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Heterogeneous Catalysis



Hastens chemical reactions by lowering the activation energy through

alternative mechanisms/pathways

e Homogeneous, e.g., acid-catalyzed reactions
e Heterogeneous, e.g., use of solid catalysts in liquid solutions
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Figure 1: Potential energy diagram for X + Y — Z



Heterogeneous Catalysis

e Catalyst is of a different phase than reactants or products

Steps in a Heterogeneous Catalytic Reaction

7. Diffusion of B

from external
1. Mass transfer of
7\  surface to the bulk
Ato surface :
fluid (external
R = A A, diffusion)

2. Diffusion of A from
pore mouth to

internal catalytic

6 surface

6. Diffusion of B
from pellet interior
to pore mouth

2
3, Adsorption of
A onto catalytic
surface
3

)
""""""""""""""""" T
/ from surface
4

—

A—B
4. Reaction on surface

Catalytic surface

Figure 2: Model for heterogeneous catalysis



Related literature

e Hornung and Jager (1991): Stokes equations coupled with
reaction-diffusion-advection-adsorption equations, reaction occurs on
the surface of the catalyst

e Gahn, Neuss-Radu, Knaber (2016): reaction-diffusion systems in
two-component porous media with nonlinear flux conditions

e Gahn, Neuss-Radu, Pop (2021): reaction-diffusion-advection
equation in evolving microdomains



Problem Formulation



e Catalysts are uniform and have smooth boundary

e Catalysts are not fixed, i.e., they move together with the fluid
e Movement of fluid and catalyst is assumed to be known a priori
e At time t = 0, the catalysts are arranged periodically

e Moving domain is described by a diffeomorphism that assumed to be
as smooth as necessary, e.g., smooth enough to justify change of
variables, necessary regularity of coefficients in PDEs, etc.



Figure 3: Model of a reactor with catalyst particles at time t=0



Oive — DEAvV. +u. - Vv, =0, in F.(t)
Onve =0, on 0Q

DrOpve = DsOpw., on (1)

DeOpve + ae (v — w.) =0, on I'.(t)
O¢we — DsAw, + rw. = 0, in S.(t)
ve(0) = v, 0, in F-(0)

w.(0) = we o, in 5.(0)



Fixed domain problem

The diffeomorphism between the Q(t) to €(0), is obtained by solving:
9 X(t,y) = b (t, X:(t,y)) tc(0,7)
X-(0,y) =y, yeqQ,
where b. is:

e equal to the solid velocities in S.(t)
e equal to 0 outside a neighborhood of S. ;(t)

e smooth and divergence-free

- Z By (1) (Ven(t,-) - (L () + Mci(t) (- — h-i(t)))) (x).



Roughly, X. is

e the identity away from the solid catalysts
e a rigid transformation in the solid domain

e a smooth-volume preserving “glue” in between

Remark
Observe that, one can instead use the known velocity, u., to construct

the mapping, i.e., we solve

O Xc(t,y) = u- (t, X:(t,y)), te(0,7)
X(0,y) =y, y e
However, to guarantee that X. has the necessary regularity, requires that

u. must also be regular. We found it more reasonable to assume that the
solid velocities instead satisfy this.



Using the diffeomorphsim, we can map the problem to a fixed domain.

Orve —div (AZVv.) + Ul - Vv, =0, (0, 7)x F.

ASVv. - n =0, (0, T) x 89

AEVv. -n=AsVw.-n, (0,T)xT.

FVve -n+ . (ve —w:) =0, (0, T) x T,

dew. — div (ASVw.) — U? - Vw. + rw, =0, (0,T) xS
v-(0) = v 0, in F.

w.(0) = we g, in S,

where

AZ(t,x) := DEV X (t, x) VX T (t,x)1£ (x),
AL(t,x) == DsV X (t, x)VXT(t,x)1s.(x)
Ul = (VX)) (00 X — 0:X:)
U2 = (VX)) ' 0:.X.

10



We say that (v., w.) are weak solutions to the fixed domain problem if,

for every test function (¢, ), we have

/OT/FE (atv5+U€1-Vv5)g0+/OT/SE (8tWE_U3'VWE)1/)
+/T/ AEFVVE-w+/OT/SEA§vWE.v¢+/OT/SErWE¢
~ [ -,

and v.(0) = v. o and v.(0) = v, 0.
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We have the following result:
Proposition

Let (v, w.) be the weak solutions of the fixed domain problem. Then if
X. has sufficient regularity, the functions V. := v. o X, and w, := w o X,
are solutions to our problem in the noncylindrical domain.

Remark
Note that it is important that the time derivatives of the solutions are in

L2 rather than in the dual of a Sobolev space. This allows us to do a
straightforward change of variables between the fixed and moving
domains.
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Well-posedness




To establish existence, we construct approximate solutions by solving
successively a sequence of steady-state problems.

Indeed, we let N € N and k := . We set v0 := v. o and w0 := w.q.
We then solve:

m__ ,,m—1
= —div (ARVV) + UET VT =0, in F.
A"V n =0, on 99
ARV n=A"VwW -n, onT.
A"V n+a. (v —w) =0, onl.
wm — Wm—l
——— —div (A5Vw) - U™ .- vw™ +m =0, in S.,
where
AR"(x) == Ag(mk,x), AI"(x) := A5(mk,x),
and

. 1 fmk .

uim ::f/ Ulde, i=1,2
k J(m-1)k
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The approximate solutions are then defined as:

N
Ve k(t,x) = Z V(X)L [(m—1)k,mk)(t)

N
we k(t, x) == Z W () Li(m—1)k,mi) (t)

N
We i (t, x) == Z

st = 3 (7300 + T iy} 14 )
(

W) 4 ) e (X)(t—mk)) L1y (8)
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From estimates on the approximate solutions, we have that, up to a
subsequence, the following convergences hold:

Ve k — Ve, wk — L2 (0, T: H! (FE))
Wk — W, wk — L2 (0, T; H* (S.))
OtVe g — Ove, wk — L? (0, T; H (F.)")
OeWe g — OpWe, wk — L* (0, T; H (5.)) .

One can then show that (v., w.) are our desired solution. Indeed, we have

Theorem

There exists a unique weak solution (v., w,) to the fixed domain problem.
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As mentioned previously, in order to have the correspondence between
fixed and moving domain solutions, we need the time derivatives to be in
L2. Indeed, we have shown

Theorem
Suppose that (ve o, w: o) € HY(F.) x H*(S.). Then
Oeve € L2(0, T; HY(F.)) and 8,v. € L% (0, T; H(F.)).

Remark
Uniqueness and stability follow from the estimates.
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Homogenization




Motivation

e Heterogeneous behavior can be very complex.
e Is it possible if there is a simpler model that solutions tend to?

l retentate permeate [ Tetentate

permeate
—

packed bed vith
support and
catalyst

membrane |
bubbles

membrane —

FIXED BED FLUIDIZED BED

Figure 4: lllustration of fixed bed and fluidized bed reactors
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Classical example

Suppose A is a bounded Y — periodic function, f € L?(Q). Consider,

div (A (E) Vu€> —f, inQ
u. =0, ondQ

Its weak formulation is given by:
/ A (i) Vu(x) - Vi(x) dx = / f(x)e(x) dx,
Q € Q

for all ¢ € H3(Q).
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Classical example

We know that
ue — ug  weakly in H}(Q)
A() = A (g) — My (A)  weakly in[3(Q)
However, it is not true that
ANVu, — My (A)Vuy weakly in L3(Q).
In fact, ug is the unique weak solution of

—div (AgVuwp) =1, inQ
up =0, on 092,

where a = STV |Y|! [, (a7 — a*d,, x;) dy and x;'s are solutions to a
unit cell problem.
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Two-scale convergence

Definition
Let Q and Y be bounded open sets in R”, and T > 0. A sequence {u}

in L2((0, T) x Q) is said to two-scale converge to a limit
uel?((0,T) x Qx Y)if

-
. X
6||_rn)/0 /Que(t,x)qﬁ (t,x, ;) dx dt

1 T
:m/o /Q/YU(t,X>Y)¢(t,X,y)dydxdt’

for all ¢ € L2((0, T) x Q; Coer (Y)).
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Two-scale convergence

Proposition
1. Every bounded sequence {u.} in L>((0, T) x Q) has a two-scale
convergent subsequence.

2. Let {uc} be a bounded sequence in L? ((0, T); H*(S2)). Then there
exists uy € L* ((0, T); H'(Q)) and uy € L2 ((0, T) x Q; Hp.,(Y))
and a subsequence, still denoted by u., such that

Ue — U in the two-scale sense,

Vue = Viug +Vyu in the two-scale sense.
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Two-scale convergence

Definition
Let {u.} be a sequence such that u. € L2 ((0, T) x I'.) for each € > 0.
We say that u. converges in the two-scale sense on the surface I'c to a

limit uo € L2((0, T) x Q x I) if

Ime/ / uc(t, x)¢ tx )dS dt
:/0 /Q/ruo(t,x,y)¢(t,x,y)d5ydxdt,

for all ¢ € L2((0, T) x Q; Cper(I))-
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Two-scale convergence

Proposition

Let {u.} be a sequence of functions such that u. € L%((0, T) x ') for
each € > 0. Suppose \/€||uc|12(0,7)xr.) < C for some constant C > 0,
independent of €. Then a subsequence exists that converges in the
two-scale sense on ..
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Two-scale convergence results-fluid part

Theorem

Let v¢ be the fluid solution and V¢ be its zero extension. Then, there
exist v € 12 (0, T; H'(Q)) and v! € L2((0, T) x Q; Hp(Y)) such that,
up to a subsequence, the following holds

Ve — VO, in the two-scale sense
Vve = V? + Vyv1 in the two-scale sense
ve|re = V0 strongly in the two-scale sense on I,
D¢ — | Y| 9,0 weakly in L*(0, T; (H*(Q))")
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Two-scale convergence results-solid part

Theorem

Let w® be the solid solution and w€ be its zero extension. Then, there
exists w0 € L2((0, T) x Q) such that, up to a subsequence, the following

holds
W€ = Xvs w? strongly in the two-scale sense
Vw® —0 in the two-scale sense
wé|re = wP strongly in the two-scale sense on I,
0w — | Ys|0pw® weakly in L*(0, T; (HI(Q))*)
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We make the assumption
’ FUS) (¢ 5 X\
/ /’Af(/s)(t,x)—AO (t,x,—)‘ dxdt =0, ase— 0,
0 Ja €

This is crucial because two-scale convergence requires the use of special
test functions.

In the classical example, periodicity and boundedness assumptions on the
coefficient matrix allow us to use directly two-scale convergence to take
limits.
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As a demonstration of the use of this assumption, we have

T
/ / (AF(t, X)Vve(, x) - V (e (x)) €(£) o dt

0 JFe

T
_ Sve . AF X X
_/0 /vi AF (15 5) 7 (000N, (%) deae \f
T
Yve. (AF _AF X X
+/O /QVV (Ag(t,x) Al (t,x,g))V(apg(x))C(t)xyF (8) dx dt

T .
l»/ // AL (%) (Vr2(8,%) + V2 (8, x, ) -
o JaJve

(V(x) + Vo' (x,y)) C(t) dy dx dt.

27



Another key point is, because Ys is compactly contained in Y, one can
show that
Vw. — 0 in the two-scale sense.

This, then leads us to conclude that the limit function w° solves an ODE.
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We summarize these results, together with the results for the fluid
solution in the following theorem:

Theorem

0

v0, vl and wP are the the unique weak solutions of

divy (A% (t,x,y) (VV2(t,x) + Vyvi(t,x,y))) =0, in(0,T)xQx Y
| YE| AP — divx</ A%(t,x,y)(vxvo(t,x) + Vyvl(t,x,y)) dy>
\
= || (av®(t,x) — Bn°(t,x)) in (0, T) x Q
|

9ew® + rWO(t, x) = y (5W (t,x) — aVo(th)) in (0,T) xQ
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Other results

We also have a corrector result.

Theorem

The following holds:

// |VE—VO|2+/T/ e — wel?
//e

ase — 0.

Vve(t,x) — Vwo(t, x) — vv(tx,)‘
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e Note that the Sobolev compactness theorem does not hold for {v.}
since they are not in H*(Q).
o Alternatives:
e Sobolev extensions (Gahn, Neuss-Radu, Knaber 2016), (Cioranescu,
Saint Jean Paulin 1979)
e Extensions of the Rellich theorem in perforated domains (Allaire,
Murat 1993)
e In our result, we used the fact that (v., w.) are solutions to a PDE
to give us the strong convergence.

error ~ products of two-scale convergent sequences
~ terms that go to zero

+ terms that are asymptotically nonpositive
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We consider the case when the solid velocities satisfy ||Us . ||oc ~ € for
some o > 1.

In this case, one can show that ||b. |« ~ &® and ||Vb.| ~ 1.

Thus,
VX.(t,y) = elo Vhe(s:Xe(s) ds,

And hence,
VX. =1, inl>*(0,T)xQ).
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The limit problem then reads as

div, ((Vxv2(t,x) + Vyvi(t,x,y))) =0, in(0,T)x Qx Y
| Ye| 0pv° — divx</ De(VxV°(t, x) + V,vi(t, x,y)) dy)
Yr

=l (avo(t, x) — 6W0(t,x)) in (0, 7T) xQ
oew® + m(t, x) = |F5|| (ﬁwo(t,x) — avo(t,x)) in (0,7) xQ
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We consider the case a similar case as previously but now with & = 1 and
the solid velocities are assumed to be periodic in space, i.e., the motion is
the same for each cell but are not necessarily periodic in time.

In this case, one can show that
b.(t,x) =¢€b (t, g)
X.(t,x) =¢eX (t, i) ,
€

where b is the extension of the solid velocity in the unit cell to the whole
cell and X is the diffeomorphism obtained from b.
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So that the coefficient matrices satisfy
F _ 20 X T(, X —1(, X
AF(t,x) = AL (z; 6) — D)7l ( ) (VX)) ( 8) (VX) (t, 8)
S(ex) = A2 (1. T (25 (vx) (1
AS(t,x) = A2 (t, 6) — Dsilyy ( ) (VX)~ ( 6) (VX) (t, 5) .
. Here, the limit problem reads as
divy, (AX(t,y) (VV2(t, x) + Vyvi(t,x,y))) =0, in (0,T)x Qx Y¢
| YE] 90 — divx</ A(,)_-(t,y) (vao(t,x) + Vyvl(t,x,y)) dy)
Yr
=T (avo(t, X) — ﬁwo(t,x)) in (0, 7) xQ

iUl (ﬂwo(t x) — avO(t, x)) in(0,T)xQ.

Aew® Ot
cw” + o (t, x) = Vel

Note that A?_— is not the identity matrix since VX is not an orthogonal
matrix nor the identity matrix.
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Future Work




Future work

Steps in a Heterogeneous Catalytic Reaction

7. Diffusion of B
from external
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from pellet interior
to pore mouth

2
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4, Reaction on surface

Catalytic surface

Figure 5: Model for heterogeneous catalysis
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