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Introduction of the model

Introduction of the model

Aim: describe the dynamics of a binary mixture of compressible,
viscous and macroscopically immiscible fluids in a bounded
domain

Possible approaches:

1.Classical approach: the interface between the two fluids is sharp
and is evolving in time along with the fluid, the movement of the
interface at each time is determined by a set of interfacial balance
conditions

2.Phase-field approach: the interface between the two fluids is
seen as a transition layer of small but non-zero width
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Introduction of the model

lllustration of a diffuse interface versus a sharp interface
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Figure: lllustration of a diffuse interface and of a sharp interface for a
mixture of two immiscible fluids
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Introduction of the model

Phase-field approach

@ Interface of finite width ¢

@ cis an order parameter (e.g. the concentration difference) that takes value
1 in the bulk of one fluid and value —1 in the bulk of the other fluid, varying
continuously between —1 and 1 at the interface

@ c satisfies an equation of Allen-Cahn type

@ the fluid density and respectively velocity (p, v) satisfy the compressible
Navier-Stokes equations coupled to the Allen-Cahn equation through a
capillarity force (divy (Vx¢ ® Ve — 3|V ,cl?T))

Advantages: Captures the evolution of complex interfaces and allows the
treatment of topological changes of the interface. Easier to use in order to study
numerically the dynamics of the interface, since the simulations can be done on a
fixed grid.
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Introduction of the model

The compressible Navier-Stokes-Allen-Cahn Model

The Blesgen model:

0;p + divy(pu) =0, (1)
0¢(pu) + divy(pu @ u) + Vip(p, ¢) = div,S(Vyu)

1
—divy (ch ® VxC— 5 \VXCIZH) )

:(pc)+divx(peu) = —y, 3)
of(p, c)

oc
The tensor S(V,u) = v (V,u' 4+ Viu — 2div,ul) + Adiv,ul, v > 0.
The free energy is Eqce(p, ¢, ViC) = 3[VxcP + pf(p, C).
The pressure is derived from the free energy p(p,c) = p

pr=—Ac+p

2apr)
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Overview on the existing results

Overview on the existing results

Theoretical study of the model: existence of weak and strong solutions, presence
of initial vacuum

Blesgen (1999): introduction of the model

Feireisl, Petzeltova, Rocca, Schimperna (2010): existence of global weak
solutions when the initial density is bounded and away from vacuum, y > 6
where pf(p, c) = pY + h(p, ¢)

Kotschote (2012): existence and uniqueness of local strong solutions for arbitrary
initial data for a more advanced model where the stress tensor is multiplied by the
density

Ding, Li, Luo (2013): existence and uniqueness of a global strong solution for the
1D case without initial vacuum, y > 1

Chen, Guo (2017): existence and uniqueness of a global strong solution for the
1D case with initial vacuum, y > 1

Chen, Wen, Zhu (2019): global existence of weak solution with finite energy for
thecasey >2,pg >0
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Overview on the existing results

Overview on the existing results

Theoretical study of the model: stationary solutions, travelling waves, stability
study

Freistlhler (2014): existence of travelling waves for the model introduced by
Kotschote (2012)

Axmann, Mucha (2016): existence of weak stationary solutions with bounded
densities, y > 3

Kotschote (2017): spectral analysis for travelling waves
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Dissipative weak solutions and main results

A simplified version

We consider the free energy in a simplified form

Enve = IVac + Fulc) + Folp), )
yielding the pressure
p(p, ) = pe(p) — Fe(c), pe(p) = pFe(p) — Felp) . (6)
The Allen-Cahn equation taken in a simplified form:
dic+u-Vyc=A.c— F/(c). (7)

Boundary conditions: u =0, ¢ = ¢, on 0Q.
Pe € C[0, 00) N C*(0, 00),

P4(p) > 0for p >0, liminf pi(p) >0, pe(p) < ¢(1+ Folp)) forallp >0, ©
p—r00

F. € C*(R), F/(c) > 0forall ¢c € (—oo,—¢] U[c, o), T > 0. (9)
Typically Fo(p) = ap¥,a >0,y > 1, F, = (¢® —1)? regular double well potential.
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Dissipative weak solutions and main results

Dissipative weak solutions

Let the initial data,

p(0,-) = po, pu(0,-) = (pu)o, ¢(0,-) = cy, (10)

be given in the class

2
po>0ae. inQ, J {M+Fe(po) dx < oo,
Q Po (11)

co € W2(Q)NL®(Q), coloa = b

We search for [p, u, c] in the class of functions

p, Fo(p) € L0, T: L'(Q)), p=>0a.a.in(0,T) x Q,
ue %0, T; Wy?(Q; RY)),
ce =0, T; W3(Q))NL2(0, T; W22(Q))NL=((0, T) x Q), cloo = Cb;
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Dissipative weak solutions and main results

Dissipative weak solutions

@ The integral identity for p

t=1 T
U pQ dx} :J J [p9:p + pu - V@] dxdt, VT >0, ¢ € C'([0, TIxQ);
Q =0 0Ja

@ The integral identity for the momentum equation

t=71 T
U pu- @ dx} :J J [pud;@ + pu U : V@ + pe(p)divye] dxdt
o)

(e

S(Vxu) : Vi dxdt
J J (v c® Vy c—f\V c|2) Ve dxdt
Q

J J Fo(c)divye dxdt, ¥Vt >0,
Q
Y@ e C'([0, T x Q;RY), @loa =0,
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Dissipative weak solutions and main results

Dissipative weak solutions

@ The Allen-Cahn equation:
dc+u-Vyc=Ac—F/(c),aa. (0,T) xQ, c0,-) = ¢, Clog = C»;

@ The energy inequality:

1 1 t=t
J Lol + Lvecl + Fufp) + Fole)| ax
ol2 2 =0
+J J S(V,u) : V,u dxdt+J
Q

J [Axc— F.(c))? dxdt<0, VT >0.
0 0JO
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Dissipative weak solutions and main results

Weak-strong uniqueness

LetQ c RN, N =1,2,3 be a bounded Lipschitz domain. Let

[p, u, c] be a dissipative weak solution in (0, T) x Q in the sense
specified above. Suppose that the same problem admits a
classical solution [r, U, Cl, r > 0 defined on the same time interval.
Then

p=r,u=U,¢c=Cin(0,T) x Q.
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Dissipative weak solutions and main results

Low Mach number limit

After rescaling the elastic pressure:
0:p + divy(pu) =0,

1
0:(pu) + divx(pu®u) + ngpe(p) = div,S(V,u)

1 (12)
—divy (ch ® VyC— E\chlzﬂ) + VxFe(c),
dic+u- Ve =Ac— F(c),
with the boundary conditions
upo =0, clog =0. (13)

We study the limit when ¢ — 0.
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Dissipative weak solutions and main results

Low Mach number limit

We prove the convergence towards the incompressible limit:

diVXU - 0,
0U+U- VU + V,IT = vAU — divy(V4C ® V4C), (14)
atC+ u- VXC - AXC_ FC/(C)'

with the boundary conditions Ul =0, Claa = 0.
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Dissipative weak solutions and main results

Low Mach number limit

Suppose that problem (14) admits a smooth solution [U, C], with the initial data
[Uo, Col, on a time interval [0, T]. Suppose

p(0,) = po.c =1+ epy., J o) dx =0,
Q

u(0,) = up., pyg = 0inL®(Q), ug. — Ug in L2(Q; RY),
c(0,) = coe € LN W33 ellim) $1, coe — Coin W2(Q)

ase — 0. Let[pe,u, c].~0 be a d/SSIpat/ve weak solution of the compressible
NSAC with the initial data [po,e, U, ¢, Cel, I 0,1y x0) S 1. Then

pe(t,) = 1inL'(Q), uc(t,-) = U(t,-) in L2(Q; RY), c.(t,-) — C(t,) in W'?*(Q)

uniformly fort € [0, T].
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Relative energy

Relative energy

& (p, u,c ’r, U, C) = a "distance” between a weak dissipative solution and some regular
functions

Relative entropy technique: long time behavior of certain quasilinear parabolic equations
when the regular function is a stationary solution, incompressible and/or inviscid limits,
weak-strong uniqueness

Ukai (1986), Grenier (1997), Masmoudi (2001), Carillo, Jiingel, Markowich, Toscani,
Unterreiter (2001), Wang, Jiang (2006), Saint-Raymond (2009), Leger, Vasseur (2011),
Feireisl, Jin, Novotny (2012), Feireisl, Lu, Malek (2014), Feireisl, Lu, Novotny (2018)
Incompressible NSAC:

Zhao, Guo, Huang (2012): vanishing viscosity limit

Hosek, Macha (2018): weak-strong uniqueness

Relative energy:

S(p,u,c

r,u,c)

1 1
:JQ {EP‘U_U‘Z“‘ §|VXC—VXC‘2+Fe(p)_Fe/(r)(p_r) — Fe(r)| dx.
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Relative energy

Relative energy inequality

0
T

T T
—J J <ch® vxc—1|vxc|211> 1 V,U dxdt+J J Fo(c)divxU dxdt
0lJa 2 Q
h)

{(AxC)c dde—J

J AxClu—u-Vyc] dxdt
0Ja

T 1
+J J oy <7\VXC|2+pe(r)> dxdt,
Q 2

for all (r, C, U) regular enough.
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Application: weak-strong uniqueness

Weak-strong uniqueness
Idea: Take [r, U, C] a strong solution of the problem, use it as test function in the relative

energy inequality and apply a Gronwall type argument.
Convective term in the equation of continuity:

JTJ [p(U—u)-d;U+pu-ViU- (U—u)] dxdt
Q

0
[p(U—u)-d;U+p(U—u) ViU U] dxdt

U) - vViu. (U—u) dxdt

+],Jo o
S LT JQ [(g —HU-—u)- (Vch(C) — Vxpe(r) — VxCALC + divXS(VXU)>] dxdt
+ ¢y JT & (p, cu ‘r, C, U) dt + LT JQ [(U —u)- (VXFC(C) — Vypelr) — VXCAXC)] dxdt

0
T
—J (VXU — V,u) : S(V,U) dxdt.
0JO
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Application: weak-strong uniqueness

We can prove that:

J: L K% —1) (U=1) - (V4FelC) = Vipe(r) = V,CAC +div,S(V,U) )| dxat

T

< CZJTS (p,c,u ‘r, C,U) dt+%J

J (S(Vxu) —S(V4U)) : (Viu—V,U) dxdt.
0 0Ja

Technical ingredient: We introduce a cut-off function ¥ € C°(0, oo), o
0<W<1, ¥=1in[§ {],where 5 st r(t,x) € [25, 5]V (t,x) € [0, T] x Q.
Forhe L'((0, T) x Q), we set
h = Regs + Pres, hess = Y(p)h, hes = (1 —¥(p))h. We can prove:

Felp) — Fo(r)(p—r) — Fe(r) Z (p— 12+ (14 P)res
and

8 <p,u,C ‘ rrUvC> zJ (p|U*U|2+ [p*r]gss+1res+pres> dX.
[o}
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Application: weak-strong uniqueness

Thus,

L L (7= 1) (U= (eFelC) = Tupilr) = VoCAC + dinS(V,V)) | dxdt

§JJ lo—r| |U—u| dxdt
0JO

N

J J o= rlews] U—ul dxdt+J
Q

0 0

J 10— Flreel [U—uf dxdt
Q

T

< c(é)j

J [p— 2 + 1res + Pros + plu — U2 dxdt+5J J lu—U]? dxdt
0JO Q

0
Using the Korn—Poincaré inequality

J lu—UP +[V,(u—U)F dx<ckpj (S(Vxu) = S(V,U)) : (Veu — V,U) dx,
Q Q

we get the desired inequality.
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Application: weak-strong uniqueness

Elastic pressure terms:

T

—J J [p3:F,(r) + pu - VF.(r)] dxdt—J J Pe(p)div,U dxdt
0JO Q

0
T

] w-w - Vapuin) axar+ |

J 0:Pe(r) dxdt =
0 0Ja

J [Pe(r) — pa(r)(r — p) — pe(p)]diviU + (r — p)(u —U) - V,F,(r) dxdt

T

< J JQ Folp) — FL(1)(p— 1) — Fulr) dxdt+J JQ Ir — pllu— U] dxdt

0
T

<~ J JQ [(S(V,u) = S(V,U)) : (Vou = V,0) | dxdt+ CZJ

0 8<p,c,u ‘r, c,u) at,

where we used:
01Fe(r) + U -V F(r) + pg(r)diviU = 0, 0:pe(r) = roFo(r),
VuPe(r) = rVF}(r).
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Application: weak-strong uniqueness

Terms containing the order parameter:
t=T1 T 1
e(p.culreu)] 4 J J ~ (S(V4u) —S(V,U)) : (Vou—V,U) dxdt
t=0 0Jo 4

+J J |Acc — ACP? dx dt
(o]

T

Q
+JTJQ [Ax(C — ¢)(F(c) — F.(C))] dxdt+c4J 8(p,c,u(r, c,u) dt.

0
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Application: weak-strong uniqueness

Using the boundedness of ¢ and C, we get:

|divy (U—u) (Fe(c) — Fe(C))| + |A(C — ) (F(c) — F(C))]
< (IVx(u—=U)| +|Acc — AcCl)c — Cl.

Using the Korn-Poincaré inequality, we obtain:

[8 (p,c,u ‘r, C, U)]t:T < LTE <p, c,u ‘r, C, U) dt;

t=0

whence Gronwall’'s lemma completes the proof.
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Application: incompressible limit

Application: incompressible limit

Existence of the limit problem (incompressible NSAC):

Lin, Liu (1995): Existence of global weak solutions, existence of strong solution
globally in 2D and locally in 3D

Thanks to the energy inequality and the continuity equation, [p., u., c.] satisfy:

t=1

2

H [1p&|u&|2 + i+ L (Fulo) - Fl) (0 — 1) — Ful1) + Fc(csl} dx
o 2 € t=0

+J J S(Vyug) : Vyug dde—J
Q

J [Ace. — F(c.) dxdt <0,
0 0JO

as F/(1)(p. — 1) + Fo(1) is a constant of motion.
Since

2
é (Fe(po,c) = Fa(1)(po.c —1) — Fo(1)) S (?) ’

[pe, Ue, Cele~o admits energy bounds uniformly for ¢ — 0, and converge weakly to
some triple [p, u, c.
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Application: incompressible limit

We can write

2
& (Rlp) = R -1 =R 2 (250 4 0 ET= qg

Using the boundedness of the energy
pe(t,-) = 1in L'(Q) uniformly in t € [0, T]. (16)
Passing to the limit in the equation of continuity,
divyu = 0. (17)

It remains to identify the couple [u, c] with the solution [U, C] of the limit,
incompressible model. We use the relative energy inequality with r = 1, and
[U, C] solution of the incompressible NSAC.
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Application: incompressible limit

I T L HT e A
& (p,u,c ’U, C) 7L [2p|u U|© + 2|VXC VC]

25 (Folp) = 1) (p 1)~ Ful1)]| ax

c u)]t::+rj [S(qua) L (VU — V,U) + uﬁ} dx dt
0JO

t=

85 (pEVCErui
T
S—J' J [Fo(ce)divyeu, + pe Fl ()] dxdt
Q
T
+J J [pe(U—u.)-0:U+p.u, - (U—u.) V,Ul dxdt
Q

T T 1
,J J (VxCce ® Viee) : ViU dxdt+J J 9;=|V,CP dxdt
Q 0lJa 2

T

+J J 0:(AC)c: dxdt+J
Q

J AXC[Hafus 'VXCS} dx dt,
0JO

He :Axcs - Fé(ce)-
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Application: incompressible limit

Using the same treatment for the convective terms, we get:

e (perceuc [c, u)]':TJr 1r JQ [(5(,00) ~ S(V,0) £ (Vo — V,0) +122] dxa

t=0 2 Jo

T
< *J J [Fe(ce)divyeu, + peFl(c:)] dxdt
(o]

+ (U—u.) - (—V,IT—divy(V4C ® V,C)) dxdt
0Ja

— (VxeC: ® Vyee) : VU dxdt

0JO

+ 0:(AxC)c. dxdt+J J AxC e —u - Vyc.] dxdt
0JO 0JO
T 1 2 T

n %~|V,CP dxdt+c | €. (pE,CE,UE c,u) dt.
0JO 2 0

(18)
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Application: incompressible limit

The only term different to the weak-strong uniqueness case is the one in

VTl — V,Fo(C):
c, U)}: sj: e (pe.ccouc

+JTJ (U—u,) - Vi (IT—F,(C)) dxdt.
0Ja

[Sg (ps, Ce, U

c, u) ot

From the assumptions on the initial conditions &, (pe, Ce, U,
e — 0.
Using the continuity equation we also have:

C, U) (0) > 0as

T t=1

JTL(U—UE) SV, IT dxdt:—J

J (1 —p)u, - V,IT dxdt — U p. 1T dx}
0 0 Ja a

t=0

+J J psa,ﬁ dx dt,
0Ja

with T = IT— F,(C) and this term converges uniformly to 0 over T € [0, T].
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Application: numerical abbroximation

Application: numerical approximation

Work in collaboration with Eduard Feireisl and Bangwei She:

1. Discretise the problem by a stable and consistent scheme

2. Prove that the numerical solutions converge to a dissipative
weak solution and thus, by the weak-strong uniqueness principle,
prove the unconditional convergence to a strong solution if the later
exists
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Starting point:

T. Karper: A convergent FEM-DG method for compressible Navier-Stokes
system, 2013 (y > 3)

E. Feireisl and M. Lukacova-Medvid'ova: Convergence of a mixed finite
element—discontinuous Galerkin scheme for the isentropic Navier-Stokes system
via dissipative measure-valued solutions, 2018 (y > 1)

Here and hereafter we suppose that

p € C[0,00) N C?(0,0), p(0) =0, p’(p) > 0forp >0;
the pressure potential P determined by P’(p)p — P(p) = p(p) satisfies P(0) = 0,

and P — ap, ap — P are convex functions for certain constants a > 0, a > 0,
(19)

which implies that there exists y > 1 such that

P(p) > apY forsomea>0andallp > 1. (20)
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Application: numerical abbroximation

Mesh

Let T be a regular, periodic and quasi-uniform triangulation of
d

Q= (1 1ln)

Notation:

@ O = UkerK. For any element K we denote |K] its volume and hy its
diameter. h = maxgc hk is the size the mesh.

@ ¢ the set of all faces, &(K) the set of faces of an element K € 7. By |o] we
denote the volume of the face o € €. Note that each o € € is an interior
edge due to the periodicity assumption, i.e., there exist two different
elements K € Tand L € T such that c = E(K) N E(L) for all o € &, which
we often note o = KIL.

@ For each face o € &, we denote by n its outer normal vector. If o € £(K)
(resp. E(L)) we write it as nk (resp. ny).

@ Assume |K| ~ h? and |o| ~ h® ' forall K € Tand o € €.
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Application: numerical abbroximation

Function spaces

PL(K) the space of polynomials of degree not greater than { on K for
d—dimensional vector-valued functions.

Qn={ve L'(Q)lv € PYUK) VK € T},

Vi ={v € L2(Q)|vg € PL(K) VK € ‘I;J [[v]ldo =0 Vo € €},

o

Xp ={v € 2(Q)|vk € P}(K) VK € T},

where
vr(x) = lim v(x+8n), v(x) = lim v(x—dn),
vl (x) = W (V] = veU (x) — vi(x)

whenever x € 0 € €.
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The associated projection operator for @y, is:

na: L'(Q) = Qy,

where

ﬂ,?¢=Z1K(X)JK¢dx, 1K:{1 if x € K,

= K 0 otherwise.

We shall frequently use the notation $ =T%4. For any K € T we denote:

Vivlk = ViV, divaulx = div,ulx

forany v € Vb U Xi, U € Vi,
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Application: numerical abbroximation

Discrete Laplace operator

For any v € X}, we define Apv € W, :={v € X} fQ v dx = 0} such that

—J Apv w dx = B(v,w) forany w € W, (21)

Q

Blv,w) = J Vav-Vaw dx+ZJ (wiin - (Vv + [Vlin - {Vw} + 2 (V)W) do,
oeé

where cg > 0 is a sufficient large constant to ensure the coercivity. The following
identity holds:

B(v,v—w) = %B(v, V) — %B(W, w) + %B(v— w, v —w).

Furthermore, we define the following seminorms

VI = 19w + 3 || (s O+ UV?) o, 1 = B(v, ),

Q<3

and [[[v[[l = [[|v]ls-
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Application: numerical abbroximation

Diffusive upwind flux

Given v € V,, the upwind flux for any function r € Qy, is specified at each face
o€ by

A 1
Uplr,Vlle = r"®vo -n=r"v,-nl" +r°" v, -nl~ ={r} v, -n— E‘VU -nl[r],

where

injfv,-n >0,
_H;lfl and rup:{r i 0

1
Vo= — | vdo, [T =
7 ol L o 1 revt jfvg -n < 0.

Diffusive numerical flux:

FyP(r,v) = Uplr,v] — h*[[r]], e > 0.
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Application: numerical abbroximation

Numerical scheme

|| Dioton ax— 3 | Eproh upiondo =0, vy € Oy
Q

cee’?

L Di(puf) - @n dx — ZJ

cee’®

F2 ok, ul) - (@3] do + v J Vot : Vagn dx
Q

+nJ divpuldivye, dx :J pldivy@p dx+J (fK — Apck)Vick - @p dx, Yon € Vp;
Q Q Q

J (Dl + uf - Ve )y dx :J (Anch — f)Wn dx,  Viby € Xp,
Q

where D,vf = - V" "forallk =1, . Nr, pf=p(pf),n=22v+A>0and

2(ck+1) if ¢k € (—o0, —1),
=< (ch)® — k=t ik e [1,1],
2(ck—1) if ck € (1,00).
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Application: numerical abbroximation

Some estimates

Lemma (Sobolev inequality)

Let r > 0 be a function defined on QO C RY such that

0<CM§J

r dx, andJ rY dx < ce fory > 1,
Q

Q

where ¢y and ce are some positive constants. Then
valaay S CUIVavalZ ) + L .

forany v, € Vh,and1 < qg<6ford=38,1<qg< o ford =2, where
c = clewy, ce).
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Application: numerical abbroximation

Stability

Conservation of mass:
J pde:J phT dx:m:J' p?,dx:J nﬁpodx=J po dx,Vk=1,... Nr.
Q Q o] Q o]

Discrete energy balance: Let (pk, uk, ¢&) satisfy the numerical scheme, then:

1,152 1
D[ Jo[ul] -+ Ptoy ax-+ o (| Fich) ax+ Jilc)
Q QO
+ V[ V|| +mnlldivaug)|2 + || Dick + ufy - Viekl|22 = —Doym,
where Dpum = 0 is the numerical dissipation

At _ - 1
Dnum = o JQ O}; 1\D1U2\2 dx + 5 Z L(Pﬁ)"p
ceé

o | (WS)2do+hs Y L {et}} (WE]1? do

ceé

+ 5 |, Pl axe |

> P (2)[[pk]I2 (ns T .n\) do
oc€e&

o
At K2 1 Koxy2 K[2
+ 5 Dkl | 1+ 5 (1) g +3(ch ’1\c‘m<1)]A"Drth| dx,

where ¢ € co{pk, pf}foranyc =K|LE €, & € co{pﬁ*1 ,pk}and cﬁ'* IS co{cﬁ71 Lok
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—12
uj;‘ € Q, and substract:

Idea of the proof: Take @, = uf € Vi, ¢y = 3

— 11—~ '
J Dy(ppuf) - uj dX—J Drpﬁé ‘Uﬁ‘ dx + V|| Vaup|2 +nlldivaug|2
Q Q

—ZJ

o

. 1|52
Fh”lof, ufll ]uz\ Jldo

F o f) - gl do— 3 |

o

[ cel
+J phdivaul dX+J (€ — Apck) ek - uf dx.
Q Q
‘/-\ 2
. Us 2 At —~2
J D[(phuhjk . u‘; — Dtpl,j— dx —J Dr< oy ‘uh ) + ?pﬁq u;}; dx.
Q
u - - u 1—
ZJ e
cee o
=3 X | e e i o 3| {(ot)} (6o

o€eé cee
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There exist £ € co{pk~", pk} and ¢ € co{pl, pk} for any o = K|L € & such that

J D:P(pk) dx+J p(pf)divyul dx
Q

Q
AtJ'
——5 | P ax- Y|
2 Jo o %

Take ¥, = D{C’;7 + Ug . th[,f, € Xp:

o

P () [pl12 (hﬁ bl n\> do <0,
J |D,cf,+uﬁ§-th2|2 dx:J (Apck — £ (Dyck + Ul - Viek) dx
Q Q
:J (Apck — FYUK - Wk dx — B(cK, Dyck) 7J fiDyck dx

Q o)
_ Ak—fk Lo kdle k27§ Dk2
= Q( Al — FOUS - Ve dx 5 el 2|H el

1 2
k k% k
—JQ DtF(ch)+[1+§(1W>1+3(ch )1 <) AL [ Dech]” dx.

Sum all the equations.
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Application: numerical abbroximation

Uniform bounds

Let (pp, Up, cp) be a solution to the numerical scheme fory > 1. Then:
ME < oy < 0 <
llealtn ot S 1, lenlliery ST, HPhUhHLM% S,
[Vaunllze S 1, [|divausllee S 1, (Unlleee S 1.0 [lenunllze S 1,
sup [[[enlll & sup lllen(t)llls S 1, [Ifallicorz = llenllioore S I1F(en)llioors S 1,
te(0,T) te(0,T)
llealliore S sup llleallls + [lenlloorz ST, [[Dech +Up - Vel 2z S 1,
te(0,T)
lAncrllize ST, [[Drenll 22 S 1.
wherep € [1,00), g€ [1,y) ifd=20rp=6,q= % ifd =3.
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Application: numerical abbroximation

Existence of a solution and positivity of the density
iven po >0. Forevery k = ., N7 there exists a solution

(p,,, u,,, ch) € Qpx Vh x Xpto the numerlcal scheme. Moreover, any solution to
the numerical scheme preserves the positivity of the density, i.e. pk > 0 for any
k=1,...,Nr.

Theorem (Topological degree theory, see Gallouét et al.)
LetM,N € N. Let C; > ¢ > 0 and C, > 0 be real numbers. Let

V={r,U)eR"xR"; r>0Vi=1,..., M}
W={(r,U) e R"xR";|U < Coande<ri<C/ Vi=1,..., M}
LetF:V x [0,1] — R x RN be a continuous mapping and:
@ e Wiff eV satisfies F(f, {) =0 forall € [0, 1];

@ Equation F(f,0) = 0 is a linear system w.r.t. f and admits a solution in W.

Then there exists f € W such that F(f,1) = 0.

v
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The idea of the proof is to construct a mapping J that satisfies the topological
degree theory. Define:

V = {(p}, U}) € Qn x My, pjy >0},
W = {(0f, U}) € Qn x Ma, US|l < Core < pfy < Ci},

where U% := (uf, k) € Vi, x X, = M}, and the norm ||Uf|| is given by
IUAII = [luflle + llehll -
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Next, for ¢ € [0, 1] and U* = (u*, ¢*) we define

F:Vx[0,1] = Qnx Mp, (oK UK, ) — (p*, U*) = F(pk UK, ),

where (p*, U*) is defined by:

[ o ax=] hPh g, ax—C Y | R ol v il do
Q Q <3
k—1Tk—1
IJ — u
J U*-(pth:J % (pth-FVJ V,,u,, V,,cphdx
Q Q o}

+Z,nJ divauldivaepy dx — ¢ Z J FuP phuﬁ,ug) [[@plldo
ceev?

—cJQp(pmdivm dx — cjﬂ(fﬁ — Anc)Vack - @n dx,
ok k1
J *Pp dx :J “h h py, dx+ cJ ul - kg dfo (Anck — ¢y dx,
Q o At Q Q
forany ¢ € Qpand @y X Py € My, where @y = (b1, ..., Pan).
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Application: numerical abbroximation

Consistency

Let (pp, up, cp) be a solution of the numerical scheme on [0, T] with At =~ h, e > 0 fory > 2 and
0<e<min{1,2(y —1—4d/3)} fory € (4d/(1+ 3d),2). Then

T T
~ | 0800 ax=| [ onort+ ppun- Vi) axat+ | enntt o)t
Q 0JO 0

—_ T
7JQ pJud - @(0,) dx = JO Iﬂ [PAUR - 9t@ + Pplp @ Up 2 Vi@ + ppdivee] dxdt,
T T
7VJ J Vaup : Vo dxdtfnJ J divpupdivy e dxdt
0JO 0JO

T T
+J J (fa — Apcn) Vheh - @ dX+J e p(t, @)dt
0 JO 0

T T
=] B ax=[ [ chdnb—un- Vacn -+ (Apeh— )0 axdt+ [ espltw)at
Q 0JQ 0

Vb, @ e CE([0,T) x Q), b e CLo,T) x Q) with || < hB forsome p > 0.

Ollt oy
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