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The Goal

NTE with nonlinear mobility
—force
————

(NTE) 0,p = 0(9(p) 0,F (), p(0) = p
|
mobility
Free energy:

1
F(p) = [ V(x) p(x) dx + 5 ﬂ W(x —y) p(x) p(y) dxdy
R RXxR
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The Goal

NTE with nonlinear mobility
(NTE) 0,p = 0, (pp(p) 0. F'(p)), p(0) =p

Free energy:

1
V(x) p(x) dx + 5 ﬂ W(x —y) p(x) p(y) dxdy
RXxR

F(p) =[

R

Goal: Provide gradient flow structure for (NTE)

Assumptions:  d(p) = pP(p)
(A) pe€eBVA(R)NL*®(R)andp > o > 0 onsupp(p)
(B) f € Lip([0,00)) decreasing, f(0) = f,,,, > 0, f = 0 on [Mj, +00) for some My > 0

A

+

Eg. A(s) = (1-y)




The Goal

NTE with nonlinear mobility
(NTE) d,p = 9, (pp(p) 0, F(p)), p(0)=p

Free energy:

1
V(x) p(x) dx + 5 ﬂ W(x —y) p(x) p(y) dxdy
RXxR

F(p) =[

R

Goal: Provide gradient flow structure for (NTE)
Assumptions:
(C) V& B*R) with V' having linear growth

(D) W € Lip, (R) is radially symmetric with W’ € %2(IR\{O}) having linear growth

e W(x) = = | x| Newtonian/Coloumb potential

W(x) = — cye a4 cp e Morse-type potential



Preliminaries 0,p = 0(pP(p) 0.F (p))
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Goal: Provide gradient flow structure for (NTE)

Some pre-knowledge:

(CE) atp + ax-] =0 continuity equation
(KR) ] — —19(,0) axg'(p) kinetic relation

Dual dissipation potential:

1
R*(p, E) = 5[ | £(x) |7 8(p(x)) dx
R
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Goal: Provide gradient flow structure for (NTE)

Some pre-knowledge:

(CE) atp + ax] = () continuity equation
(FF) ] = D}%*(ID, — dxf’}"’(p)) force-flux relation
1
Dual dissipation potential: F*(p, E) = EJ | E(0) |7 9(p(x)) dx
R

Legendre-Fenchel duality:

R(p,J) + F*(p, = 0,F(p)) = (], = 0,F(p))

Chain rule: d
Eff (p) = {j, 0,F (p))
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Goal: Provide gradient flow structure for (NTE)

Some pre-knowledge:

(CE) atp + ax] = () continuity equation
(FF) ] — DZ‘%*(p’ — ()xf’ff’(p)) force-flux relation
1
Dual dissipation potential: F*(p, E) = EJ | E(0) |7 9(p(x)) dx
R

Legendre-Fenchel duality:

d
R(p,J) + R*(p, — 0, F (p)) = —Ef’ff (p)

Chain rule: d
Eff (p) = {j, 0,F (p))



Preliminaries 0,p = 0(pP(p) 0.F (p))

—— ——

Goal: Provide gradient flow structure for (NTE)

Some pre-knowledge:

(CE) atp + ax] = () continuity equation
(FF) ] — ng*(p, — Oxf’]’(p)) force-flux relation
1
Dual dissipation potential: F*(p, E) = EJ | E(0) |7 9(p(x)) dx
R

Energy-Dissipation balance

5
(EDB) J Ry Jp) + R, — 0 F (p))dr + F(p) — F(p) =0



Preliminaries 0,p = 0(pP(p) 0.F (p))

—— ——

Goal: Provide gradient flow structure for (NTE)
(CE) 0,p+0,j =0

F(p) = F(p,),= 0

A
(EDB) J R(p,rJ) + F*(p,, — 0.F (p,)) dr +

= .9(p. )
Gradient flow solution  (p, j) satisfying (CE) is an (¥, X, £ *)-gradient flow
solution of (NTE) with initial datum p € Z(R) if

(i) p,—* pweakly-*in #£T(R)ast — 0;
(ii) (EDB) is satisfied for any interval [s, f] C [0,T]; GF solution ~ weak solution

(iii) The chain rule holds for almost every t € (0,7").

Variational Principle  GF solutions are minimizers of .7



Preliminaries 0,p = 0(pP(p) 0.F (p))
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Goal: Provide gradient flow structure for (NTE)
hon-concave J
irregular interaction forces

(CE) 0p+0.j=0

5
(EDB) J RPpJ) + R (P, — 0.F (p)dr + F(p) — F(py) =0

Comments:

(i) If 9(p) = p, (NTE) has a W,-GF structure Carrillo, Di Francesco, Figalli, Laurent, Slepéev ‘11

Dolbeault, Nazaret, Savaré ‘09

(i) If & concave, &£ gives rise to a transport distance SR
Lisini, Marigonda ‘10

(iii) & “cannot be A-convex along geodesics if J is not linear” Carrillo, Lisini, Savaré, Slepéev ‘10

(iv) Convergence of discrete JKO to continuous JKO Di Marino, Portinale, Radici, ‘22 Arxiv



Preliminaries 0,p = 0(pP(p) 0.F (p))
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Goal: Provide gradient flow structure for (NTE)
hon-concave J
irregular interaction forces

(CE) 0p+0.j=0

5
(EDB) J RPpJ) + R (P, — 0.F (p)dr + F(p) — F(py) =0

Strategy/Outline:

(i) Construct discrete particle approximation (DPA)
(ii)) Derive gradient structure for DPA

(iii) Deduce limit gradient structure + existence of gradient flow solution



Particle Approximations % = oL PP 07 P))

— —

Pseudo-inverse equation X(z) = infxeR{ pleb((—00,x)) >z } z€ (0,1)

1
0 X = —ﬂ(ax>Fp(X)

1
F,(X(2)) = V(X(2)) + [ W(X(2) = X(£)) dC

0

Di Francesco-Rosini (2015)
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Pseudo-inverse equation X(z) = infxeR{ pleb((—00,x)) >z } z€ (0,1)
| 1
oX=—-p F,(X) F,(X(2) = V(X)) +[ W'(X(z) — X(¢)) d¢
0.X :
<«<— -F,

An upwind-type scheme: x; := X(z) I

X = Ppi_) (—F, ()~ + B(p) (=F,x))"
h

Xi+1 — X;

Pi =
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Pseudo-inverse equation X(z) = infxeR{ pleb((—00,x)) >z } z€ (0,1)
| 1
oX=—-p F,(X) F,(X(2) = V(X)) +[ W'(X(z) — X(¢)) d¢
0.X :
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An upwind-type scheme: x; := X(z) I
Xi—1 X; Pi Xi+1

X = Ppi_) (—F, ()~ + B(p) (=F,x))"
h

Xi+1 — X;

Pi =



Particle Approximations % = oL PP 07 P))

—F;
N G Pi L
An upwind-type scheme: I I If . )I(
Xp = :Bmax (—Fo)™ + ,B(Po) (— FO)+ F, = V'(x,) + Z hAW'(x; — X;)
(0PA) X = B(p;_1) (=F)™ + Blp) (=F)™ p
).(N — ﬂ(pN—l) (_ FN)_ + ﬂmax (_ FN)+ Pi= Xir1 — X;

Results:

(1) Unique solution x exists, and du > 0, independent of A, such that
oe M < p; <M = max{Mj, 15|~} ;

SUP;e(0,7] | Xn() — Xo(D) | < o0

(2) (DPA) possesses a gradient flow structure!



X0 = Bax (—F0)™ + B(pg) (=Fo)™
G F St ru Ctu re fo r D PA x; = B(p;i_1) (=F)~ + p(p) (=F)"

Xy = P(pn_1) (—Fn) "+ Brax (—Fn) T

Task: Find &, and %;’; such that (DPA) takes the form
X =]
= DR, — Fj0)

Free energy: F,=V(x)+ Z hAW'(x; — X;)

1 JFi
Fpx) = Y, V) +— > hW(x; = x)
i i,jEi

Dual dissipation potential:

|
Rrx.8) = Z Bo) (&) + B (&)



X0 = Bax (—F0)™ + B(pg) (=Fo)™
G F St ru Ctu re fo r D PA x; = B(p;i_1) (=F)~ + p(p) (=F)"

Xy = P(pn_1) (—Fn) "+ Brax (—Fn) T

Task: Find &, and 9?;‘; such that (DPA) takes the form

X =]
{ i = DX, — F (%)

1
Free energy: F (%) = Z Voo + = Z hW(x; — X;)
i i, ji
e : y 1 )2 N2
Dual dissipation potential: R, &) = 5 Zﬂ(pi—l)<§i )"+ Blp) (&)

Energy-Dissipation balance

5
(EDB) J' %h(xra jl”) + %Z(xh _ ‘G;;l(xr)) dr + ‘G;h(xt) — g‘Th(XS) =0



X0 = Brax (—F0)™ + B(py) (=Fp)"
X; = f(pi_1) (=F)~ + p(p) (=F)F
Xy = P(pn_1) (—Fn) "+ Brax (—Fn) T

DPA as Numerical Scheme

X=j
{ j = DZ%:(X, — F (X))

t
(EDB) [ %h(xra jl’) + %;lk(xra — L677;;1()(7')) d”' + %h(xt) — Loj;h(xs) =0

2
| x|

W(x) = — , V=
(x) | x| >

. . 1
Discrete density it | | | H ‘and TV norms | Discrete energy balance
—— inital datum —H' Energy
—+—final time at —— TV 2001 Ty —— Dissipation
—-—-evolution ‘

time



X0 = Brax (—F0)™ + B(py) (=Fp)"
X; = f(pi_1) (=F)~ + p(p) (=F)F
Xy = P(pn_1) (—Fn) "+ Brax (—Fn) T

DPA as Numerical Scheme

X =]
{ j = DZ%:(X, — F (X))
t
(EDB) [ %h(xra jl’) + %;lk(xra — L677;;1()(7')) d”' + %h(xt) — Loj;h(xs) =0

Wx)=|x|, V=0

. . 1
Discrete density | | . | | __H andTVnorms Discrete energy balance
7if.nitall Fiatum T o Energy variation
——final tlme — Dissipation
—-—-evolution ||

i
AEERL
770
i

time
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Continuous reconstruction

Density: ﬁh = Z’Oi l(xi+1,xi) S
[

Xo Xi—1 i (i u;) Xit+1 XN
Xip] — X X — X;
i b R+l . [ .
Flux: ] m— Z pl l/ll 1(xi+1,xi) ) l/tl()C) — xl + xl+1
i Xiy1 — X; Xit1 — X;
~h _
Results: 197 lgy < cay llpllpy
N
A A sup |supp (P7) | < o
(1) The pair (ph,]h) satisfies (CE) for all i > O; €011 t
(2)

Compactness: 3 (p, j) satisfying (CE) such that p € L*([0,T] X R), and

ph— p. in LY(R) foreveryt e [0,T]

[ﬂ’ dt —* thdt weakly- *in Z([0,T] X R)



Rec a p d,p = 0.(pp(p) o0, F'(p))

— T

Continuous world

(NTE)

| atp + ax] — 0
J = DyR*(p, — 0,F(p))

F(p, J) = J R Py ) + BH(py — 0,.F (p) dr + F(p) = F(p,) = 0

Evolutionary

Discrete world
I - convergence!

- X=]
(DPA) { i = D, (X, — F (%))

5
T (X)) = J Rp(XrJ,) + RF Ky, = F (X)) dr + F (X)) — F(X;) = 0

Sandier-Serfaty (2004), Mielke (2016), Mielke-Montefusco-Peletier (2021)



Reca p d,p = 0,(pP(p) 0,F ' (p))

T——— T

Continuous world

F(p, J) = J R Py i) + R (py = 0,F (p)) dr + F(p) — F(p) = 0

Discrete world

5
T (%, ]) = J Rp(XrJ,) + R (X, = F (X)) dr + F (%) — F(Xg) = 0

Question:  If (x, j") satisfies S (xh, i) = 0 then atﬁh + 6xfh = 0, but
FP"j" ~ 07

What do we get for F(p, j) ?



Final Steps T(p.)) = [ R(pp ) + FHpye — 0.F (p) dr + F(p) — F(py)

Questions: If (x%, j*) satisfies .7, (x4, j") = 0 then 0 p" + 0_j" = 0, but
F(p" " ~ 07

What do we get for F(p, j) ?



Final Steps T(p.)) = J R(pp ) + FHpye — 0.F (p) dr + F(p) — F(py)

Questions: If (x%, j*) satisfies .7, (x4, j") = 0 then 0 p" + 0_j" = 0, but

FPL M~ 07

What do we get for F(p, j) ?

Results:

(1) TP 5 < hF,(xh,§" + o(h)

F(p,) =lim & h(ﬂz) for every r € [0,T]
h—0

rt

4
J R(p,,j)dr < liminf | RB(p", 7 dr
(2) ) h—0

4
J R*(p,, — 0,.F ' (p.)) dr < lim inf %*(pr, — (p ) dr
g h—0

s



Final Steps T(p.)) = J R(pp ) + FHpye — 0.F (p) dr + F(p) — F(py)

Questions: If (x%, j*) satisfies .7, (x4, j") = 0 then 0 p" + 0_j" = 0, but
TE =07

What do we get for F(p, j) ? \/

Results:

(1) + (2)  F(p,j) < liminf.7,(p", ") <0
h—0
J(p,j)=0

+ Chain rule ~  F(p,j) =0

Gradient flow solution of (NTE)!

@ Rate of convergence
1D



Summary

A
(DPA) J Ry(Xy,J,) + RF (X, — F (X)) dr + F (X)) — F (%) = 0
s
l Continuous reconstruction (5", 7"

I,(P" 7 = o(h)

Compactness 3(p,j): (", 7" — (p,})

Lower semicontinuity of £* and &% *

; J  Convergence of F(p!) to F(p,)

A
(NTE) J R, ) + R(p,, — 0,.F (p)) dr + F(p) — F(p)) = 0

Thank you!



