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The Goal
NTE with nonlinear mobility

mobility

−force

∂tρ = ∂x( ϑ(ρ) ∂xℱ′￼(ρ) )(NTE) ρ(0) = ρ̄,

ℱ(ρ) = ∫ℝ
V(x) ρ(x) dx +

1
2 ∬ℝ×ℝ

W(x − y) ρ(x) ρ(y) dxdy

Free energy:
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The Goal
NTE with nonlinear mobility

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )(NTE)

(A)  and  on  

(B)  decreasing, ,  on  for some 

ρ̄ ∈ BVc(ℝ) ∩ L∞(ℝ) ρ̄ ≥ σ > 0 supp(ρ̄)

β ∈ Lip([0,∞)) β(0) = βmax > 0 β ≡ 0 [Mβ , +∞) Mβ > 0

ρ(0) = ρ̄,

ℱ(ρ) = ∫ℝ
V(x) ρ(x) dx +

1
2 ∬ℝ×ℝ

W(x − y) ρ(x) ρ(y) dxdy

Free energy:

Goal: Provide gradient flow structure for (NTE)

Assumptions:

Eg. β(s) = (1 − s)+

ϑ(ρ) = ρβ(ρ)



The Goal
NTE with nonlinear mobility

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼ (NTE) ρ(0) = ρ̄,

ℱ(ρ) = ∫ℝ
V(x) ρ(x) dx +

1
2 ∬ℝ×ℝ

W(x − y) ρ(x) ρ(y) dxdy

Free energy:

Goal: Provide gradient flow structure for (NTE)

Assumptions:

(C)  with  having linear growth 

(D)  is radially symmetric with  having linear growth

V ∈ 𝒞2(ℝ) V′￼

W ∈ Liploc(ℝ) W′￼∈ 𝒞2(ℝ∖{0})

Eg. W(x) = ± |x | Newtonian/Coloumb potential

W(x) = − cA e−|x|/ℓA + cR e|x|/ℓR Morse-type potential



Preliminaries ∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

Goal: Provide gradient flow structure for (NTE)

Some pre-knowledge:

∂tρ + ∂x j = 0(CE)

(KR)

continuity equation

kinetic relation 

Dual dissipation potential:

ℛ*(ρ, ξ) =
1
2 ∫ℝ

|ξ(x) |2 ϑ(ρ(x)) dx

j = −ϑ(ρ) ∂xℱ′￼(ρ)



Preliminaries

Goal: Provide gradient flow structure for (NTE)

Some pre-knowledge:

∂tρ + ∂x j = 0(CE)

(FF)

continuity equation

force-flux relation 

Dual dissipation potential: ℛ*(ρ, ξ) =
1
2 ∫ℝ

|ξ(x) |2 ϑ(ρ(x)) dx

D2ℛ*(ρ, − ∂xℱ′￼(ρ))

Legendre-Fenchel duality:

ℛ(ρ, j) + ℛ*(ρ, − ∂xℱ′￼(ρ)) =

Chain rule: d
dt

ℱ(ρ) = ⟨j, ∂xℱ′￼(ρ)⟩

j =

⟨j, − ∂xℱ′￼(ρ)⟩

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )
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Some pre-knowledge:

(CE)

(FF)

continuity equation

force-flux relation 

Dual dissipation potential: ℛ*(ρ, ξ) =
1
2 ∫ℝ

|ξ(x) |2 ϑ(ρ(x)) dx

Energy-Dissipation balance

∫
t

s
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Preliminaries

Goal: Provide gradient flow structure for (NTE)

∂tρ + ∂x j = 0(CE)

∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs) = 0(EDB)

Gradient flow solution  satisfying (CE) is an -gradient flow(ρ, j) (ℱ, ℛ, ℛ*)
solution of (NTE) with initial datum  ifρ̄ ∈ ℳ+

c (ℝ)

(i)  weakly-  in  as ; 

(ii) (EDB) is satisfied for any interval ; 

(iii) The chain rule holds for almost every .

ρt ⇀* ρ̄ * ℳ+(ℝ) t → 0

[s, t] ⊂ [0,T ]

t ∈ (0,T )

GF solution ↝ weak solution

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

=: ℐ(ρ, j)

Variational Principle GF solutions are minimizers of ℐ



(i) If , (NTE) has a -GF structure 

(ii) If  concave,  gives rise to a transport distance  

(iii)  “cannot be -convex along geodesics if  is not linear” 

(iv) Convergence of discrete JKO to continuous JKO

ϑ(ρ) = ρ W2

ϑ ℛ

ℱ λ ϑ

Preliminaries

Goal: Provide gradient flow structure for (NTE)
non-concave  

irregular interaction forces
ϑ

(CE)

(EDB)

Comments:

Carrillo, Lisini, Savaré, Slepčev ‘10

Dolbeault, Nazaret, Savaré ‘09
Lisini, Marigonda ‘10

∂tρ + ∂x j = 0

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

Carrillo, Di Francesco, Figalli, Laurent, Slepčev ‘11

Di Marino, Portinale, Radici, ‘22 Arxiv

∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs) = 0



(i) Construct discrete particle approximation (DPA) 

(ii) Derive gradient structure for DPA 

(iii) Deduce limit gradient structure + existence of gradient flow solution

Preliminaries

Goal: Provide gradient flow structure for (NTE)
non-concave  

irregular interaction forces
ϑ

(CE)

(EDB)

Strategy/Outline:

∂tρ + ∂x j = 0

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs) = 0



Particle Approximations

Pseudo-inverse equation 𝖷(z) := infx∈ℝ{ ρ Leb ((−∞, x)) > z }, z ∈ (0,1)

∂t𝖷 = − β ( 1
∂z𝖷 ) 𝖥ρ(𝖷)

𝖥ρ(𝖷(z)) = V′￼(𝖷(z)) + ∫
1

0
W′￼(𝖷(z) − 𝖷(ζ)) dζ

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

Di Francesco-Rosini (2015)



Particle Approximations

Pseudo-inverse equation

An upwind-type scheme:

·xi = β(ρi−1)(−𝖥ρ(xi))− + β(ρi)(−𝖥ρ(xi))+

xixi−1 xi+1

−𝖥i

ρi−1

∂t𝖷 = − β ( 1
∂z𝖷 ) 𝖥ρ(𝖷) 𝖥ρ(𝖷(z)) = V′￼(𝖷(z)) + ∫

1

0
W′￼(𝖷(z) − 𝖷(ζ)) dζ

𝖷(z) := infx∈ℝ{ ρ Leb ((−∞, x)) > z }, z ∈ (0,1)

xi := 𝖷(zi)

ρi =
h

xi+1 − xi

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )



Particle Approximations

Pseudo-inverse equation

An upwind-type scheme:
ρi

∂t𝖷 = − β ( 1
∂z𝖷 ) 𝖥ρ(𝖷) 𝖥ρ(𝖷(z)) = V′￼(𝖷(z)) + ∫

1

0
W′￼(𝖷(z) − 𝖷(ζ)) dζ

xixi−1 xi+1

−𝖥i

xi := 𝖷(zi)

𝖷(z) := infx∈ℝ{ ρ Leb ((−∞, x)) > z }, z ∈ (0,1)

·xi = β(ρi−1)(−𝖥ρ(xi))− + β(ρi)(−𝖥ρ(xi))+

ρi =
h

xi+1 − xi

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )



Results:

Particle Approximations

An upwind-type scheme:

·x0 = βmax (−F0)− + β(ρ0) (−F0)+

·xi = β(ρi−1) (−Fi)− + β(ρi) (−Fi)+

·xN = β(ρN−1) (−FN)− + βmax (−FN)+

xixi−1 xi+1

−Fi
ρiρi−1

x0 xN

Fi = V′￼(xi) + ∑
j≠i

hW′￼(xi − xj)

ρi =
h

xi+1 − xi

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

(1) Unique solution  exists, and , independent of , such that 

(2) (DPA) possesses a gradient flow structure!

x ∃μ > 0 h

(DPA)

σe−μT ≤ ρi ≤ M := max{Mβ , ∥ρ̄∥L∞} ;

supt∈[0,T ] |xN(t) − x0(t) | < ∞



GF Structure for DPA

Free energy:

ℱh(x) = ∑
i

V(xi) +
1
2 ∑

i,j≠i

hW(xi − xj)

Dual dissipation potential:

ℛ*h (x, ξ) =
1
2 ∑

i

β(ρi−1)(ξ−
i )2 + β(ρi)(ξ+

i )2

Task: Find  and  such that (DPA) takes the formℱh ℛ*h
·x = j
j = D2ℛ*h (x, − ℱ′￼h(x))

Fi = V′￼(xi) + ∑
j≠i

hW′￼(xi − xj)

·x0 = βmax (−F0)− + β(ρ0) (−F0)+

·xi = β(ρi−1) (−Fi)− + β(ρi) (−Fi)+

·xN = β(ρN−1) (−FN)− + βmax (−FN)+



GF Structure for DPA

Task: Find  and  such that (DPA) takes the formℱh ℛ*h
·x = j
j = D2ℛ*h (x, − ℱ′￼h(x))

Free energy: ℱh(x) = ∑
i

V(xi) +
1
2 ∑

i, j≠i

hW(xi − xj)

Dual dissipation potential: ℛ*h (x, ξ) =
1
2 ∑

i

β(ρi−1)(ξ−
i )2 + β(ρi)(ξ+

i )2

Energy-Dissipation balance

∫
t

s
ℛh(xr, jr) + ℛ*h (xr, − ℱ′￼h(xr)) dr + ℱh(xt) − ℱh(xs) = 0(EDB)

·x0 = βmax (−F0)− + β(ρ0) (−F0)+

·xi = β(ρi−1) (−Fi)− + β(ρi) (−Fi)+

·xN = β(ρN−1) (−FN)− + βmax (−FN)+



DPA as Numerical Scheme

·x = j
j = D2ℛ*h (x, − ℱ′￼h(x))

∫
t

s
ℛh(xr, jr) + ℛ*h (xr, − ℱ′￼h(xr)) dr + ℱh(xt) − ℱh(xs) = 0(EDB)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
H

1
 and TV norms

H
1

TV

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time

-2200

-2000

-1800

-1600

-1400

-1200

-1000

-800

-600

-400

-200

0
Discrete energy balance

Energy variation
Dissipation

W(x) = − |x | , V ≡
|x |2

2

·x0 = βmax (−F0)− + β(ρ0) (−F0)+

·xi = β(ρi−1) (−Fi)− + β(ρi) (−Fi)+

·xN = β(ρN−1) (−FN)− + βmax (−FN)+

-6 -4 -2 0 2 4 6

0

0.2

0.4

0.6

0.8

1

1.2
Discrete density

inital datum

final time

evolution



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time

-16

-14

-12

-10

-8

-6

-4

-2

0
Discrete energy balance

Energy variation
Dissipation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time

0

2

4

6

8

10

12

14
H

1
 and TV norms

H
1

TV

DPA as Numerical Scheme

·x = j
j = D2ℛ*h (x, − ℱ′￼h(x))

(EDB)

W(x) = |x | , V ≡ 0
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·xN = β(ρN−1) (−FN)− + βmax (−FN)+

∫
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Flux:

Continuous reconstruction

Results:

̂ρh = ∑
i

ρi 1(xi+1,xi) xixi−1 xi+1(ρi, ui)x0 xN

̂𝚥h = ∑
i

ρi ui 1(xi+1,xi) , ui(x) =
xi+1 − x
xi+1 − xi

·xi +
x − xi

xi+1 − xi

·xi+1

Density:

(1) The pair  satisfies (CE) for all ; 

(2) Compactness:  satisfying (CE) such that , and

( ̂ρh, ̂𝚥h) h > 0

∃ (ρ, j) ρ ∈ L∞([0,T ] × ℝ)

̂ρh
t → ρt in L1(ℝ) for every t ∈ [0,T ]

∫⋅
̂𝚥h
t dt ⇀* ∫⋅

jt dt weakly- * in ℳ([0,T ] × ℝ)

∥ ̂ρh
t ∥BV ≤ cBV ∥ρ̄∥BV

supt∈[0,T ] |supp ( ̂ρh
t ) | < ∞



Recap

·x = j
j = D2ℛ*h (x, − ℱ′￼h(x))

ℐh(x, j) := ∫
t

s
ℛh(xr, jr) + ℛ*h (xr, − ℱ′￼h(xr)) dr + ℱh(xt) − ℱh(xs)

∂tρ + ∂x j = 0
j = D2ℛ*(ρ, − ∂xℱ′￼(ρ))

ℐ(ρ, j) := ∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs)

Continuous world

(NTE)

(DPA)

Discrete world

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

= 0

= 0

Evolutionary 
- convergence!Γ

Sandier-Serfaty (2004), Mielke (2016), Mielke-Montefusco-Peletier (2021)



Recap

Continuous world

Discrete world

∂tρ = ∂x( ρβ(ρ) ∂xℱ′￼(ρ) )

Question: If  satisfies  then , but (xh, jh) ℐh(xh, jh) = 0 ∂t ̂ρh + ∂x ̂𝚥h = 0

ℐ( ̂ρh, ̂𝚥h) ≈ 0?

What do we get for  ?ℐ(ρ, j)

ℐ(ρ, j) := ∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs) = 0

ℐh(x, j) := ∫
t

s
ℛh(xr, jr) + ℛ*h (xr, − ℱ′￼h(xr)) dr + ℱh(xt) − ℱh(xs) = 0



Final Steps

Questions: If  satisfies  then , but (xh, jh) ℐh(xh, jh) = 0 ∂t ̂ρh + ∂x ̂𝚥h = 0

ℐ( ̂ρh, ̂𝚥h) ≈ 0?

What do we get for  ?ℐ(ρ, j)

ℐ(ρ, j) := ∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs)



Final Steps

Questions: If  satisfies  then , but (xh, jh) ℐh(xh, jh) = 0 ∂t ̂ρh + ∂x ̂𝚥h = 0

What do we get for  ?ℐ(ρ, j)

Results:

ℐ(ρ, j) := ∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs)

ℐh( ̂ρh, ̂𝚥h) ≤ hℐh(xh, jh) + o(h)

∫
t

s
ℛ(ρr, jr) dr ≤ lim inf

h→0 ∫
t

s
ℛ( ̂ρh

r , ̂𝚥h
r) dr

∫
t

s
ℛ*(ρr, − ∂xℱ′￼(ρr)) dr ≤ lim inf

h→0 ∫
t

s
ℛ*( ̂ρh

r , − ∂xℱ′￼( ̂ρh
r)) dr

ℱ(ρt) = lim
h→0

ℱh( ̂ρh
t ) for every t ∈ [0,T ]

(1)

(2)

ℐ( ̂ρh, ̂𝚥h) ≈ 0?



Final Steps

Questions: If  satisfies  then , but (xh, jh) ℐh(xh, jh) = 0 ∂t ̂ρh + ∂x ̂𝚥h = 0

What do we get for  ?ℐ(ρ, j)

Results:

ℐ(ρ, j) := ∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs)

ℐ(ρ, j) ≤ lim inf
h→0

ℐh( ̂ρh, ̂𝚥h) ≤ 0(1) (2)+

Chain rule+ ↝ ℐ(ρ, j) ≥ 0

ℐ(ρ, j) = 0

Gradient flow solution of (NTE)!

Rate of convergence 
1D

ℐ( ̂ρh, ̂𝚥h) ≈ 0?



Summary

∫
t

s
ℛh(xr, jr) + ℛ*h (xr, − ℱ′￼h(xr)) dr + ℱh(xt) − ℱh(xs) = 0

∫
t

s
ℛ(ρr, jr) + ℛ*(ρr, − ∂xℱ′￼(ρr)) dr + ℱ(ρt) − ℱ(ρs) = 0

ℐh( ̂ρh, ̂𝚥h) = o(h)

Continuous reconstruction ( ̂ρh, ̂𝚥h)

Compactness ∃(ρ, j) : ( ̂ρh, ̂𝚥h) → (ρ, j)

Lower semicontinuity of ℛ* and ℛ*

Convergence of ℱ( ̂ρh
t ) to ℱ(ρt)

Thank you!

(DPA)

(NTE)


