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Homogenisation

→

ε = 1 ε = 0.5 ε = 0.25 ε→ 0

How to describe the effective processes in materials with microstructure?

− div
(
a
(
x
ε

)
∇uε

)
= f → −div(a∗∇u0) = f

↕ ↕
uε → u0

for a(y) =

{
γ1 if y ∈ Y1

γ2 if y ∈ Y2
with Y1 ∪ Y2 = Y = [0, 1]n =

for Ωε = int(Ω ∩
⋃

k∈Zn

ε(k + Y ∗)) with Y ∗ = Y1
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Analytical Background

−div
(
a
(
x
ε

)
∇uε

)
= f in Ω,

a(xε )⇀ a0 =

�

Y

a(y)dy weakly∗ in L∞(Ω),

∇uε ⇀ ∇uε weakly in L2(Ω)

div(a(xε )∇uε(x)) ̸→ div(a0∇u0(x))
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Two-scale convergence

Definition (Two-scale convergence)

Let 1 ≤ p <∞ and 1
p +

1
q = 1. A sequence uε ∈ Lp(Ω) two-scale converges to

u0 ∈ Lp(Ω× Y ) with Y = (0, 1)n if for every φ ∈ Lq(Ω;C#(Y ))

lim
ε→0

�

Ω

uε(x)φ
(
x,
x

ε

)
dx =

�

Ω

�

Y

u0(x, y)φ(x, y) dy dx.

We write uε(x) −⇀−⇀ u0(x, y).

G. Allaire.

Homogenization and Two-Scale convergence.
SIAM J. MATH. ANAL., Vol. 23, 1992.
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p +

1
q = 1. A sequence uε ∈ Lp(Ω) two-scale converges to
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lim
ε→0

�

Ω

uε(x)φ
(
x,
x

ε

)
dx =

�

Ω

�

Y

u0(x, y)φ(x, y) dy dx.

We write uε(x) −⇀−⇀ u0(x, y).

Let p ∈ (1,∞). A sequence uε two-scale converges strongly to u0 if uε −⇀−⇀ u0
and ∥uε∥Lp(Ω) → ∥u0∥Lp(Ω×Y ). We write uε −→−→ u0.
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Properties of two-scale convergence

Multiplication:
Let p1, p2 ∈ (1,∞) with 1

p1
+ 1

p2
= 1

p for p ∈ [1,∞):

aε
p1−−→−−−→ a0, vε

p2−−⇀−−⇀ v0 ⇒ aεvε
p−−⇀−−⇀ u0v0.

Compactness:

∥uε∥L2(Ω) ≤ C ⇒ uε −⇀−⇀ u0(x, y),

∥uε∥H1(Ω) ≤ C ⇒ ∇xuε −⇀−⇀ ∇xu0(x) +∇yu1(x, y),

∥uε∥H1(Ωε) ≤ C ⇒ ∇xuε −⇀−⇀ χY ∗(y)∇xu0(x) +∇yu1(x, y)

for Ωε = int(Ω ∩
⋃

k∈Zn

ε(k + Y ∗))

.
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Homogenisation for
evolving microstructure

evolving microproblem evolving macroproblem

substitute-microproblem substitute-macroproblem

?

transformation back-transformation

homogenisation in periodic domains

M. A. Peter.

Homogenisation in domains with evolving microstructure.
C. R. Mecanique, Vol. 335, 2007.
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Homogenisation for evolving microstructure

− div(∇uε) = f in Ωε(t)

non-periodic
microproblem

macroproblem

periodic
substitute
problem

substitute
macroproblem

?

homogenisation in the

periodic substitute domain

microscopic
transformation

two-scale
back-transformation

x2

x1

ψ−1
ε

ψ−1
0 (x1, ·)

ψ−1
0 (x2, ·)

Y ∗

reference cell Y

−div(JεΨ
−1
ε Ψ−⊤

ε ∇ûε) = Jεf̂ε in Ωε

Let ψε : Ωε → Ωε(t) be a family of diffeomorphisms with Ψε := ∂xψε, Jε := det(Ψε)

and ûε(x) = uε(ψε(x)), f̂ε(x) = f(ψε(x)).
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ε ∇ûε) = Jεf̂ε in Ωε

Let ψε : Ωε → Ωε(t) be a family of diffeomorphisms

with Ψε := ∂xψε, Jε := det(Ψε)
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and ûε(x) = uε(ψε(x)), f̂ε(x) = f(ψε(x)).



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Homogenisation for evolving microstructure

evolving microproblem evolving macroproblem

substitute Mikroproblem substitute macroproblem

?

Transformation back-transformation

homogenisation in periodic sub. domain

M. Gahn, M. Neuss-Radu, I. S. Pop.

Homogenization of a reaction–diffusion–advection problem in an evolving micro-domain and including
nonlinear boundary conditions.
J. Differ. Equations, Vol. 289, 2021.

M. Eden, A. Muntean.

Homogenization of a fully coupled thermoelasticity problem for a highly heterogeneous medium with a priori
known phase transformations.
Math. Methods Appl. Sci., Vol. 40, 2017.

M. A. Peter.

Coupled reaction–diffusion processes inducing an evolution of the microstructure: Analysis and
homogenization.
Nonlinear Anal., Vol. 70, 2009.
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The two-scale transformation method

evolving
microproblem

evolving
macroproblem

evolving
macroproblem
(Trafo. dep.)

substitute
microproblem

substitute
macroproblem

Transformation

?

back-
transformation

hom. in periodic domains
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Transformation and two-scale convergence

Let ψε : Ωε → Ωε(t) C
1-diffeomorphisms such that

ε−1∥ψε − x∥L∞(Ωε) + ∥∇ψε∥L∞(Ωε) ≤ C, det(∇ψε) ≥ cJ > 0,

ε−1(ψε − x) −→−→ ψ0 − y, ∇ψε −→−→ ∇yψ0.

Let ûε ∈ Lp(Ωε) and ûε(x) = uε(ψε(x)):

uε(x) −⇀−⇀ u0(x, y) ⇐⇒ ûε(x) −⇀−⇀ û0(x, y)

for û0(x, y) = u0(x, ψ0(x, y)),
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Transformation and two-scale convergence
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D. Wiedemann.

The two-scale-transformation method.

Asymptotic Analysis, 2023.
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for û0(x, y) = u0(x, ψ0(x, y)),

∇uε(x) −⇀−⇀ ∇xu0(x) +∇yu1(x, y) ⇐⇒ ∇ûε(x) −⇀−⇀ ∇xû0(x) +∇yû1(x, y)
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Homogenisation for evolving microstructure
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periodic
substitute
problem

substitute
macroproblem

homogenisation

homogenisation in the

periodic substitute domain

microscopic
transformation

two-scale
back-transformation

x2

x1

ψ−1
ε

ψ−1
0 (x1, ·)

ψ−1
0 (x2, ·)

Y ∗

reference cell Y



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Outline

1 Homogenisation in evolving domains

2 Homogenisation of Stokes flow

3 Homogenisation of a reactions–diffusion process with coupled
microstructure evolution

4 Homogenization of Stokes flow and advection–reaction–diffusion process
with coupled evolving microstructure

5 Outlook and conclusion
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Stokes flow for evolving microstructure

Let ψε(t, ·) : Ωε → Ωε(t) be given.

We consider

−div(ε2ν(∇vε +∇v⊤ε )) +∇pε = f in Ωε(t),

div(vε) = 0 in Ωε(t),

vε = vΓε on Γε(t),

−ε2ν(∇vε +∇v⊤ε )⊤n+ pε n = pb n on ∂Ωε(t) ∩ ∂Ω.

(S)
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Weak form of the Stokes equations

Substitute wε(t) = vε(t)− vΓε(t) for vΓε = ∂tψε ◦ ψ−1
ε

Find (wε(t), pε(t)) ∈ H1
Γε(t)

(Ωε(t))× L2(Ωε(t)), such that

�

Ωε(t)

νε22e(wε) : ∇φ+ pε div(φ)dx =

�

Ωε(t)

fφdx+O(ε),

div(wε) = −div(∂tψε ◦ ψ−1
ε )

for all φ ∈ H1
Γε(t)

(Ωε(t)) with e(wε) = (∇wε +∇w⊤
ε )/2.
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Transformation of the Stokes equations

Transformation with ψε, i.e.

ŵε(t) = wε(t, ψε(t, x)), p̂ε(t) = pε(t, ψε(t, x)).

Find (ŵε(t), p̂ε(t)) ∈ H1
Γε
(Ωε)× L2(Ωε), such that

�

Ωε

(t)

νε2

JεΨ
−1
ε

2e

Ψε

(ε) : ∇φ+ε div(

JεΨ
−1
ε

φ)dx =

�

Ωε

(t)

Jε

φdx+O(ε),

div(

JεΨ
−1
ε

ε) = −div(∂tψε ◦ ψ−1
ε )

with eΨε
(ŵε) :=

(
Ψ−⊤

ε ∇ŵε + (Ψ−⊤
ε ∇ŵε)

⊤)/2
for all φ ∈ H1

Γε
(Ωε).
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A priori estimates

�

Ωε

νε2JεΨ
−1
ε (eΨε

(ŵε)) : ∇φ+ p̂ε div(JεΨ
−1
ε φ̂)dx =

�

Ωε

fφdx+O(ε),

div(JεΨ
−1
ε ŵε) = −div(JεΨ

−1
ε ∂tψε(t))

with eΨε(ŵε) :=
(
Ψ−⊤
ε ∇ŵε + (Ψ−⊤

ε ∇ŵε)⊤
)
/2.

There exists a constant C > 0, such that

∥ŵε(t)∥L2(Ωε) + ε∥∇ŵε(t)∥L2(Ωε) + ∥p̂ε(t)∥L2(Ωε) ≤ C.
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Korn-type inequality
for two-scale transformations

Theorem (Korn-type inequality for two-scale transformation)

There exists a constant α > 0 such that

∥Ψ−⊤
ε ∇φ+ (Ψ−⊤

ε ∇φ)⊤∥2L2(Ωε)
≥ α∥∇φ∥2L2(Ωε)

for all φ ∈ H1
Γε
(Ωε).

D. Wiedemann, M. A. Peter.
Homogenisation of the Stokes equations for evolving microstructure.
arXiv:2109.05997.
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Proof of the Korn-type inequality for
two-scale transformations

||Ψ−⊤
ε ∇φ+ (Ψ−⊤

ε ∇φ)⊤||2
L2(Ωε)

≥ α||∇φ||2
L2(Ωε)

∀φ ∈ H1
Γε

(Ωε)
n

Step 1: Upscale on reference cell: i.e. for all k ∈ Iε ⊂ Zn

∥Ψ−⊤
ε (ε(k + ·))∇φ+ (Ψ−⊤

ε (ε(k + ·))∇φ)⊤∥2
L2(Y ∗) ≥ α∥∇φ∥2

L2(Y ∗) ∀φ ∈ H1
Γ(Y

∗)n

Step 2: For every A ∈ C(Y ∗;Rn×n) with det(A) ≥ c0 > 0 there exists α(A) > 0 such that

∥A∇φ+ (A∇φ)⊤∥2
L2(Y ∗) ≥ α

(
A
)
∥∇φ∥2

L2(Y ∗).

Step 3: the optimal constant α(A) in Step 2 depends continuously on A ∈ C(Y ∗;Rn×n).

Step 4: {Ψ−⊤
ε (ε(k + ·)) ∈ C(Y ∗;Rn×n) | ε > 0, k ∈ Iε} is precompact.



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Proof of the Korn-type inequality for
two-scale transformations

||Ψ−⊤
ε ∇φ+ (Ψ−⊤

ε ∇φ)⊤||2
L2(Ωε)

≥ α||∇φ||2
L2(Ωε)

∀φ ∈ H1
Γε

(Ωε)
n

Step 1: Upscale on reference cell: i.e. for all k ∈ Iε ⊂ Zn

∥Ψ−⊤
ε (ε(k + ·))∇φ+ (Ψ−⊤

ε (ε(k + ·))∇φ)⊤∥2
L2(Y ∗) ≥ α∥∇φ∥2

L2(Y ∗) ∀φ ∈ H1
Γ(Y

∗)n

Step 2: For every A ∈ C(Y ∗;Rn×n) with det(A) ≥ c0 > 0 there exists α(A) > 0 such that

∥A∇φ+ (A∇φ)⊤∥2
L2(Y ∗) ≥ α

(
A
)
∥∇φ∥2

L2(Y ∗).

Step 3: the optimal constant α(A) in Step 2 depends continuously on A ∈ C(Y ∗;Rn×n).

Step 4: {Ψ−⊤
ε (ε(k + ·)) ∈ C(Y ∗;Rn×n) | ε > 0, k ∈ Iε} is precompact.



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Proof of the Korn-type inequality for
two-scale transformations

||Ψ−⊤
ε ∇φ+ (Ψ−⊤

ε ∇φ)⊤||2
L2(Ωε)

≥ α||∇φ||2
L2(Ωε)

∀φ ∈ H1
Γε

(Ωε)
n

Step 1: Upscale on reference cell: i.e. for all k ∈ Iε ⊂ Zn

∥Ψ−⊤
ε (ε(k + ·))∇φ+ (Ψ−⊤

ε (ε(k + ·))∇φ)⊤∥2
L2(Y ∗) ≥ α∥∇φ∥2

L2(Y ∗) ∀φ ∈ H1
Γ(Y

∗)n

Step 2: For every A ∈ C(Y ∗;Rn×n) with det(A) ≥ c0 > 0 there exists α(A) > 0 such that

∥A∇φ+ (A∇φ)⊤∥2
L2(Y ∗) ≥ α

(
A
)
∥∇φ∥2

L2(Y ∗).

Step 3: the optimal constant α(A) in Step 2 depends continuously on A ∈ C(Y ∗;Rn×n).

Step 4: {Ψ−⊤
ε (ε(k + ·)) ∈ C(Y ∗;Rn×n) | ε > 0, k ∈ Iε} is precompact.



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Proof of the Korn-type inequality for
two-scale transformations

||Ψ−⊤
ε ∇φ+ (Ψ−⊤

ε ∇φ)⊤||2
L2(Ωε)

≥ α||∇φ||2
L2(Ωε)

∀φ ∈ H1
Γε

(Ωε)
n

Step 1: Upscale on reference cell: i.e. for all k ∈ Iε ⊂ Zn

∥Ψ−⊤
ε (ε(k + ·))∇φ+ (Ψ−⊤

ε (ε(k + ·))∇φ)⊤∥2
L2(Y ∗) ≥ α∥∇φ∥2

L2(Y ∗) ∀φ ∈ H1
Γ(Y

∗)n

Step 2: For every A ∈ C(Y ∗;Rn×n) with det(A) ≥ c0 > 0 there exists α(A) > 0 such that

∥A∇φ+ (A∇φ)⊤∥2
L2(Y ∗) ≥ α

(
A
)
∥∇φ∥2

L2(Y ∗).

Step 3: the optimal constant α(A) in Step 2 depends continuously on A ∈ C(Y ∗;Rn×n).

Step 4: {Ψ−⊤
ε (ε(k + ·)) ∈ C(Y ∗;Rn×n) | ε > 0, k ∈ Iε} is precompact.



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Proof of the Korn-type inequality for
two-scale transformations

||Ψ−⊤
ε ∇φ+ (Ψ−⊤

ε ∇φ)⊤||2
L2(Ωε)

≥ α||∇φ||2
L2(Ωε)

∀φ ∈ H1
Γε

(Ωε)
n

Step 1: Upscale on reference cell: i.e. for all k ∈ Iε ⊂ Zn

∥Ψ−⊤
ε (ε(k + ·))∇φ+ (Ψ−⊤

ε (ε(k + ·))∇φ)⊤∥2
L2(Y ∗) ≥ α∥∇φ∥2

L2(Y ∗) ∀φ ∈ H1
Γ(Y

∗)n

Step 2: For every A ∈ C(Y ∗;Rn×n) with det(A) ≥ c0 > 0 there exists α(A) > 0 such that

∥A∇φ+ (A∇φ)⊤∥2
L2(Y ∗) ≥ α

(
A
)
∥∇φ∥2

L2(Y ∗).

Step 3: the optimal constant α(A) in Step 2 depends continuously on A ∈ C(Y ∗;Rn×n).

Step 4: {Ψ−⊤
ε (ε(k + ·)) ∈ C(Y ∗;Rn×n) | ε > 0, k ∈ Iε} is precompact.



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Homogenisation of Stokes flow

Theorem
Let (vε(t), pε(t)) ∈ H1(Ωε(t))× L2(Ωε(t)) be the solution of (S) and ṽε(t), p̃ε(t)
some extension to Ω. Then

ṽε(t)⇀ v(t) in L2(Ω),

p̃ε(t) → p(t) in L2(Ω),

where (v(t), p(t)) is the unique solution of the Darcy law for evolving
microtructure.

D. Wiedemann, M. A. Peter.
Homogenisation of the Stokes equations for evolving microstructure.
arXiv:2109.05997.
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Darcy’s law for evolving microstructure

v =
1

ν
K(t, x)(f −∇p) in Ω,

div(v(t)) = − d
dt |Y

∗
x (t)| in Ω,

p(t) = pb(t) on ∂Ω

for (K(t, x))ij :=
�

Y ∗
x (t)

wi(t, x, y) · ej dy with

−∆wi(t, x, y) +∇πi(t, x, y) = ei in Y ∗
x (t),

div(wi(t, x, y)) = 0 in Y ∗
x (t),

wi(t, x, y) = 0 on Γ∗
x(t),

y 7→ wi(t, x, y) Y − periodic.

D. Wiedemann, M. A. Peter.
Homogenisation of the Stokes equations for evolving microstructure.
arXiv:2109.05997.
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Homogenisation of the instationary
Stokes equations

∂tvε − div(ε2ν(∇vε +∇v⊤ε )) +∇pε = f in Ωε(t),

div(vε) = 0 in Ωε(t),

vε = vΓε on Γε(t),

−ε2ν(∇vε +∇v⊤ε )⊤n+ pε n = pb n on ∂Ω \ Γε(t),
vε(t = 0) = vinε in Ωε(0).
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Darcys law with memory
for evolving microstructure

v(t, x) =
1

ν

� t

0

K(t, s, x)(f(s, x)−∇p(s, x)) ds in (0, T )× Ω,

div(v(t, x)) = − d

dt
|Y ∗

x (t)| in (0, T )× Ω,

p(t, x) = pb(t, x) on (0, T )× ∂Ω

with K(t, s, x)ij =
�
Y ∗
x (t) ui(t, s, x, y) · ej dy and ui the solution of

∂tui −∆ui +∇πi = 0 for t ∈ (s, T ) and y ∈ Y ∗
x (t),

div(ui) = 0 for t ∈ (s, T ) and y ∈ Y ∗
x (t),

ui = 0 for t ∈ (s, T ) and y ∈ Γx(t),

y 7→ ui(y), π(y) Y -periodic,

ui(s, s, x) = ei for x ∈ Y ∗
x (s).
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0

K(t, s, x)(f(s, x)−∇p(s, x)) ds in (0, T )× Ω,

div(v(t, x)) = − d

dt
|Y ∗

x (t)| in (0, T )× Ω,

p(t, x) = pb(t, x) on (0, T )× ∂Ω

D. Wiedemann.
Analytical homogenisation of transport processes in evolving porous media.
PhD Thesis, 2023.
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�
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Microscopic domain

Iε ⊂ Zn,

Y = (0, 1)n,

Ω = int
( ⋃

k∈Iε

εk + εY
)
,

Ωε = int
( ⋃

k∈Iε

εk + εY ∗
rε,k

)
,

Γε,k = ε∂Brε,k (k +m),

Y ∗
r = Y \Br(m),

m = (0.5, . . . , 0.5)⊤,

rε,k ∈ [rmin, rmax],

0 < rmin < rmax < 0.5.
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Microscopic domain

Iε ⊂ Zn,

Y = (0, 1)n,

Ω = int
( ⋃

k∈Iε

εk + εY
)
,

Ωε(t) = int
( ⋃

k∈Iε

εk + εY ∗
rε,k(t)

)
,

Γε,k(t) = ε∂Brε,k(t)(k +m),

Y ∗
r = Y \Br(m),

m = (0.5, . . . , 0.5)⊤,

rε,k ∈ C0,1([0, T ]; [rmin, rmax]),

0 < rmin < rmax < 0.5.
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Microscopic reaction–diffusion process
with coupled microstructure evolution

ΩT
ε :=

⋃
t∈(0,T )

{t} × Ωε(t) ⊂ (0, T )× Ω,

ΓT
ε,k :=

⋃
t∈(0,T )

{t} × Γε,k(t),

∂tuε − div(D∇uε) = f in ΩT
ε ,

−D∇uε · n+ ε∂trε,kuε = εg(uε, rε,k) on ΓT
ε,k für k ∈ Iε,

−D∇uε · n = 0 on ∂Ω,

∂trε,k = 1
cs

–

�
Γε,k(t)

g(uε, rε,k)dσx for k ∈ Iε,
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Transformation of the microproblem

ψε(t, ·) : Ωε → Ωε(t),

Ψε(t, x) = ∂xψε(t, x),

Jε(t, x) = det(Ψε(t, x)),

Aε(t, x) = Adj(Ψε(t, x)) (= JεΨ
−1
ε )

ψε = ψε(rε),

Ψε = Ψε(rε),

Jε = Jε(rε),

Aε = Aε(rε),

∂t(Jεûε)− div(AεDΨ−⊤
ε ∇ûε +Aε∂tψεûε) = Jεf̂ε in (0, T )× Ωε,

−AεDΨ−⊤
ε ∇ûε · n+ ε∂trε,kûε = εg(ûε, rε,k) on (0, T )× Γε,k,

−AεDΨ−⊤
ε ∇ûε · n = 0 on (0, T )× ∂Ω,

∂trε,k =
1
cs

–

�
Γε,k

g(ûε, rε,k)dσx for k ∈ Iε.

(R-D)
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g(ûε, rε,k)dσx for k ∈ Iε.

(R-D)



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Transformation of the microproblem

ψε(t, ·) : Ωε → Ωε(t),

Ψε(t, x) = ∂xψε(t, x),

Jε(t, x) = det(Ψε(t, x)),

Aε(t, x) = Adj(Ψε(t, x)) (= JεΨ
−1
ε )

ψε = ψε(rε),

Ψε = Ψε(rε),

Jε = Jε(rε),

Aε = Aε(rε),

∂t(Jεûε)− div(AεDΨ−⊤
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Existence and uniform a priori estimates

Theorem
There exists a unique solution
(ûε, rε) ∈ L2(0, T ;H1(Ωε))× C0,1([0, T ]; [rmin, rmax])

|Iε| of (R-D), such that
∂t(Jεûε), ∂tûε ∈ L2(0, T ;H1(Ω)′).

Moreover,

∥ûε∥L∞(0,T ;L2(Ωε))
+ ∥∇ûε∥L2((0,T )×Ωε)

≤ C,

∥∂t(Jεûε)∥L2(0,T ;H1(Ωε)′)
≤ C.

D. Wiedemann, M. A. Peter.
Homogenisation of local colloid evolution induced by reaction and diffusion.
Nonlinear Analysis, 2023.
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Existence and uniform a priori estimates

Theorem
There exists a unique solution
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|Iε| of (R-D), such that
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≤ C,
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∥∂tûε∥L2(0,T ;H1(Ωε)′)
≤ Cε−1



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Existence and uniform a priori estimates

Theorem
There exists a unique solution
(ûε, rε) ∈ L2(0, T ;H1(Ωε))× C0,1([0, T ]; [rmin, rmax])

|Iε| of (R-D), such that
∂t(Jεûε), ∂tûε ∈ L2(0, T ;H1(Ω)′). Moreover,

∥ûε∥L∞(0,T ;L2(Ωε))
+ ∥∇ûε∥L2((0,T )×Ωε)

≤ C,

∥∂t(Jεûε)∥L2(0,T ;H1(Ωε)′)
≤ C.

Lemma

∥ûε(·+ h)− ûε∥L2((0,T−h)×Ωε)
h→0−→ 0 uniformly with respect to ε.
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Two-scale compactness results

Lemma
Let

∥ûε∥L2((0,T )×Ωε)
+ ∥∇ûε∥L2((0,T )×Ωε)

≤ C,

∥ûε(·+ h)− ûε∥L2((0,T−h)×Ωε)
h→0−→ 0 uniformly with respect to ε.

Then, there exists û0 ∈ L2((0, T )× Ω) and a subsequence ε, such that ûε −→−→ χY ∗ û0.

Lemma
Let ûε −→−→ χY ∗ û0, then rε → r0 and Jε −→−→ J0, Ψε −→−→ Ψ0.

D. Wiedemann, M. A. Peter.

Homogenisation of local colloid evolution induced by reaction and diffusion.

Nonlinear Analysis, 2023.
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Two-scale compactness results – summary

Step 1: Standard estimates
Step 2:

• ∥δht ûε∥L2((0,T )×Ωε)
→ 0 ⇒ ûε → û0 ⇒ rε → r0.

D. Wiedemann, M. A. Peter.
Homogenisation of local colloid evolution induced by reaction and diffusion.
Nonlinear Analysis, 2023.

•
∥∥δht,xrε∥∥L2((0,T )×Ωε)

→ 0 ⇒ rε → r0, · · · ⇒ uε → u0.

M. Gahn, I. S. Pop.
Homogenization of a mineral dissolution and precipitation model involving free boundaries
at the micro scale.
Journal of Differential Equations, 2023.
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Coupled effective
reactive–diffusive transport

Find (u0, r) ∈ L2(0, T ;H1(Ω))× C0,1([0, T ];L2(Ω)), such that

∂t(θ(r)u0) + div(A∗(r)∇u0) = θ(r)f + ∂tθ(r)cs

∂tr = c−1
s g(u0, r)

where θ(r) = |Y ∗
r | and A∗ is given by

A∗
ij(r) =

�

Y ∗
r

δij + ∂yiwj(r; y) dy

− div(∇wj) = 0, in Y ∗
r ,

∇ywj · n = −ej · n, on ∂Br(m),

y 7→ wj periodic.

D. Wiedemann, M. A. Peter.
Homogenisation of local colloid evolution induced by reaction and diffusion.
Nonlinear Analysis, 2023.
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Coupled Stokes-
advektions–reactions–diffusion process

ΩT
ε :=

⋃
t∈[0,T ]

{t} × Ωε(t) ⊂ [0, T ]× Ω,

ΓT
ε,k :=

⋃
t∈[0,T ]

{t} × Γε,k(t),

∂tuε − div(D∇uε − vεuε) = f in ΩT
ε ,

−D∇uε · n = εg(uε, rε,k) on ΓT
ε,k for k ∈ Iε,

uε = 0 on ∂Ω,

∂trε,k = 1
cs

–

�
Γε,k(t)

g(uε, rε,k)dσx for k ∈ Iε,

−ε2 div(ν(∇vε +∇v⊤ε )) +∇pε = h in ΩT
ε ,

div(vε) = 0 in ΩT
ε ,

vε = vΓε = −ε∂trε,kn on ΓT
ε ,

−ε2ν(∇vε +∇v⊤ε )⊤n+ pεn = pbn on ∂Ω.
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A priori estimates for the Stokes-
advection–reaction–diffusion process

Fluid equation:

∥v̂ε∥L∞(0,T ;L2(Ωε))
+ ε ∥∇v̂ε∥L∞(0,T ;L2(Ωε))

+ ∥pε∥L∞(0,T ;L2(Ωε))
≤ C.

Advection–reaction–diffusion equation

∥ûε∥L∞(0,T ;L2(Ωε))
+ ∥∇ûε∥L2((0,T )×Ωε))

≤ C,

∥ûε∥L∞((0,T )×Ωε))
≤ C,

∥∂t(Jεûε)∥L2(0,T ;H1
∂Ω(Ωε)′)

≤ C.

M. Gahn, I. S. Pop, M. A. Peter, D. Wiedemann.
Homogenisation of a coupled advection–reaction–diffusion process for evolving microstructure.
in preparation.



Homogenisation
in evolving

porous media

D. Wiedemann

Homogenisation
in evolving
domains

Stokes flow

Coupled
reaction–
diffusion

Fully coupled
model

Outlook

Conclusion

Two-scale compactness result

Lemma
Let uε ∈ L2(0, T ;H1(Ωε)) ∩ L∞(0, T ;L2(Ωε)) and Jε ∈ L∞((0, T )× Ωε) with
∂t(Jεuε) ∈ L2(0, T ;H1(Ωε)′) such that Jε ≥ cJ > 0,

∥∂t(Jεuε)∥L2(0,T ;H1(Ωε)′)
+ ∥uε∥L∞(0,T ;L2(Ωε))

+ ∥∇uε∥L2((0,T )×Ωε)
≤ C,

∥Jε(·+ h)− Jε∥L∞(Ωε;L2((0,T−h)))
h→0−→ 0 uniformly with respect to ε.

Then, ∥uε(·+ h)− uε∥L2((0,T−h);L2(Ωε))
h→0−→ 0 uniformly with respect to ε.

In particular there exists u0 ∈ L2((0, T )× Ω) such that uε −→−−→ χY ∗u0.
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Limit result

Advection–reaction–diffusion equation

∂t(θ(r)u0) + div(Ahom(r)∇u0 − vu0) = θ(r)fp + ∂tθ(r)cs

Darcy equation

v =
1

ν
K(r) (h−∇p)

div(v) = − d

dt
θ(r)

Microstructure evolution

∂tr = c−1
s f(u0, r)
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Outline

1 Homogenisation in evolving domains

2 Homogenisation of Stokes flow

3 Homogenisation of a reactions–diffusion process with coupled
microstructure evolution

4 Homogenization of Stokes flow and advection–reaction–diffusion process
with coupled evolving microstructure

5 Outlook and conclusion
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Macro- and micro-evolution
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Conclusion

• Homogenization in non-periodic domains by the two-scale-transformation method

• Homogenization of Stokes flow for evolving microstructure

• Korn-type inequality for two-scale transformations
• Darcy’s law (with memory) for evolving microstructure

• Homogenization of a reaction–diffusion process with coupled microscopic domain
evolution

• existence and compactness results
• Limit problem: parabolic PDE on fixed domain coupled with family of
ODEs

• Stokes- advection–reaction–diffusion process with free microscopic boundary
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Thank you for your attention.

D. Wiedemann. The two-scale-transformation method, 2023.

D. Wiedemann, M. A. Peter. Homogenisation of the Stokes equations for evolving microstructure, 2021.

D. Wiedemann, M. A. Peter. Homogenisation of local colloid evolution induced by reaction and diffusion, 2023.

D. Wiedemann. Analytical homogenisation of transport processes in evolving porous media, 2023.

M. Gahn, I. S. Pop, M. A. Peter, D. Wiedemann. Homogenisation of a coupled advection–reaction–diffusion

process for evolving microstructure, in preparation.
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