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M O t i Vat i O n Baustatik und Baudynamik

Toy problem, Problem statement
Cost function: . b € R"
E:R" =R, Ex)=(x+b)"A(x+b
() = ) AL ) AcR™ and AT = A

Constraints:
xeR" st. x'x=1

Solution: X" = arg{ IIEliRH E(x), where x € R" s.t. x'x = 1}
X n

,Cconstrained optimization on an unconstrained space”
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Motivation

Baustatik und Baudynamik

Toy problem: Lagrange multiplier approach

Cost function:
E:(R"R) >R, E(x\ =Ex)+AxTx-1)

Solution:  {x",A"} = arg{max min (x,A)}

« Dimension increase of the search space

* Minimization problem - Saddle-point problem
« Allows general constraints

» Simple linearization
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M O t i Vat i O n Baustatik und Baudynamik

Toy problem: Penalty

Cost function:
E:R" =R, E(x)=Ex)+cxTx—1)?

Solution: X = arg{;rel'ﬁgl E(x)}

» Dependence on artificial parameter
» Simple linearization

» General constraints

* Problem structure retained
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Motivation

Baustatik und Baudynamik

Toy problem, Parametrization of the manifold

Spherical coordinates [edit]

Cost function:

We may define a coordinate system in an 7-dimensional Euclidean space which is ar

= of a radial coordinate ', and n — 1 angular coordinates ¢, ¢, ... ¢,,—|, where the an,

.-l T _
E . R — R’ E (QO) — E(X((p) ) [0,360) degrees). If x; are the Cartesian coordinates, then we may compute X7, ... X;,

x1 = rcos(pr)
zy = rsin(py) cos(pz)
x5 = rsin(p;) sin(p2) cos(es)

T . _ T Za 1 = rsin(py) < sin(pn 2) cos(n 1)
Solution: Y = arg{goénﬂéfl E(‘P)} . :rln@fi)...im(in,i)iff(inj).

WIKIPEDIA: N-SPHERE

First order conditions: ' \

...lengthy... | /

* Involved linearization Sea s

» Possibility of introducing singularities

* Problem structure retained

» Solves the problem on the ,correct” design space
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https://en.wikipedia.org/wiki/N-sphere
https://en.wikipedia.org/wiki/Hairy_ball_theorem

Motivation

Baustatik und Baudynamik

Toy problem xeR?> E:R"—=R, Ex)=(x+b)'A(x+b)

126 16.23 0.53
A= [16.23 —14.92] , b= {

1.65
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Motivation

Baustatik und Baudynamik

Toy problem: Newton’s method

Algorithm 1: Classic Newton in vector spaces 52 E(x)

Goal : Find stationary point of E(x) € R", i.e. find x such that Hess E(x) =
grad F(x) = 0.

input : Initial iterate xg JE(x)

output: Converged solution: x* grad E(x) = Ix

1 while || grad E(x})|| > tol do

2 Hess F(x;)Axy, = — grad F(xy)

3 xFHl = xF 4 Axy,

4

5

k+—k+1
end
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Motivation

Baustatik und Baudynamik

Toy problem: iterations of the Lagrange multiplier approach
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Motivation

Toy problem: iterations of the penalty approach
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Motivation

Toy problem: iterations of the coordinate approach
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Motivation

Toy problem: number of iterations vs. gradient norm comparison

Baustatik und Baudynamik

|— Lagrange multipliers Spherical coordinates — Penalty|

University of Stuttgart, Institute for Structural Mechanics
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Motivation

Baustatik und Baudynamik

Toy problem: Presented method

Linearization

Singularities @
Search space @
Minimization @
©

Costfunction: E:S8" ! SR, E(x)=(x+b)TA(x+b) xes*!

lterations

OOOOO
OO
OO0 OO

Solution: x* = arg{ n%m 1 E(x)} ,2unconstrained optimization on a constrained space*
xeon

* Not appropriate for all constraints
* More theory, but nice theory
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Optimization on Manifolds

Baustatik und Baudynamik

Literature

ABSIL PA, MAHONY R, SEPULCHRE R (2008) OPTIMIZATION
OPTIMIZATION ALGORITHMS ALGORITHMS ON MATRIX MANIFOLDS. PRINCETON UNIVERSITY PRESS,
: })_ MATRIX MANIFOLDS D0I1:10.1515/9781400830244

BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS. AVAILABLE ONLINE, LINK

P.-A. ABSIL, R. MAHONY & R. SEPULCHRE
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https://doi.org/10.1515/9781400830244
http://www.nicolasboumal.net/book

Optimization on manifolds

Update of design variables
Riemannian gradient / Hessian
Riemannian Newton
Simulations

Other manifolds

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Problem statement

fx): M =R

min f(x)

McCR"

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Baustatik und Baudynamik

Steepest descent in vector spaces

f:R*—R  minf(x)

v:R—>R"

v(t) = x), — tgrad f(x)

RTL

Axp = —agrad f(x)

Xp1 = Xg + Axy,

University of Stuttgart, Institute for Structural Mechanics 17



Optimization on Manifolds

Baustatik und Baudynamik

Steepest descent on manifolds A

f(x): M —=R
Axyp = —agrad f(xz)
Xpr1 = Xg + Axk\

1. How to obtain y(¢) ?
2. How to update x; ?
3. How to obtain grad f(xy) ?

University of Stuttgart, Institute for Structural Mechanics 18



Update of
design variables




Optimization on Manifolds

Baustatik und Baudynamik

Update of design variables in vector spaces

Xp41 = X + Axg

RTL
v:R—>R"

’Y(t) = x;, + tAXy

O~ (t
0o
?y(t)

Ot2 =0

University of Stuttgart, Institute for Structural Mechanics 20



Optimization on Manifolds

Update of design variables
X + Axy € M

Geodesics generalize the concept of straight lines
¥:R—>M

Baustatik und Baudynamik

The exponential map creates the unique geodesic curve starting at x; in direction Ax;, with constant speed

v(t) = expy, (tAXy) I Xj41 = eXPy, (Axy)

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Update of design variables

ABSIL PA |, "OPTIMIZATION ON MANIFOLDS: METHODS AND APPLICATIONS", LEUVEN, 18 SEP 20009.

Luenberger (1973), Introduction to linear and nonlinear programming.
Luenberger mentions the idea of performing line search along geodesics, “which
we would use if it were computationally feasible (which it definitely is not)”.

Generalize the concept of the exponential map - Retractions

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Update of design variables
Retraction

X + Axy € M

Minimal requirements
Ry, : Ty M — M

Ry, (0) = Xy
aRXk(giAxk) = Axg,  Ax; € Ty M
t=0

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Baustatik und Baudynamik

Update of design variables
Retractions for the unit sphere

sin (]| Ax]) X+ Ax
RIP(AX) = expy (Ax) = cos(||Ax||)x + ———— AX RIM(AX) = — —
() = exp(Ax) = cos([[ Al + T 8 (A = A
AXGTSnan X+AX¢S”’
Rn-{—l >@

. x+Ax
R (A%) = 55 ax -

Rx (AX) = X COS HAXH 4 AXsllﬁli‘TH

University of Stuttgart, Institute for Structural Mechanics 24



Optimization on Manifolds

Update of design variables
Retractions for the unit sphere

Taylor expansions coincide up to 2"d order

sin(||Ax]}) I
RIP(Ax) = cos(||Ax||)x + ——Ax =x+ Ax —
| Ax]] 7
Ay X TAX [1xI?
R (AX)—||X+AX|—X—|—AX 5 X+ ..

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Baustatik und Baudynamik

Riemannian Gradient
Introduce chart

f(X) R"OM—=R gradf(x(cp)) = 8£S:) g—j;ei; ! [1: :m]aj = [1: 7”]
JAC(‘P) :R™ = R grad}((p) = 8}(99) e;, 1=1I1,...,m]
I(x()) = () il

Example:

xeS*n=3m=2

z' = cos 901 sin 902

2? = sin cpl sin goz

2® = cos ¢?

« Chart necessary
» Possibility for singularities
 Involved linearization MCR

University of Stuttgart, Institute for Structural Mechanics 27



Optimization on Manifolds

Baustatik und Baudynamik

Riemannian Gradient
Definition of the Riemannian gradient

D73 ] = iy 1) = I

x,v € R"”

x e M,ve TyM

Exploit retraction to lift the function

A

FiM—oR  Jf=foRe: kMR

f(n) = [(Rx(n)), m€ TxM

ABSIL PA, MAHONY R, SEPULCHRE R (2008) OPTIMIZATION ALGORITHMS ON MATRIX MANIFOLDS
BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS.
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Optimization on Manifolds

Optimization on Riemannian submanifolds
Exploit embedding of the manifold

R” Pem e (LM)*
T PX . Rn — TxM

e me n € ToaM Pt :R" — (TueM)*t

Decompose using projections n = Pxn + Pyn

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Baustatik und Baudynamik

Riemannian Gradient: submanifolds

Exploit embedding of the manifold
fx):R"O>M =R f(x):R" - R

ne LM f‘\
’
(grad f(x),n) = (grad f(x),n) ’ @.
(Py(grad f(x)),n) + (Py (grad f(x)),m) = (grad f(x),n)

(Px(grad f(x)),n) = (grad f(x),n)
Px(grad f(x)) = grad f(x)

Details: Metric of embedding space

University of Stuttgart, Institute for Structural Mechanics 30



Optimization on Manifolds

Riemannian Gradient: submanifolds

grad f(x) = Py grad f(x)

No charts
No artificial singularities
Simple linearization

University of Stuttgart, Institute for Structural Mechanics
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“For Riemannian submanifolds, the Riemannian
gradient is the orthogonal projection of the “classical”

gradient to the tangent spaces.”
BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS.

grad f(x)

McCR"
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Optimization on Manifolds

Toy problem: gradient and Riemannian gradient

E:S' SR, E(x)=(x+b)TA(x+Db)
E:R*5 R, Ex) =(x+b)TA(x+Db)
o _

grad B(x) = =2A(x+Db)
0x grad B(x) = 2PxA(x + b)
P,=1- xx !

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Toy problem: gradient and Riemannian gradient

~J A

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Riemannian Hessian: submanifolds

Introduce chart ~ Of(x) 92
grad f(x(¢)) = B &Oie@

f(x):R" DM —=R
fl@) :R™ 5 R

_ 0*f(x) 027 OaF

- Hess f(x(¢)) =
f(x(p)) = f(¥)

« Chart necessary
« Potential for singularities
« Involved linearization MCR

« Bad conditioning of the Hessian
University of Stuttgart, Institute for Structural Mechanics
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Christoffel symbols

/

of(x) 0%z

D230z Dt D! ©

drd Dpidp!

e; ¥ e

Example:

xeStn=3m=2

z' = cos 901 sin 902

2? = sin cpl sin g02

2® = cos ¢?
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Optimization on Manifolds

Baustatik und Baudynamik

Riemannian Hessian: submanifolds
Definition of the Riemannian Hessian

D grad f(x)[n] = ?E& gfadf(Rx(t“ﬂg) — grad f(x)

n e TxM

Exploit retraction to lift the function

fiM—2>R  F=foRe: ThM >R

ABSIL PA, MAHONY R, SEPULCHRE R (2008) OPTIMIZATION ALGORITHMS ON MATRIX MANIFOLDS
BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS.
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Optimization on Manifolds B, A

Riemannian Hessian: submanifolds

1. Exploit embedding of the manifold to lift function f(Rx(n))
v' = DRx(0)[tn] = tn

2. Taylor- expansion f(tn) = f(x) + (grad f(x),y') + (Hess f(x)7',¥') + (grad f(x),¥") + O(t%) 7" = D? Ry (0)[tn)]
3. Equating terms

(Hess f(x)n,m) = (Hess f(x)n,m) + (grad f(x), Dy Rx(n))
Hess f(x)n = Py Hess f(x) Pxn + Wy (n, P+ grad f(x))

“[...] This shows that, for Riemannian submanifolds of
Euclidean spaces, the Riemannian Hessian is the
projected Euclidean Hessian plus a correction term
which depends only on the normal part of the Euclidean

gradient.”
BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS.

Details: Connection, Levi-Civita-Connection, Parallel transport, vector transport, Weingarten map, shape operator, second order retractions,...

University of Stuttgart, Institute for Structural Mechanics 37



Optimization on Manifolds

Baustatik und Baudynamik

Toy problem: Hessian and Riemannian Hessian

E:S' SR, E(x)=(x+b)TA(x+Db)

E:R*5 R, Ex) =(x+b)TA(x+Db)

grad B(x) = Z_E =2A(x+b) grad E(x) = 2PxA(x + b)
X
P,=1- xx '

_ O%E _
Hess E(x) = Il 2A Hess E(x) = 2Px AP, — (x! grad E(x))I
Wi (n.2) = —nx"z = 9P, AP, — 2xT(A(x + b))I

« Simple linearization
* No artificial singularities

University of Stuttgart, Institute for Structural Mechanics 38
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Motivation

Baustatik und Baudynamik

Riemannian Newton

- Classic optimization | Optimization on Riemannian submanifolds

Update Xp4+1 = X + Axy, X1 = Ry, (Axy)
Gradient grad f(x) grad f(x) = Py grad f(x)
Hessian Hess f(x) Hess f(x)n = Py Hess f(x)Pxn + Wx(n, Py grad f(x))
Algorithm 1 Riemz'mnian Ne.wton . |ngredientSI
Goal : Find stationary point of £ : M — R, i.e. find x such that
grad E(x) = 0. . —
input : Iélitial iterate xg RX : TXM — M HeSS E(X)
output: Converged solution: x* . n _
1 while ||grzid J)E'/_(\xk}H > tol do ) PX PR = TXM grad E(X)
2 Hess F(x)Axp = — grad E(xp 1
3 xfs“+1 :I;xk(.&'l;k) ’ WX : TxM >< TX M _> TxM
a ke—k+1
5 end

University of Stuttgart, Institute for Structural Mechanics 40



Optimization on Manifolds

Toy problem: Exponential map

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds

Baustatik und Baudynamik

Toy problem: Radial return

3 |

University of Stuttgart, Institute for Structural Mechanics 42



Optimization on Manifolds

Toy problem: Newton’s method, iteration count vs. gradient norm

Baustatik und Baudynamik

Spherical Coordinates method == Using Exponential map

Radial return normali uperior to exponential map

Hiteration

T ‘ T T T ‘ \ ‘ I ‘ T
4 s 3 10 12 14

|— Lagrange multipliers — Spherical coordinates/(Manifold+Exponential map) — Penalty — Manifold+Radial return|

University of Stuttgart, Institute for Structural Mechanics
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Simulation of Reissner-Mindlin shells

Baustatik und Baudynamik

Simulation elastic deformation of shells

H((,O, t) = /wstrain(‘;ogt) +dV + L((p, t)
B

A%B . . _ .
{e". ¢t }Zarg{gé@tglsgnlﬂ(%t)}-
g
h = 0.6 mm é
E = 71240 N/mm? o
v =10.31 \\\
y : g o

255 mm BOTm

\l () \ B

AM, BISCHOFF (2022): A CONSISTENT FINITE ELEMENT FORMULATION OF THE
GEOMETRICALLY NON-LINEAR REISSNER-MINDLIN SHELL MODEL, DOI
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http://dx.doi.org/10.1007/s11831-021-09702-7

Simulation of Reissner-Mindlin shells

Simulation elastic deformation of shells
Riemannian Trust-Region method

Minimizers for cylinder buckling

University of Stuttgart, Institute for Structural Mechanics
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Simulation of magnetic vorticies

Baustatik und Baudynamik

Experiments

Cc
T25
a
g, 20
»
D
2
S 15}
0O 10 20 30 40 50 60 70 80 90 100 110
D Circular path [nm]
30 v
25}
Fig. 3. Magnetic dI/dU maps as measured with an (A) in-plane and an <« w,=9t1nm
(B) out-of-plane sensitive Cr tip. The curling in-plane magnetization s o ol
around the vortex core is recognizable in (A), and the perpendicular =
magnetization of the vortex core is visible as a bright area in (B). (C) s b SRRl A8 AL ALl ]
di/dU signal around the vortex core at a distance of 19 nm [circle in s 15p
(A)]. (D) dI/dU signal along the lines in (A) and (B). The measurement 5
parameters were (A) / = 0.6 nA, U, = —300 mV and (B) / = 1.0 nA, g
Up = —350 mV. 3 2% o
) o outof-plane | A
Fig. 1. Schematic of a vortex core. Far away from the vortex core the magnetization continuously 3
curls around the center with the orientation in the surface plane. In the center of the core the 20
magnetization is perpendicular to the plane (highlighted).
WACHOWIAK ET AL (2002): DIRECT OBSERVATION OF INTERNAL SPIN 15
STRUCTURE OF MAGNETIC VORTEX CORES i L 5 i i =

Distance from vortex core [nm]
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Simulation of magnetic vortices

Simulation micromagnetostatics

—~

{A*,m*

(A, m) = f Vo (V1) + Yemag (A,m) + ¢ (m) d V + L(m)
B

-

meSd—1

University of Stuttgart, Institute for Structural Mechanics

Finite Element Mesh
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Optimization on Manifolds B, A
Other manifolds

Manifold Exponential map Other retractions | Tangent space

Unit sphere "~ sin || Ax|| x + Ax
A +—— A — n— mn
cos || Ax||x TAX]| X Tt Ax] T.8 lz{yER |yTx:O}

Special linear group X + AX
SL(n) ={X e R™"|| detX = 1} exp(AX)X det(X + AX)1/7 TxSL(n) ={Y e R"™" || tr'Y = 0}
Symmetric Special X + AX
linear manifold AX)X /n TxSSL(n) = {Y € R™"|| tr(X~1Y) =0
SSL(n) = {X € R™" | exp(AX) det(X + AX) X (n) =H || tr( ) =0}
detX =1 AXT =X}
Special orthogonal
group

SR CROR QR decomposition ~ IxS0(n) = {Y e R"™" 1YY" =-Y}

SO(n) = {X e R™"||
XX =TAdetX =1}

University of Stuttgart, Institute for Structural Mechanics 50



Optimization on Manifolds
Retractions, Symmetric positive definite matrices

Baustatik und Baudynamik

S'P'D(n) — {X c Rx™ - X — XT ANX = 0} TXSPD(’H) — {Y € R"*" .Y — YT}
Exponential map: Xpi1 = Xp exp(X; 'AX)
: 1
Second order: X1 = Xp, + AXy + §AX;CX,:1AX;€ Stays always on SPD!
First order: Xpi1 = Xp + AX,, Stays not always on SPD!

HUANG, W. (2017). INTRODUCTION TO RIEMANNIAN BFGS METHODS. LINK
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https://www.math.fsu.edu/~whuang2/pdf/SIAM_OP17_slides.pdf

Optimization on Manifolds B, A

Other manifolds

Symmetric positive semidefinite fixed-rank (X e R : X = XT = 0, rank(X) = k}
Generalized sphere (X eR™™:|X]|g =1}
Fixed rank {X e R™*" : rank(X) = k}

Manifold defined by some function h(X) =0

Manopt A Home A Tutorial 4 Downloads @ Forum & About % Contact

BouMAL, N. AND MISHRA, B. AND ABSIL, P.-A.
AND SEPULCHRE, R., MANOPT, A MATLAB

We |Come tO M dno pt! TOOLBOX FOR OPTIMIZATION ON MANIFOLDS,
Toolboxes for optimization on manifolds and matrices 2014

Optimization on manifolds is a powerful paradigm to address nonlinear optimization problems. / https //WWW m an O Dt ) O I,(]/

With Manopt, it is easy to deal with various types of constraints and symmetries which arise naturally in

applications, such as orthonormality, low rank, positivity and invariance under group actions.

These tools are also perfectly suited for unconstrained optimization with vectors and matrices.
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https://www.manopt.org/

Optimization on Manifolds

Baustatik und Baudynamik

Summary

« Optimization of cost functions with constraints can be interpreted as optimization on manifolds
» Lots of customization points exist, e.g., retractions

« May be superior to classical optimization techniques

« Many manifolds can be found in literature

Not mentioned: Finite Elements

Lots of pitfalls!
Examples:

The important Sobolev space w'2?(Q, M) does not even always possess the structure of a Banach manifold
Interpolation has to stay on the manifold

Geodesics for interpolation are not always unique

University of Stuttgart, Institute for Structural Mechanics 53
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