Strong contrasting diffusivity in general oscillating
domains: Homogenization of optimal control problems

Abu Sufian

Joint work with Prof. A. K. Nandakumaran

Department of Mathematics
Indian Institute of Science
Bangaluru-12

KAAS seminar, Karlstad university,
Sweden

September 8, 2021

Abu Sufian Thesis colloquium



Oscillating domain

™
Il
il
™
Il
al-

Abu Sufian Thesis colloquium



Oscillating domain

Mj/\_A Mﬂ/\-y
o N 0

[a—

i m

it
H HHHAH
l|l ‘H‘ |

M

I

VA
LA




Introduction: Strong contrasting diffusivity

m Partial differential equations (PDEs) with strong contrasting diffusivity
are appeared in several context such as: modeling of several multi-scale
physical problems such as the double porosity model, effective
properties of composite material with soft and hard core, effective
conductivity of composites made of materials having high and low
conductivities, etc.
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Figure 1: Composite material
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m G. P. Panasenko, N. S. Bakhvalov, A. Yu. Kosarev , H. Charef, A. Sili, M.
Bellieudand, G. Bouchitté had studied several problem on this kind of
composites.

Abu Sufian Thesis colloquium



m G. P. Panasenko, N. S. Bakhvalov, A. Yu. Kosarev , H. Charef, A. Sili, M.
Bellieudand, G. Bouchitté had studied several problem on this kind of
composites.

m Recently a controllabilty problem is investigated by A. K.
Nandakumaran and Ali Sili.
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m In 2015, A. Gaudiello and A. Sili had studied a variational problem in
pillar type oscillating domain where reference pillar made two- material
with opposite behavior.
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m G. P. Panasenko, N. S. Bakhvalov, A. Yu. Kosarev , H. Charef, A. Sili, M.
Bellieudand, G. Bouchitté had studied several problem on this kind of
composites.

m Recently a controllabilty problem is investigated by A. K.
Nandakumaran and Ali Sili.

m In 2015, A. Gaudiello and A. Sili had studied a variational problem in
pillar type oscillating domain where reference pillar made two- material
with opposite behavior.

To be more precised, they have considered domain like the following;
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Figure 2: Pillar type oscillating domain
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m Here we are allowing the reference cell to be very general as long as the
cross section of the reference cell in xq direction is connected and having
certain properties.
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m Here we are allowing the reference cell to be very general as long as the
cross section of the reference cell in xq direction is connected and having
certain properties.For example,

Figure 3: Typical example of reference cells
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Figure 4: Reference cell
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Figure 5: Oscillating domain

Abu Sufian Thesis colloquium



Assumptions on the reference cell

m Let A C (0,1) x (0,1) (it is just for simplicity, one can consider
(0,L) x (0,L) forany L > 0) and C,I C A . We divide A into two
components C and I, thatis A = CUI, CN I = ¢ (empty set)and satisfies
the following properties:
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(0,L) x (0,L) forany L > 0) and C,I C A . We divide A into two
components C and I, thatis A = CUI, CN I = ¢ (empty set)and satisfies
the following properties:
m A,C,I are Lipschitz domains.
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ICN{(0,1) x 1}| > 0.

Abu Sufian Thesis colloquium



Assumptions on the reference cell

m Let A C (0,1) x (0,1) (it is just for simplicity, one can consider
(0,L) x (0,L) forany L > 0) and C,I C A . We divide A into two
components C and I, thatis A = CUI, CN I = ¢ (empty set)and satisfies
the following properties:
m A,C,I are Lipschitz domains.
m The one-dimensional Lebesgue measure of CN {(0,1) x 0} and
Cn{(0,1) x 1} are strictly positive that is |C N {(0,1) x 0}| > 0 and
[CN{(0,1) x 1}| > 0.
m For x; € (0,1), let us define

Y(x2) ={y1 € (0,1) : (y1,%2) € A}
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Assumptions on the reference cell
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Assumptions on the reference cell

m Let A C (0,1) x (0,1) (it is just for simplicity, one can consider
(0,L) x (0,L) forany L > 0) and C,I C A . We divide A into two
components C and I, thatis A = CUI, CN I = ¢ (empty set)and satisfies
the following properties:
m A,C,I are Lipschitz domains.
m The one-dimensional Lebesgue measure of CN {(0,1) x 0} and
Cn{(0,1) x 1} are strictly positive that is |C N {(0,1) x 0}| > 0 and
[CN{(0,1) x 1}| > 0.
m For x; € (0,1), let us define

Y(x2) = {y1 € (0,1) : (y1,%2) € A}
Ye(x2) = {11 € (0,1) : (y1,x2) € C}
Yi(x2) = {y1 € (0,1) : (y1,%2) € I}.

We assume that there exists § > 0, such that the |Y(x2)|, |Yc(x2)],|Yi(x2)| > &
forall x, € (0,1).
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Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define

m—1

B Ce= |J{(x, ) 1 € (ke+eYe(x2)), x2 € (0,1)},
k=0
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Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define

m—1

m C = U {(x1,x2) : x1 € (ke +¢€Ye(x2)), x2 € (0,1)},
k=0

m—1

m = U {(x1,22) : x1 € (ke +¢€Yi(xp)), x2 € (0,1)}.
k=0

Abu Sufian Thesis colloquium



Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define
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Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define

m—1

B Ce= |J{(x, ) 1 € (ke+eYe(x2)), x2 € (0,1)},
k=0

m—1

m = |J{(x,x): x1 € (ke+eYi(x2)), x2 € (0,1)}.
k=0

n Qf = (LUC)’, Q" =(0,1) x (0,-1).

0

m The oscillating domain, QO = (Qj U Q*)
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Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define

m C = mUl{(xl,xz) :x1 € (ke +eYe(xp)), xp € (0,1)},
mkflo

m = |J{(x,x): x1 € (ke+eYi(x2)), x2 € (0,1)}.
k=0

m O = (LUC)’, 0 =(0,1) x (0,—1).

m The oscillating domain, QO = (m)o

m Q" =(0,1) x (0,1).
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Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define

m C = mUl{(xl,xz) :x1 € (ke +eYe(xp)), xp € (0,1)},
mkflo

m = |J{(x,x): x1 € (ke+eYi(x2)), x2 € (0,1)}.
k=0

m O = (LUC)’, 0 =(0,1) x (0,—1).

m The oscillating domain, QO = (m)o

= OF =(0,1) x (0,1).The limit domain is defined as QO = (QF UQ~)°.
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Oscillating domain

Fore = % where m € Z1, (in fact, one can take any ¢ — 0) define

m—1

B Ce= |J{(x, ) 1 € (ke+eYe(x2)), x2 € (0,1)},
k=0

m—1
L= |J{(x1,x): x € (ke +Yi(x2)), x2 € (0,1)}.
k=0

Of = (LUC)’, 0 =(0,1) x (0,~1).

0

The oscillating domain, Q)¢ = (Qj U Q*)

QF =(0,1) x (0,1).The limit domain is defined as Q = (Ot UQ~)°.

The interface between O™ and ()~ is demoted by 7, which is given by
7={(x,0): x1 € (0, 1)}.
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Variational problem

m We want to consider the following & dependent variational problem,

{ find 1, € H'(Q) such that
@

/Qs (XQ— + Xc. —5—527(1;) Vu Ve + /Q Uep = /Oef(P'

for all ¢ € H'(Q), where f € L2(Q).
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Variational problem

m We want to consider the following & dependent variational problem,

{ find 1, € H'(Q) such that
@

/Q (mf +XCg+52Xu> VusV(p-i-/Qs u8<p:/0€f¢,

€

for all ¢ € H'(Q), where f € L?(Q). The Lax-Milgram theorem ensures
the existence and the uniqueness of the solution u, of the problem (1).
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Variational problem

m We want to consider the following & dependent variational problem,

{ find 1, € H'(Q) such that
@

/Q (mf +XCg+52Xu> VusV(p-i-/Qs u8<p:/0€f¢,

for all ¢ € H'(Q), where f € L?(Q). The Lax-Milgram theorem ensures
the existence and the uniqueness of the solution u, of the problem (1).

m Our aim is to analyze the asymptotic behavior of the above variational
form as the oscillating parameter ¢ — 0.
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Unfolding operator and properties

The unfolded domain corresponding to the upper part Q) is given by
Q" = {(x,x,y1): (x1,%2) € QT,y1 € Y(xp)}.
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The unfolded domain corresponding to the upper part Q) is given by
Q" = {(x,x,y1): (x1,%2) € QT,y1 € Y(xp)}.
O = {(x1,x0,11) : (x1,%2) € QT,y1 € Ye(x2)}.

Abu Sufian Thesis colloquium



Unfolding operator and properties

The unfolded domain corresponding to the upper part Q) is given by
Q" = {(x,x,y1): (x1,%2) € QT,y1 € Y(xp)}.
m QF = {(x,x,y1) : (x1,%2) € QT,y1 € Ye(x)}.
Q= {(x,x,y1): (x1,%2) € QT,y1 € Yi(x2) }.
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Unfolding operator and properties

The unfolded domain corresponding to the upper part Q) is given by
O = {(x1,x2,11) : (x1,x2) € Q1,1 € Y(x2)}-

m QF = {(x,x,y1) : (x1,%2) € QT,y1 € Ye(x)}.

Of = {(x1,x2,51) : (¥1,%2) € Q7,1 € Vi(x2)}-

7¢ = {01, 0,51) : (x1,0,51) € 00}
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Unfolding operator and properties

The unfolded domain corresponding to the upper part QO is given by
O = {(x1,x2,11) : (x1,x2) € Q1,1 € Y(x2)}-

O = {(x1,x2,51) : (¥1,%2) € QT 1 € Ye ()}

QF = {(x1,22,11) : (x1,%2) € QF,y1 € Vi(x2) }-

7¢ = {01, 0,51) : (x1,0,51) € 00}

Definition.

(The unfolding operator) Let ¢¢ : Q% — QFF be defined as

¢F(x1,%2,v1) = (€ [2] + ey1,x2) . The &- unfolding of a function u : QO — Ris
the function u o ¢¢ : Q" — R. The operator which maps every function

u: QF — R to its e-unfolding is called the unfolding operator. Let the unfolding
operator is denoted by T¢, that is,

T : {u: QF — R} — {T?u: Q% — R}
is defined by

X
Téu(x1,x0,11) = u <£ [?1] +£y1,x2) forall (x1,xp,y1) € Q.
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We denote T*|qu by T¢ .
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We denote T*|qu by T¢ .

Proposition 1.

Foreach e > 0,
w for u € L2(QF). Then, || T ()| 2y = l[#ll 20
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We denote T*|qu by T¢ .

Proposition 1.

Foreach e > 0,
w for u € L2(QF). Then, || T ()| 2y = l[#ll 20

m Foru € H'(C), we have Ttu, aa (Téu) € L2(QY). Moreover,

0 ey e OU d e . .OU
azT TCaz ndaleu TCa -
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We denote T*|qu by T¢ .

Proposition 1

Foreach e > 0,
w for u € L2(QF). Then, || T ()| 2y = l[#ll 20

m Foru € H'(C), we have Ttu, I (Téu) € L2(QY). Moreover,

oxy
0 ou ) ou
ZTeu = Teo and —Téu = eTé—r
a X2 Ca X2 an By1 = Ca 1
m Let, for every e > 0, ue € L?(Q) be such that T¢ue — u weakly in L2 (Q*).

Then,
il —\/ u(xy,xp,y1)dy1 weakly in L>(Oh).
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Limit function spaces

For any function ¢ defined on (), we may write
¢ =9¢Txa+ + ¢ xa- = (¢, ¢~ ) throughout the presentation.
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Limit function spaces

For any function ¢ defined on (), we may write
¢ =9¢Txa+ + ¢ xa- = (¢, ¢~ ) throughout the presentation.

m Define
H(Q)={¢: ¢+ € L?((0,1);H'(0,1)),¢~ € H{(Q™),¢T = ¢p~on v} with
the following norm

ol = 197 lincary + o e+ S | L
2 llLzar)
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Limit function spaces

For any function ¢ defined on (), we may write
¢ =9¢Txa+ + ¢ xa- = (¢, ¢~ ) throughout the presentation.

m Define
H(Q)={¢: ¢+ € L?((0,1);H'(0,1)),¢~ € H{(Q™),¢T = ¢p~on v} with
the following norm

ol = 197 lincary + o e+ S | L
2 llLzar)

m Forany x, € (0,1), define V*2 = {w € H'(Y(xp)) : w = 0a.e. in Yc(xp)}
with the following norm

ow
91

lwllve = [l +' .
E¥(z2) L2(Y(x2))
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Limit function spaces

For any function ¢ defined on (), we may write
¢ =9¢Txa+ + ¢ xa- = (¢, ¢~ ) throughout the presentation.
m Define
H(Q)={¢: ¢T € L?((0,1);H'(0,1)),¢~ € H'(Q7),¢T = ¢p~on 7} with
the following norm

ol = 197 lincary + o e+ S | L
2 o)

m Forany x, € (0,1), define V*2 = {w € H'(Y(xp)) : w = 0a.e. in Yc(xp)}
with the following norm

ow
91

lwllve = [l +' .
(i) L2(Y(x2))

V() = {l[) cL2(QY):p=0inQF, aai' € LZ(Q”)} with the following
norm s 3

_ 99

¥l = Iz + | 52
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Limit problem

The limit variational problem :

findu = (u*,u™) € H(Q) such that

o et §f+/ (s [ o
+/wa W’*./m ¢+/fo4>,

forall ¢ € H(Q)),
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Limit problem

The limit variational problem :

findu = (u*,u™) € H(Q) such that

o et §f+/ (s [ o
+/wa W’*./m ¢+/fo4>,

forall ¢ € H(Q)), here a(x) = (\Y(x2)| - /Y =) @’dy1>,
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Limit problem

The limit variational problem :

findu = (u*,u™) € H(Q) such that

o et §f+/ (s [ o
+/wa W’*./m fgb+/07f4>,

forall ¢ € H(Q)), here a(x) = (\Y(x2)| - /Y( )@’dyl),where
G(x,-) € V™

96\, 1) Y1) | ’ _ ,
/Y(’CZ) Y1 oy /Y(x2> &(x2, y1)w(y1) /Y(xz) w(y1)

forallw € V*2,
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Convergences

Theorem.

For every e > 0, let u, be the unique solution to the considered variational problem.
Let H(Q)) and V*2 be defined as earlier and u = (u™,u~) € H(Q) be the unique
solution of the limit variational form.
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Convergences

Theorem

For every e > 0, let u, be the unique solution to the considered variational problem.
Let H(Q)) and V*2 be defined as earlier and u = (u™,u~) € H(Q) be the unique
solution of the limit variational form. Then

ug — u~ weakly in H'(Q17),
w = Gt + [ (=) )i

ut ut du
ar € . ar €\
XCS axl 0’ XCE axz |YC('X2)| axz

a”s N og +a/1/\[§ N
Ty~ ) foy e K g
weakly in L2(QF)

ase — 0.
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Sketch of the proof

m By taking ¢ = 1, as a test function to get

Ixcs Vitell2qry +ellxgs Vel 2y + Vel o)

+ el 2 azy + luellza-y < fllrz )
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Sketch of the proof

m By taking ¢ = 1, as a test function to get

Ixcs Vitell2qry +ellxgs Vel 2y + Vel o)

+ el 2 azy + luellza-y < fllrz )

(T (xcr Vue) |2 (e + I T (exps Ve 2 + [ Vtel |2
+ 1T (ue) [l 120y + Nuelliza-y < [l
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m Observe that
IVuellizicry <k I Vitellpagey < ke,

where k is a generic constant. In essence, we do not have the uniform
bound on the gradient, which is not surprising as the bound inversely
depends on the ellipticity constant.
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m Observe that
-1
IVuellacry <k I Vutellpp gy < ke,
where k is a generic constant. In essence, we do not have the uniform

bound on the gradient, which is not surprising as the bound inversely
depends on the ellipticity constant.

m By the properties of unfolding operator and weak compactness of
HY(Q7) and L?(Q¥) there exist u~ € HY(Q7), ug(x,y1) € L2(Q*),
1(x,y1) = (j,m2) and, 2(x, 1) = (z1,22) € (L(Q1"))? such that

m u, — u~ weakly in H'(Q7)
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m Observe that
IVttellp2cry <k Vel 2y < ke,
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depends on the ellipticity constant.

m By the properties of unfolding operator and weak compactness of
HY(Q7) and L?(Q¥) there exist u~ € HY(Q7), ug(x,y1) € L2(Q*),
1(x,y1) = (j,m2) and, 2(x, 1) = (z1,22) € (L(Q1"))? such that

m u, — u~ weakly in H'(Q7)

m T¢(uf) — up(x,y;) weakly in L2(Q*)
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m Observe that
IVttellp2cry <k Vel 2y < ke,

where k is a generic constant. In essence, we do not have the uniform
bound on the gradient, which is not surprising as the bound inversely
depends on the ellipticity constant.

m By the properties of unfolding operator and weak compactness of
HY(Q7) and L?(Q¥) there exist u~ € HY(Q7), ug(x,y1) € L2(Q*),
1(x,y1) = (j,m2) and, 2(x, 1) = (z1,22) € (L(Q1"))? such that

m u, — u~ weakly in H'(Q7)

m T¢(uf) — up(x,y;) weakly in L2(Q*)

m T(xcr (Vite)) = TE(Vite) = xc(yr,x2) (11, 112) weakly in (L2(Q))2
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m Observe that
IVttellp2cry <k Vel 2y < ke,

where k is a generic constant. In essence, we do not have the uniform
bound on the gradient, which is not surprising as the bound inversely
depends on the ellipticity constant.

m By the properties of unfolding operator and weak compactness of
H'(Q7) and L?(Q") there exist u~ € H'(Q7), up(x,y1) € L2(Q"),
1(x,y1) = (71,12) and , z(x,y1) = (z1,22) € (L*>(Q*))? such that

m u, — u~ weakly in H'(Q7)

m T¢(uf) — up(x,y;) weakly in L2(Q*)

 T(xcr (Vue)) = Te(Vue) = xc(y1,x2) (11, 772) weakly in (L?(Q¢))?

m Te(exp Vie) = xi(y1,%2)z(x,y1) = x1(y1,%2) (21, 22) weakly (L?(Q"))2
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Observe that
IVttellp2cry <k Vel 2y < ke,

where k is a generic constant. In essence, we do not have the uniform
bound on the gradient, which is not surprising as the bound inversely
depends on the ellipticity constant.

By the properties of unfolding operator and weak compactness of
H'(Q7) and L?(Q") there exist u~ € H'(Q7), up(x,y1) € L2(Q"),
1(x,y1) = (71,12) and , z(x,y1) = (z1,22) € (L*>(Q*))? such that

ue — u~ weakly in H'(Q™)

Te(uf) — ug(x,y;) weakly in L2(Q*)

T(xcr (Vite) = Te(Vue) = xc(y1,x2) (1, 172) weakly in (L2 ()2
Té(exp: Vite) = x1(y1,%2)z(x,y1) = x1(y1,%2) (21, 22) weakly (L?(Q"))?

In the remaining steps, we identify ug, 171, 2, 21, 22 and get properties enjoyed
by these functions.
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Identification

m 1 is independent of y; in Q¥ and the existence of u™ € L2(QF),
up € L2(Q") with ug = 0 a.e. in QO

up(x,y) = u™ (x) +ur (x,y1)-
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Identification

m 1 is independent of y; in Q¥ and the existence of u™ € L2(QF),
up € L2(Q") with ug = 0 a.e. in QO

up(x,y) = u™ (x) +ur (x,y1)-

This follows from T¢ue — ug(x, y1)|ox weakly in L?(O%), and

J e+ __ € auﬁ
aleC”E =¢€T¢ )
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Identification

m 1 is independent of y; in Q¥ and the existence of u™ € L2(QF),
up € L2(Q") with ug = 0 a.e. in QO

up(x,y) = u™ (x) +ur (x,y1)-

This follows from T¢ue — ug(x, y1)|ox weakly in L?(O%), and
d ou

—Teul = €Tt | —— ).

gy e T e (3X1>

out

ouT 2+
| o e L (Qm).
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Identification

m 1 is independent of y; in Q¥ and the existence of u™ € L2(QF),
up € L2(Q") with ug = 0 a.e. in QO

up(x,y) = u™ (x) +ur (x,y1)-

This follows from T¢ue — ug(x, y1)|ox weakly in L?(O%), and

J e+ __ € auﬁ
aleC”E =¢€T¢ )

Ju 2+
ou™t
mp(xy1) = e ae O
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Identification

m 1 is independent of y; in Q¥ and the existence of u™ € L2(QF),
up € L2(Q") with ug = 0 a.e. in QO

up(x,y) = u™ (x) +ur (x,y1)-

This follows from T¢ue — ug(x, y1)|ox weakly in L?(O%), and

J e+ __ € auﬁ
TmTCuE —STC ax1 .

ot o+
ou™
mp(xy1) = e a.e. O

m 2p(x,y1) =0ae. in O

m 7 =0aein OF
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Identification

m We havez; = %
1
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Identification

m Wehavez; = g—;l Let g (x) = ¢ (x, 1) where p € CZ®(Q") with
1

1-periodic in y; and ¢ = 0 on Q.
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Identification

m Wehavez; = g—;l Let g (x) = ¢ (x, 1) where p € CZ®(Q") with
1
1-periodic in y1 and ¢ = 0 on Q. Consider,
. oug oug
lim 87(15 ax P =lime [ Tx,T° ( o, ) T e

e—0 e—=0 JOu

d
— 1 €+ €
a ig%. Qv x (Tus) a1 e

o

_ + 9P
- _/Qu(” +”1(x/y1))x1(y1,xz)ayl.
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Identification

Hence we have,

. - d
Jo ez e gy = = [ ) (6 + (e 57

Abu Sufian Thesis colloquium



Identification

Hence we have,

)z ) = = [ a0 @t +nls, y1>>§7¢1

m We will show ut = u~ on . Let ¢ € C®°(QF) with ¢ =0 on dQE\ . A
simple integration by parts gives the following

/ - <au+
Jog ox

£ )(pdxdyl / Teu; dxdy1 + / T (uf)¢.
2
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Identification

Hence we have,

. - d
Jo ez e gy = = [ ) (6 + (e 57

m We will show ut = u~ on . Let ¢ € C®°(QF) with ¢ =0 on dQE\ . A
simple integration by parts gives the following

/ Te <au+
Jog ox

£ )(pdxdyl / Teu; dxdy1 + / T (uf)¢.
2

Letting ¢ — 0, we get

/ ute = / u~¢, forall ¢ € C*(QF) with ¢ = 0on dQ¥\y¥.
e 7e
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Identification

Hence we have,

. - d
Jo ez e gy = = [ ) (6 + (e 57

m We will show ut = u~ on . Let ¢ € C®°(QF) with ¢ =0 on dQE\ . A
simple integration by parts gives the following

/ Te <au+
Jog ox

£ )(pdxdyl / Teu; dxdy1 + / T (uf)¢.
2

Letting ¢ — 0, we get
/ ute = / u~¢, forall ¢ € C*(QF) with ¢ = 0on dQ¥\y¥.
e 7e
Hence we have u™ = u™ on 7. Since u™ and u~ are independent of y;,

we haveu™ = u~ on 1.
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Limit variational form

m Let ¢ (x) = ¢(x) + ¢1 (x, ) where ¢ € C1(Q)) and ¢; € C®(Q*) with 1
periodic in y; variable and ¢; = 0 on Q¥.
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Limit variational form

m Let ¢ (x) = ¢(x) + ¢1 (x, ) where ¢ € C1(Q)) and ¢; € C®(Q*) with 1
periodic in y; variable and ¢; = 0 on Q¥.

m Now using ¢ as a test function in (1), applying unfolding operator both
side and letting ¢ — 0 to get

dut 9 duy 9y
oL 0xp 9xp Qv dyp dyq

+/u(u++u1)(cp+¢1)+/(k Vu V¢

+ [ we= [ fe+en+ [ fo
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Limit variational form

m Let ¢ (x) = ¢(x) + ¢1 (x, ) where ¢ € C1(Q)) and ¢; € C®(Q*) with 1
periodic in y; variable and ¢; = 0 on Q¥.

m Now using ¢ as a test function in (1), applying unfolding operator both
side and letting ¢ — 0 to get

dut 9 duy 9y
oL 0xp 9xp Qv dyp dyq

+/u(u++u1)(cp+¢1)+/(k Vu V¢

+ [ we= [ fe+en+ [ fo

m Put ¢ = 0 in the above equality to get,

~/Q* -/Y(Xz) %% * ./Q+ -/Y(Xz) 1= ./Q+ , Y(XZ)(f —ut)¢r.
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Limit variational form

m Let ¢ (x) = ¢(x) + ¢1 (x, ) where ¢ € C1(Q)) and ¢; € C®(Q*) with 1
periodic in y; variable and ¢; = 0 on Q¥.

m Now using ¢ as a test function in (1), applying unfolding operator both
side and letting ¢ — 0 to get

dut 9 duy 9y
oL 0xp 9xp Qv dy1 dyq

+/u(u++u1)(cp+¢1)+/(k Vu V¢

+ [ we= [ fe+en+ [ fo
m Put ¢ = 0 in the above equality to get,

~/Q* -/Y(Xz) %% * ./Q+ -/Y(Xz) 1= ./Q+ , Y(XZ)(f —ut)¢r.

m Hence, using the cell problem we get,

ur(x,y1) = (f(x) — " (x))¢ (22, 1)
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m Now if we put ¢; = 0 and substitute the definition of #; to get

out 9 X
Jo el G5+ [ ()= [ e ) o

| (Vuverug) = [ (|Y(X2)| - ./;mxz) édyl)ﬂi’* S 0.
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m Now if we put ¢; = 0 and substitute the definition of #; to get

out 9 X
Jo el G5+ [ ()= [ e ) o

| (Vuverug) = [ (|Y(X2)| - ./;mxz) édyl)ﬂi’* S 0.

= Now we will show a(x) = (\Y(x2)| - /Y( )é) > 0. By taking w = ¢ in
JY1(X2
the cell problem, we get

Abu Sufian Thesis colloquium



m Now if we put ¢; = 0 and substitute the definition of #; to get

out 9 X
Jo el G5+ [ ()= [ e ) o

| (Vuverug) = [ (|Y(X2)| - ./;mxz) édyl)ﬂi’* S 0.

= Now we will show a(x) = (\Y(x2)| - /Y( )é) > 0. By taking w = ¢ in
JY1(X2
the cell problem, we get

2 .
/Y(:Q) < 88761 +§2) - /vm)g
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m Now if we put ¢; = 0 and substitute the definition of #; to get

out 9 X
Jo el G5+ [ ()= [ e ) o

| (Vuverug) = [ (|Y(X2)| - ./;mxz) édyl)ﬂi’* S 0.

= Now we will show a(x) = (\Y(x2)| - /Y( )é) > 0. By taking w = ¢ in
JY1(X2
the cell problem, we get

a > .
Iy = <
/Y(Xz) < ayl +§ ) /Y<x2) é = H§||L2(Y1(x2)) S |YI(X2)

1
2
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m Now if we put ¢; = 0 and substitute the definition of #; to get

out 9 X
Jo el G5+ [ ()= [ e ) o

‘/Qi(Vu’V(p+u’4>) = (/m (lY(X2)| *_/Yl(xz>édy1)f¢+./0,f¢r

= Now we will show a(x) = (\Y(x2)| - /Y( )é) > 0. By taking w = ¢ in
JY1(X2
the cell problem, we get

aN .
Iy = <
/y<"2> ( on| ¢ ) /Y(xz) &= llellzra)) < Milx2)

SISy 3 BRI Py
> [¥()| ~ ()] = [Ye(wa)] > 6.

1
2
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Control on C;

For 0, € L2(C;) consider the cost functional

us/ s 2/ “d‘z'i‘g/c ‘98‘2
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Control on C;

For 0, € L2(C;) consider the cost functional

us/ s 2/ _”d‘z'i'g/c ‘98‘2

where 1, is the unique solution of the following variational problem: for

fel*(Qy
find ue € H'(Q) such that

/Qg (XQ* + Xc. + 827(15) VgV + e = /Qgﬂl’ + /ﬂs Xcbe9,
forall ¢ € H'(Q).
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Control on C;

For 0, € L2(C;) consider the cost functional

us/ s / _”d‘z'i'g/c ‘98‘2

where 1, is the unique solution of the following variational problem: for

ferq)
find ue € H'(Q) such that

/ﬂg (XQ* + Xc. + £2XIS> VgV + e = /Qgﬂl’ + /ﬂs Xcbe9,
forall ¢ € H'(Q).

The optimal control problem is to find (i, 8;) € H'(Q;) x L?(C) such that

]s(ﬁsrge) = inf{]s(uel 95)}- (2)
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m We will use the characterization of optimal control f; by introducing the
adjoin state 7 which is the solution of the following variational form

{ find 7. € H'(Q) such that
3)

/Q[ (X +xe. +0.) VOV + e = '/Qg(ﬂs — )¢,

for all ¢ € H' ().
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m We will use the characterization of optimal control f; by introducing the
adjoin state 7 which is the solution of the following variational form

{ find 7. € H'(Q) such that
3)

S, (ko +xe+En0) Vacvg o = [ (e~ uio,

for all ¢ € H' ().

Let (ii¢, 8¢ ) be the optimal solution to the optimal control problem (2) and e be the
unique solution of (3). Then 8¢ is characterized by

- 1

0. = fxcfﬁﬁg. 4)
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Limit optimal control

Cost functional: For € L2(Q7F)

J(u,0) 2/Q+/ |(1—2)u +f§—ud| +2/ lu™ — uy?
+ B[ velier
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Limit optimal control

Cost functional: For € L2(Q7F)

J(u,0) 2/Q+/ |(1—¢&)u +fg',‘—ud| +2/ lu™ — uy?
+B [ et or

Limit state equation:

find u € H(Q), such that,

/Q+ Vo) 220 tx(x)qu(p—i-/Qi ucp—&—/(} Vi Ve

ax2 aX2 [O)a

= /Q+o¢(x)f¢+/07f¢+/m [Ye(x2)[69,

forall ¢ € H(Q)).
w J(@,0) = inf{J(u,6)}
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Adjoint equation:

[ et 5 - a;’; Dote+ [ o9+ [ (V0T
- 1L N —c>2dy1) o o+ (| e UK
[ —ue.
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Adjoint equation:

eSS [ artes [ e [ (Vo
- 1L N —c>2dy1) o o+ (| e UK
[ —ue.
154

m Optimal control is given by § = — 3
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For 6, € LZ(IS), consider the following L2-cost functional

Te(ite, 6;) = 2/ fud|2+§/lf 10,2,
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For 6, € LZ(IS), consider the following L2-cost functional

Te(ite, 6;) = 2/ fud|2+§/lf 10,2,

where 1, is the unique solution of the following variational problem: for

fel?(Q
{ find u € H'(Q) such that

f, (o e+ @) Vuvoruo = [ o+ [ s

forall ¢ € H(Q).
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For 6, € LZ(IS), consider the following L2-cost functional

Te(ite, 6;) = 2/ fud|2+§/lf 10,2,

where 1, is the unique solution of the following variational problem: for

fel*(q)
find u € H'(Q) such that
5
/Q (XQ +Xc. + € Xlg> VueVo +uep = / f¢+/ X0, ©)
for all ¢ € H'(Q)¢). The optimal control problem is to find
(@i, 6:) € H (Q) x L?(I¢) such that
Je(iie, 0e) = inf{Je (ug, 0e) : (ue, 6;) satisfies (5)}. (6)
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Theorem (Characterization ).

Let (g, 0, ) be the optimal solution to the optimal control problem (6) and D¢ be the

Bz';s.

unique solution of the adjoint state. Then 8, can be written as 0, = —x,
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Partial scales separation

Reduced cost functional: The L2-cost functional reduces to

J(u,u11,60,61) = 2/Q+/ Jut + & +urg —ug)?

+/Q,(”7 —uy)? +§/(.)+ /;(x2>(9+61)2
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Partial scales separation

Reduced cost functional: The L2-cost functional reduces to

J(u,u11,60,61) = 2/Q+/ Jut + & +urg —ug)?

+/Q,(”7 —uy)? +§/(.)+ /;((xz)(GJrGl)z

Reduced state equation: The state (#,711) € H(Q) x V(Q) satisfies the
following system,

/m'Y( )|‘Z‘C %4; Jr/+ (x)u+4>++'/07 VM7V4>7+/07”7¢
=[] (a-or+a-oe+ene + [ fo,

a+ JY(x)

duyy Oy / /
046 ,
o Y1 A U = ”( D1

w J(@,711,0,01) = inf{J(u,u11,6,01)}
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m Reduced adjoint state: The adjoint state (7,711) € H(Q)) x V(Q)
satisfies the following system,

00" ap™ i} e o
/m\y( )ax 5% —&-/Q+o¢(x)v+cp++/07Vv V¢ +'/Qiu ¢

= o —we+ [ ] [a-eratsea-ay] et

4‘/0+ /Y(xz) (1= &)y — (1 —&)ug) ™,

9711 91 / _ / L )
9011 991 _ 1 B ,
Qu ayl ayl + O 0114)1 oy [( C)u + éf + i1 ud]¢1

forall (¢, ¢1) € H(Q) x V(Q).

Abu Sufian Thesis colloquium



m Reduced adjoint state: The adjoint state (7,711) € H(Q)) x V(Q)

satisfies the following system,

00" ap™ i} e o
| et )l 5 o +/Q+a<x>v+4>++/ﬂw Vo4 [ e

= [, @ e ] -t e -ay]er

4‘/0+ /Y(xz) (1= &)y — (1 —&)ug) ™,

0011 a:pl B . _
LG & ) _ 1_ . )
Qu ayl ayl + / " 0114)1 ‘/Q“ [( C)u + éf + i1 ud]¢1

forall (¢, ¢1) € H(Q) x V(Q).

m The optimal control is given by § + 0; = — % [(1—¢&)oT +711] in QX
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In the above variational problem we have considered the contrasting
diffusive coefficients as 1 and €2. In fact, we can consider the coefficient of the

form O(1) and zxg, where a; — 0 as ¢ — 0. According to the limit k = lirré %,
e—r

we will get three different limit problems for, k = 0,k = co and k € (0, c0).
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In the above variational problem we have considered the contrasting
diffusive coefficients as 1 and €2. In fact, we can consider the coefficient of the

form O(1) and zxg, where a; — 0 as ¢ — 0. According to the limit k = lirré %,
e—r

we will get three different limit problems for, k = 0,k = co and k € (0, c0).
What we have studied is essentially the case, where k € (0, %), that is with

«e = € and hence the exact proof can be reproduced with minor changes. The
coefficient of the second order term in the cell problem will be k? instead of 1.
The other two cases can also be handled with minor modifications. Here we
have presented the case when k = 1, thatis a; = &.
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Thank you for your attention!
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