments of weak convergence, we pass to the limits in weak
formulation (A,,) as m — oo and recover original weak formulation (A,).



A regularity result
7, ) Mahinera

Lemma 4.1

Assume that the given data by, bs € H*(0,T, L*(Q2)%) and Vo =0, Uy =0, U; =0
and T, = 0. Then

U, € L™(0,T; H' (2)%) (38)

for any weak solution Uy of the system of equations (17)-(19) and

.00 < 5o [(G9)° + [IGal20,m)] (1 + 22 e‘f*T) : (39)
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Proof: In order to establish the proof of Lemma - 4.1, we follow a method show n[8].

Moreover, we need following result [7]: For any n € H*(0,T, L*(Q)), we have
¢
00 =00+ [ nls)as (40)
0
it implies
t
n0lfa < 20000 -+27 [ lnC)lfads (a1)
0

Differentiating finite dimensional weak formulation (A.,) with respect to ‘t’, we get

(V7 (), Wi)a + 2(D(VF (1), VWi)a + A(V - VP (£), V- W)

—@r(P™ (), V- Wi)a + 55 (VF (1), Wi)a — 55 (UL (), Wi)a

(E3) = (lg)..fn(f)’Wi)Q’ ‘ .

pr(Us (1), Wi)a + 201 (D(US (1)), VWi)a + az(V - U (1), V- Wi)g
—@a(P™ (1), V- Wi)a + 5, (U (1), Wi)a — 55 (VT (), Wi)a = (ba(t), Wi)a,
@ (V- V), m)0 + s (V- UT(1),ri)a + ao(P™ (1), ri)a = 0.
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Multiply ai*(t), b (t), and ¢ (t) respectively, with each of the equations of the system
(E5) and take the summation from ¢ =1...m.

SIVFEOIE.e+4ADVFE)Ea +2MV - VEDIG.a+ 2 IVF O30
+or U (O[5 0 + 200 ZIDUT )5 0 + a2 Z IV - UZ (D)5 0
+ 55 UL 0)]18.0 + 2a0||P(1)]15.0 = 25 (1), VI (£)a + 2(bs (), UL (1))a
+55 (U (), VI (©)a.
Cauchy-Schwarz and Young's inequalities help to get
ZIVEDIE.Q +4DVF )+ 2XV - VE®IE .«
(Br) Q¢ +pr g 02050 + 200 &I DU (0))|[5.0 + a2 ]IV - UL ®)]5 0
+2a0||P(1)[5.0 < [1bs()II5.0 + [IVF D50 + s (D5 o + 0T @3 0




A
adding both sides 4||V7*(t)||5 o and 2.1 ||U%*()|[3 o and using (41) and Korn's
inequality. Further, by integrating over (0,t), we obtain (using zero initial conditions)

tixrm t m
ot & [LIVEEIRade +2) [ IV -VEEIR0de
ol [OT (OB + 221U ()[R o + aal [V - UT (0] 3 + 200 [ | PO,
<V OIRa + o llU7 O]+ [1Gal 22 ry + (1 +daaT) [} [O7(©)][3 0 de

+5 [ IIVF ()15 5 de,

V7 (@)l

where ) )

[Ga()]” = [Ibs()[6.0 + [bs (][50
for a.e. ‘t"in (0,T). In order to apply Gronwall’s inequality in (Es), we need to find the
bound on HV’}T(O)H(Q)Q and [|UT(0)|[2 . Multiply by a7(0), b*(0), and ¢}"(0) to finite
dimensional formulation (A,,) again and sum over i = 1,...,m and ¢ = 0, we obtain
(using zero initial conditions)

(VF(0), VF(0))a + p-(UF (0), UF (0)a + ao(P" (0), P (0))s
= (by(0), VF (©)a + (b:(0), UF' (0))a + (a0, P (0))s (42)
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IVF(0)][3.2 + o [T (0)|[.2 + aol [P (0)]13.0
= (bs(0), VF'(0))a + (bs(0), U*(0))a + (a0, P™(0))q.
Using Cauchy-Schwarz inequality, we get
a ([IVF0)B.e + 107050 + [1P™(0)5.)
1/2 Crm Frm m 1/2
< (IIbs(0)[[3.0 + b5 (0)[[3.0 + ad|2[) "~ ([[VF(0)lI.0 + 1T (0)[5.0 + 1P (0)][5.0)
(43)
or,
o - m 1
IVFO)lo. + 1107 0)[5.0 + [1P™(0)][5.0 < = (165 (01,2 + s (0)[5.0 + ad|®]) -
(Es) implies
IVFOIG e+ 02 @50 < & [(Gs)* + 1Gal[F20,1)

2 [T @I 0+ VT @I ol de]

where o = min{1, p,, a0}, & = min{1, p,}, § = max{1, p,}, 8% = max{5,1 + 41T}
and

(@) = 2 (IIbs )30 +11b.0)] B +aZi2).
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Define
rm 2 FTm 2
T(@) =[VF®llo,e + U @)]o.0;

(Ey) gives

1 g [
10 < 2 (G +IGulrom] + 2 [ 100 (44)
0
using Gronwall’s inequality in (44), we find
rm 2 FTm 2 1 2 2 5'*7*T
V7 ®llo.e + U @llo,e < — [(G5)* +1|Gallz2(0,m)] € = - (45)
From (Es), we have

20[1

108 @)1F0 < [(Gs)* + 1Galli20.m)] + 87 [/ OO0 +1IVF©Il6.al dé | -
0

Ck
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Further, using (45), we obtain

Ck 2 2 p*T sr
< 2ar [(G5)® + 1GallZ20.1)] < el > , (46)

10T 0113

that is U™ € L>(0,T; H*(Q)%) c L*(0,T; H'(2)%). Inequality (46) implies U has a
subsequence (we denote it by the same symbol) and there exists a function

U, € L?(0,T; H'(2)%), such that UT" weakly converges to Uy in L?(0,T; H'(Q)%).
Weak lower semi-continuity property of norm and (46) implies

0.0} a < 5= [(Go) + Gl 20,1 (Hﬂ Lo ) (47)

(47) implies that U, € L>(0,T; H*(Q2)?). This completes the proof of the Lemma - 4.1.
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To establish the uniqueness of the weak solution, let us consider (V}c, U, P') and
(V%,U2, P?) as two solutions of the weak formulation (A,,). Further, we use (W, Z, q)
as the triplet of test functions. Then the differences Vs (t) = V(t) — V}(t),
U, (t) = UL(t) — U%(t), and P(t) = P'(t) — P?(t) satisfy

(V(t), W) +2(D(V£(1), VW)a + A(V - V£(1), V- W)q

2 (VA (1), W)a + 0, (UL (8), Z). + 201 (D(UL(1)), VZ)a

+az(V - Us(t),V - Z)a + 55 (Us(t), Z)a + ao(P(t), 9)a

= 2 (Vi(1), Z)a + 2 (Us(t), W)a.

(E1o)

In (E10), we substitute W = V(t), Z = U,(t) and ¢ = P(t). By using Cauchy-Schwarz
and Young's inequalities, we have

FIVi O30 +4IDVO)IEa +2MV - Vi o + 2 U013 0
(Ell) d 2 d 2 2
+2a1 g |[D(Us(1)llo,0 + 22 7 IV - Us(B)[o,0 + 2a0/[P(#)]]5,0 < 0,
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integrating (E11) over (0,t) and using initial conditions, we get
IVi@)5.0+4 f3 IDV)IEadt+2) i IV - V()3 dt
(Br2) § +prl[Us (][5 0 + 201][D(Us ()] 0 + a2V - Us(#)][5 o
+2a0 [y |[P(1)|[3 dt <0,

This gives V(t) =0, Ug(t) =0, and P(t) =0 for all ¢t € (0,T"). That is, the system of
equations (17)-(19) with respect to zero initial and boundary conditions (20)-(22) with
TZ, = 0 has a unique weak solution.
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In general )
Z=U, ¢ L*(0,T; H' (Q)%).

But for any solution U,(t), we have shown that
U,(t) e L* ()%, and V-U,(t) € L* (). (48)

In order to show uniqueness, the following additional assumption (which is proved in

Lemma 4.1) is needed '
VU, (t) € (L* (). (49)

Then (48) and (49) imply
U,(t) e H' ()  or, U, e L*0,T; H' (Q)%). (50)

This proves that the choice of test function Z = U, (t) in (E1o) is valid.




V‘ Mahindra”

University

Assume that (V1,Ug 1, P1) and (Vy2,Us 2, P2) are two weak solutions of the system
of equations (17)-(19) with respect to zero initial and boundary conditions (20)-(22) with
T, = 0 corresponding to two sets of data {b;1,bs 1,001} and {bf2,bs2,a02}. Then,
we have

[Via— Vf,2||ioo(o,T;L2(Q)d) +[[Usa — U5v2|‘2L°°(O,T;L2(Q)d)

+||Us,1 - US’2||i°°(O,T;H1(Q)d) + i‘|vf7l - Vf72 |iQ(O,T;H1(§2)d)

+UJOHP1 - P2Hi2(07T;L2(S))) < C’0 Hbf,l - bf72||2LQ(O,T;L2(Q)d)

+||bs,1 - bS,2||i2(0yT;L2(Q)d> + %Hao,l - 110,2Hiz(07T;L2(Q)) s

1 =47
e*s” Jas +2T(3 + 21 T)].

where CO = oy
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Theorem: Assume that b; € L*(0,T; L*(Q)%), TL, € L*(0,T; L*(0Q)%),

Vo € HY(Q)?, Up € H'(Q)¢, Uy € L*(Q)%. Then the system of equations (17)-(19)
with respect to initial and boundary conditions (20) (22) has a weak solution
(Vy,Us, P) € L*(0,T; H'(Q)") x L*(0,T; H' (Q)%) x L*(0,T; L*(2)), with

V; € L3(0,T; (H*(Q2)%)*), and Us € L*(0,T; L*(2)?), U, € L2(0 T; (H'(2)%)*) and
V-Us € L*(0,T; L*(Q)). Further the following stability bounds hold

. 1 T
IVi®lo.e+ 10:®)l6.0 + [[Us(®)][i 0 < o G112, + (G2)*] e, (51)

/ V()| de < ex(Gs)?, / 1P|
0 (0]

A <Pf 14 cp 2
/ ||Vf )H(Hl(n)d)* g <2 (4Ck +35 2 + (Da)2> (Gs)

<Ly (52)
ago

T
2 / (115 ) [13. dE + 03I TL (6)] 2 o) e (53)
(0]
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and

4a§+a§+ﬂ§+1+c‘“ (G3)? + T||bs(§)|
a0  (Da)? 0

5o df] .
(54)

t
) 2
/ 16Ol ey < 2
0 s

Moreover, under higher regularity assumptions on the data i.e., b; € H'(0,T; L?()%),
(i = f, s) and for zero initial data i.e. Vo =0, Uy =0, U; =0, and T, =0, we
obtain the following regularity result

U, € L™(0,T; H' ()*. (55)

The above regularity result (55) ensures that the system of equations (17)-(19) has a
unique weak solution which continuously depends on the given data.
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o We considered the mathematical model that describes the unsteady
poroelastohydrodynamics inside an arbitrary solid tumor. The biphasic mixture
theory has been applied for modeling purposes.

o Introducing a variational formulation and using semi-discrete Galerkin method and
weak convergence, we have shown the existence of a solution in a weak sense of the
corresponding mathematical model.

o Further, by proving some regularity results, the uniqueness and continuous
dependence on given data have been established.

o Currently, | are working on the nonlinear model of this problem which occurs while
considering hydraulic resistivity changes with deformation.

o Future, we want to develop numerical simulation to get more realistic results.

https://arxiv.org/abs/2202.06059v1
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Thank you for listening!

Any questions or comments?
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