
Strong contrasting diffusivity in general oscillating
domains: Homogenization of optimal control problems

Abu Sufian

Joint work with Prof. A. K. Nandakumaran

Department of Mathematics
Indian Institute of Science

Bangaluru-12

KAAS seminar, Karlstad university,
Sweden

September 8, 2021

Abu Sufian Thesis colloquium



Oscillating domain

ε = 1
5 ε = 1

10

ε = 1
50 ε = 1

100

Abu Sufian Thesis colloquium



Oscillating domain

ε = 1
5 ε = 1

10

ε = 1
50 ε = 1

100

Abu Sufian Thesis colloquium



Introduction: Strong contrasting diffusivity

Partial differential equations (PDEs) with strong contrasting diffusivity
are appeared in several context such as: modeling of several multi-scale
physical problems such as the double porosity model, effective
properties of composite material with soft and hard core, effective
conductivity of composites made of materials having high and low
conductivities, etc.
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Figure 1: Composite material
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G. P. Panasenko, N. S. Bakhvalov, A. Yu. Kosarev , H. Charef, A. Sili, M.
Bellieudand, G. Bouchitté had studied several problem on this kind of
composites.

Recently a controllabilty problem is investigated by A. K.
Nandakumaran and Ali Sili.
In 2015, A. Gaudiello and A. Sili had studied a variational problem in
pillar type oscillating domain where reference pillar made two- material
with opposite behavior.

To be more precised, they have considered domain like the following;

Figure 2: Pillar type oscillating domain
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Here we are allowing the reference cell to be very general as long as the
cross section of the reference cell in x1 direction is connected and having
certain properties.

For example,
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Figure 3: Typical example of reference cells
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Figure 4: Reference cell
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Figure 5: Oscillating domain
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Assumptions on the reference cell

Let Λ ⊂ (0, 1)× (0, 1) (it is just for simplicity, one can consider
(0, L)× (0, L) for any L > 0) and C, I ⊂ Λ . We divide Λ into two
components C and I, that is Λ = C∪ I, C∩ I = φ (empty set)and satisfies
the following properties:

Λ, C, I are Lipschitz domains.
The one-dimensional Lebesgue measure of C∩ {(0, 1)× 0} and
C∩ {(0, 1)× 1} are strictly positive that is |C∩ {(0, 1)× 0}| > 0 and
|C∩ {(0, 1)× 1}| > 0.
For x2 ∈ (0, 1), let us define

Y(x2) = {y1 ∈ (0, 1) : (y1, x2) ∈ Λ}

YC(x2) = {y1 ∈ (0, 1) : (y1, x2) ∈ C}

YI(x2) = {y1 ∈ (0, 1) : (y1, x2) ∈ I}.
We assume that there exists δ > 0, such that the |Y(x2)|, |YC(x2)|,|YI(x2)| > δ
for all x2 ∈ (0, 1).
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Oscillating domain

For ε = 1
m where m ∈ Z+, (in fact, one can take any ε→ 0) define

Cε =
m−1⋃
k=0

{(x1, x2) : x1 ∈ (kε + εYC(x2)), x2 ∈ (0, 1)},

Iε =
m−1⋃
k=0

{(x1, x2) : x1 ∈ (kε + εYI(x2)), x2 ∈ (0, 1)}.

Ω+
ε =

(
Iε ∪ Cε

)o , Ω− = (0, 1)× (0,−1).

The oscillating domain, Ωε =
(

Ω+
ε ∪Ω−

)o
.

Ω+ = (0, 1)× (0, 1).The limit domain is defined as Ω = (Ω+ ∪Ω−)◦ .

The interface between Ω+ and Ω− is demoted by γ, which is given by
γ = {(x1, 0) : x1 ∈ (0, 1)}.
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Variational problem

We want to consider the following ε dependent variational problem, find uε ∈ H1(Ωε) such that∫
Ωε

(
χΩ− + χCε + ε2χIε

)
∇uε∇φ +

∫
Ωε

uεφ =
∫

Ωε

f φ,
(1)

for all φ ∈ H1(Ωε), where f ∈ L2(Ω).

The Lax-Milgram theorem ensures
the existence and the uniqueness of the solution uε of the problem (1).

Our aim is to analyze the asymptotic behavior of the above variational
form as the oscillating parameter ε→ 0.
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Unfolding operator and properties

The unfolded domain corresponding to the upper part Ω+
ε is given by

Ωu = {(x1, x2, y1) : (x1, x2) ∈ Ω+, y1 ∈ Y(x2)}.

Ωu
C = {(x1, x2, y1) : (x1, x2) ∈ Ω+, y1 ∈ YC(x2)}.

Ωu
I = {(x1, x2, y1) : (x1, x2) ∈ Ω+, y1 ∈ YI(x2)}.

γu
C = {(x1, 0, y1) : (x1, 0, y1) ∈ ∂Ωu

C}

Definition.

(The unfolding operator) Let φε : Ωu → Ω+
ε be defined as

φε(x1, x2, y1) =
(
ε
[ x1

ε

]
+ εy1, x2

)
. The ε- unfolding of a function u : Ω+

ε → R is
the function u ◦ φε : Ωu → R. The operator which maps every function
u : Ω+

ε → R to its ε-unfolding is called the unfolding operator. Let the unfolding
operator is denoted by Tε, that is,

Tε : {u : Ω+
ε → R} → {Tεu : Ωu → R}

is defined by

Tεu(x1, x2, y1) = u
(

ε
[x1

ε

]
+ εy1, x2

)
for all (x1, x2, y1) ∈ Ωu.
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We denote Tε|Ωu
C

by Tε
C .

Proposition 1.

For each ε > 0,

for u ∈ L2(Ω+
ε ). Then, ‖Tε(u)‖L2(Ωu) = ‖u‖L2(Ω+

ε )

For u ∈ H1(Cε), we have Tε
Cu,

∂

∂x2
(Tε

Cu) ∈ L2(Ωu
C ). Moreover,

∂

∂x2
Tε

Cu = Tε
C

∂u
∂x2

and
∂

∂y1
Tε

Cu = εTε
C

∂u
∂x1

.

Let, for every ε > 0, uε ∈ L2(Ω+
ε ) be such that Tεuε ⇀ u weakly in L2(Ωu).

Then,
ũε ⇀

∫
Y(x2)

u(x1, x2, y1)dy1 weakly in L2(Ω+).
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Limit domain
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1
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Ω−

γ

Figure 6: Composite material
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Limit function spaces

For any function φ defined on Ω, we may write
φ = φ+χΩ+ + φ−χΩ− = (φ+, φ−) throughout the presentation.

Define
H(Ω)={φ : φ+ ∈ L2((0, 1); H1(0, 1)), φ− ∈ H1(Ω−), φ+ = φ−on γ} with
the following norm

‖φ‖H(Ω) = ‖φ−‖H1(Ω−) + ‖φ+‖L2(Ω+) +

∥∥∥∥ ∂φ+

∂x2

∥∥∥∥
L2(Ω+)

.

For any x2 ∈ (0, 1), define Vx2 = {w ∈ H1(Y(x2)) : w = 0 a.e. in YC(x2)}
with the following norm

‖w‖Vx2 = ‖w‖L2(Y(x2)) +

∥∥∥∥ ∂w
∂y1

∥∥∥∥
L2(Y(x2))

.

V(Ω) =

{
ψ ∈ L2(Ωu) : ψ = 0 in Ωu

C ,
∂ψ

∂y1
∈ L2(Ωu)

}
with the following

norm

‖ψ‖V(Ω) = ‖ψ‖L2(Ωu) +

∥∥∥∥ ∂ψ

∂y1

∥∥∥∥
L2(Ωu)

.
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Limit problem

The limit variational problem :
find u = (u+, u−) ∈ H(Ω) such that∫

Ω+
|YC(x2)|

∂u+

∂x2

∂φ

∂x2
+
∫

Ω+
α(x)u+φ +

∫
Ω−

u−φ

+
∫

Ω−
∇u−∇φ =

∫
Ω+

α(x)f φ +
∫

Ω−
f φ,

for all φ ∈ H(Ω),

here α(x) =
(
|Y(x2)| −

∫
YI(x2)

ξdy1

)
,where


ξ(x2, ·) ∈ Vx2

∫
Y(x2)

∂ξ(x2, y1)

∂y1

∂w(y1)

∂y1
+
∫

Y(x2)
ξ(x2, y1)w(y1) =

∫
Y(x2)

w(y1),

for all w ∈ Vx2 .
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Convergences

Theorem.

For every ε > 0, let uε be the unique solution to the considered variational problem.
Let H(Ω) and Vx2 be defined as earlier and u = (u+, u−) ∈ H(Ω) be the unique
solution of the limit variational form.

Then

u−ε ⇀ u− weakly in H1(Ω−),

ũ+ε ⇀ |Y(x2)|u+ +
∫

YI(x2)
(f − u+)ξ(x2, y1)dy1

χ+
Cε

∂̃u+ε
∂x1

⇀ 0, χ+
Cε

∂̃u+ε
∂x2

⇀ |YC(x2)|
∂u+

∂x2

εχ+
Iε

∂̃u+ε
∂x1

⇀ (f − u+)
∫

YI(x2)

∂ξ

∂y1
dy1, εχ+

Iε

∂̃u+ε
∂x2

⇀ 0

weakly in L2(Ω+)

as ε→ 0.
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Sketch of the proof

By taking φ = uε as a test function to get

‖χC+
ε
∇uε‖L2(Ω+

ε )
+ ε‖χI+ε ∇uε‖L2(Ω+

ε )
+ ‖∇uε‖L2(Ω−)

+ ‖uε‖L2(Ω+
ε )

+ ‖uε‖L2(Ω−) 6 ‖f‖L2(Ωε)

‖Tε(χC+
ε
∇uε)‖L2(Ωu + ‖Tε(εχI+ε ∇uε)‖L2(Ωu + ‖∇uε‖L2(Ω−)

+ ‖Tε(uε)‖L2(Ωu) + ‖uε‖L2(Ω−) 6 ‖f‖L2(Ωε)
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Observe that
‖∇uε‖L2(C+

ε )
≤ k, ‖∇uε‖L2(I+ε ) ≤ kε−1,

where k is a generic constant. In essence, we do not have the uniform
bound on the gradient, which is not surprising as the bound inversely
depends on the ellipticity constant.

By the properties of unfolding operator and weak compactness of
H1(Ω−) and L2(Ωu) there exist u− ∈ H1(Ω−), u0(x, y1) ∈ L2(Ωu) ,
η(x, y1) = (η1, η2) and , z(x, y1) = (z1, z2) ∈ (L2(Ωu))2 such that

uε ⇀ u− weakly in H1(Ω−)

Tε(u+ε ) ⇀ u0(x, y1) weakly in L2(Ωu)

Tε(χC+
ε
(∇uε)) = Tε

C(∇uε) ⇀ χC(y1, x2)(η1, η2) weakly in (L2(Ωu
C))

2

Tε(εχI+ε ∇uε) ⇀ χI(y1, x2)z(x, y1) = χI(y1, x2)(z1, z2) weakly (L2(Ωu))2

In the remaining steps, we identify u0, η1, η2, z1, z2 and get properties enjoyed
by these functions.
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Identification

u0 is independent of y1 in Ωu
C and the existence of u+ ∈ L2(Ω+),

u1 ∈ L2(Ωu) with u1 = 0 a.e. in Ωu
C

u0(x, y) = u+(x) + u1(x, y1).

This follows from Tε
Cuε ⇀ u0(x, y1)|Ωu

C
weakly in L2(Ωu

C), and
∂

∂y1
Tε

Cu+ε = εTε
C

(
∂uε

∂x1

)
.

∂u+

∂x2
∈ L2(Ω+).

η2(x, y1) =
∂u+

∂x2
a.e. Ωu

C

z2(x, y1) = 0 a.e. in Ωu
I

η1 = 0 a.e in Ωu
C
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Identification

We have z1 =
∂u1
∂y1

.

Let ψε(x) = ψ
(
x, x1

ε

)
where ψ ∈ C∞

c (Ωu) with

1-periodic in y1 and ψ = 0 on Ωu
C . Consider,

lim
ε→0

∫
Ω+

ε

εχIε

∂u+ε
∂x1

ψε = lim
ε→0

ε
∫

Ωu
TεχIε T

ε

(
∂u+ε
∂x1

)
Tεψε

= lim
ε→0

∫
Ωu

χI

(
Tεu+ε

) ∂

∂y1
Tεψε

= −
∫

Ωu
(u+ + u1(x, y1))χI(y1, x2)

∂ψ

∂y1
.
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Identification

Hence we have,∫
Ωu

χI(y1, x2)z1(x, y1)ψ(x, y1) = −
∫

Ωu
χI(y1, x2)(u+ + u1(x, y1))

∂ψ

∂y1

We will show u+ = u− on γ. Let φ ∈ C∞(Ωu
C) with φ = 0 on ∂Ωu

C\γu
C . A

simple integration by parts gives the following∫
Ωu

C

Tε

(
∂u+ε
∂x2

)
φdxdy1 = −

∫
Ωu

C

Tεu+ε
∂φ

∂x2
dxdy1 +

∫
γu

C

Tε(u+ε )φ.

Letting ε→ 0, we get∫
γu

C

u+φ =
∫

γu
C

u−φ, for all φ ∈ C∞(Ωu
C) with φ = 0 on ∂Ωu

C\γu
C .

Hence we have u+ = u− on γu
C . Since u+ and u− are independent of y1,

we have u+ = u− on γ.
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Limit variational form

Let φε(x) = φ(x) + φ1
(
x, x1

ε

)
where φ ∈ C1(Ω̄) and φ1 ∈ C∞(Ωu) with 1

periodic in y1 variable and φ1 = 0 on Ωu
C .

Now using φε as a test function in (1), applying unfolding operator both
side and letting ε→ 0 to get∫

Ωu
C

∂u+

∂x2

∂φ

∂x2
+
∫

Ωu
I

∂u1
∂y1

∂φ1
∂y1

+
∫

Ωu
(u+ + u1)(φ + φ1) +

∫
Ω−
∇u−∇φ

+
∫

Ω−
u−φ =

∫
Ωu

f (φ + φ1) +
∫

Ω−
f φ

Put φ = 0 in the above equality to get,∫
Ω+

∫
Y(x2)

∂u1
∂y1

∂φ1
∂y1

+
∫

Ω+

∫
Y(x2)

u1φ1 =
∫

Ω+

∫
Y(x2)

(f − u+)φ1.

Hence, using the cell problem we get,

u1(x, y1) = (f (x)− u+(x))ξ(x2, y1).
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Now if we put φ1 = 0 and substitute the definition of u1 to get∫
Ω+
|YC(x2)|

∂u+

∂x2

∂φ

∂x2
+
∫

Ω+

(
|Y(x2)| −

∫
YI(x2)

ξdy1

)
u+φ+∫

Ω−
(∇u−∇φ + u−φ) =

∫
Ω+

(
|Y(x2)| −

∫
YI(x2)

ξdy1

)
f φ +

∫
Ω−

f φ,

Now we will show α(x) =
(
|Y(x2)| −

∫
YI(x2)

ξ

)
> 0. By taking w = ξ in

the cell problem, we get∫
Y(x2)

(∣∣∣∣ ∂ξ

∂y1

∣∣∣∣2 + ξ2

)
=
∫

Y(x2)
ξ ⇒ ‖ξ‖L2(YI(x2)) 6 |YI(x2)|

1
2

(
|Y(x2)| −

∫
YI(x2)

ξ

)
> (|Y(x2)| − |YI(x2)|1/2‖ξ‖L2(YI(x2)))

> |Y(x2)| − |YI(x2)| = |YC(x2)| > δ.
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Control on Cε

For θε ∈ L2(Cε) consider the cost functional

Jε(uε, θε) =
1
2

∫
Ωε

|uε − ud|2 +
β

2

∫
Cε

|θε|2

where uε is the unique solution of the following variational problem: for
f ∈ L2(Ω)

find uε ∈ H1(Ωε) such that∫
Ωε

(
χΩ− + χCε + ε2χIε

)
∇uε∇φ + uεφ =

∫
Ωε

f φ +
∫

Ωε

χCε θεφ,

for all φ ∈ H1(Ωε).

The optimal control problem is to find (ūε, θ̄ε) ∈ H1(Ωε)× L2(Cε) such that

Jε(ūε, θ̄ε) = inf{Jε(uε, θε)}. (2)
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We will use the characterization of optimal control θ̄ε by introducing the
adjoin state v̄ε which is the solution of the following variational form find v̄ε ∈ H1(Ωε) such that∫

Ωε

(
χΩ− + χCε + ε2χIε

)
∇v̄ε∇φ + v̄εφ =

∫
Ωε

(ūε − ud)φ,
(3)

for all φ ∈ H1(Ωε).

Theorem.

Let (ūε, θ̄ε) be the optimal solution to the optimal control problem (2) and v̄ε be the
unique solution of (3). Then θ̄ε is characterized by

θ̄ε = −χCε

1
β

v̄ε. (4)
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Limit optimal control

Cost functional: For θ ∈ L2(Ω+)

J(u, θ) =
1
2

∫
Ω+

∫
Y(x2)

∣∣(1− ξ)u+ + f ξ − ud
∣∣2 + 1

2

∫
Ω−
|u− − ud|2

+
β

2

∫
Ω+
|YC(x2)||θ|2

Limit state equation:

find u ∈ H(Ω), such that,∫
Ω+
|YC(x2)|

∂u+

∂x2

∂φ

∂x2
+
∫

Ω+
α(x)u+φ +

∫
Ω−

uφ +
∫

Ω−
∇u−∇φ

=
∫

Ω+
α(x)f φ +

∫
Ω−

f φ +
∫

Ω+
|YC(x2)|θφ,

for all φ ∈ H(Ω).

J(ū, θ̄) = inf{J(u, θ)}
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J(ū, θ̄) = inf{J(u, θ)}

Abu Sufian Thesis colloquium



Adjoint equation:

∫
Ω+
|YC(x2)|

∂v̄+

∂x2

∂φ

∂x2
+
∫

Ω+
α(x)v̄+φ +

∫
Ω−

v̄−φ +
∫

Ω−
(∇v̄−∇φ

=
∫

Ω+

[(∫
Y(x2)

(1− ξ)2dy1

)
ū+ − α(x)ud +

(∫
YI(x2)

(ξ − ξ2)dy1

)
f
]

φ

+
∫

Ω−
(ū− − ud)φ.

Optimal control is given by θ̄ = − 1
β v̄+

Abu Sufian Thesis colloquium



Adjoint equation:

∫
Ω+
|YC(x2)|

∂v̄+

∂x2

∂φ

∂x2
+
∫

Ω+
α(x)v̄+φ +

∫
Ω−

v̄−φ +
∫

Ω−
(∇v̄−∇φ

=
∫

Ω+

[(∫
Y(x2)

(1− ξ)2dy1

)
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Control on Iε

For θε ∈ L2(Iε), consider the following L2-cost functional

Jε(uε, θε) =
1
2

∫
Ωε

|uε − ud|2 +
β

2

∫
Iε

|θε|2,

where uε is the unique solution of the following variational problem: for
f ∈ L2(Ω) find uε ∈ H1(Ωε) such that∫

Ωε

(
χΩ− + χCε + ε2χIε

)
∇uε∇φ + uεφ =

∫
Ωε

f φ +
∫

Ωε

χIε θεφ,
(5)

for all φ ∈ H1(Ωε). The optimal control problem is to find
(ūε, θ̄ε) ∈ H1(Ωε)× L2(Iε) such that

Jε(ūε, θ̄ε) = inf{Jε(uε, θε) : (uε, θε) satisfies (5)}. (6)
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Jε(ūε, θ̄ε) = inf{Jε(uε, θε) : (uε, θε) satisfies (5)}. (6)

Abu Sufian Thesis colloquium



Theorem (Characterization ).

Let (ūε, θ̄ε) be the optimal solution to the optimal control problem (6) and v̄ε be the

unique solution of the adjoint state. Then θ̄ε can be written as θ̄ε = −χIε

1
β

v̄ε.
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Partial scales separation

Reduced cost functional: The L2-cost functional reduces to

J(u, u11, θ, θ1) =
1
2

∫
Ω+

∫
Y(x2)

((1− ξ)u+ + ξf + u11 − ud)
2

+
∫

Ω−
(u− − ud)

2 +
β

2

∫
Ω+

∫
Y(x2)

(θ + θ1)
2

Reduced state equation: The state (ū, ū11) ∈ H(Ω)×V(Ω) satisfies the
following system,

∫
Ω+
|YC(x2)|

∂u+

∂x2

∂φ+

∂x2
+
∫

Ω+
α(x)u+φ+ +

∫
Ω−
∇u−∇φ− +

∫
Ω−

u−φ

=
∫

Ω+

∫
Y(x2)

((1− ξ)f + (1− ξ)(θ + θ1))φ
+ +

∫
Ω−

f φ−,

∫
Ωu

∂u11
∂y1

∂φ1
∂y1

+
∫

Ωu
u11φ1 =

∫
Ωu

(θ + θ1)φ1,

J(ū, ū11, θ̄, θ̄1) = inf{J(u, u11, θ, θ1)}
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Reduced adjoint state: The adjoint state (v̄, v̄11) ∈ H(Ω)×V(Ω)
satisfies the following system,

∫
Ω+
|YC(x2)|

∂v̄+

∂x2

∂φ+

∂x2
+
∫

Ω+
α(x)v̄+φ+ +

∫
Ω−
∇v−∇φ− +

∫
Ω−

u−φ−

=
∫

Ω−
(ū− − ud)φ

− +
∫

Ω+

∫
Y(x2)

[
(1− ξ)2ū+ + ξ(1− ξ)f

]
φ+

+
∫

Ω+

∫
Y(x2)

[(1− ξ)ū11 − (1− ξ)ud] φ+,

∫
Ωu

∂v̄11
∂y1

∂φ1
∂y1

+
∫

Ωu
v̄11φ1 =

∫
Ωu

[(1− ξ)ū+ + ξf + ū11 − ud]φ1,

for all (φ, φ1) ∈ H(Ω)×V(Ω).

The optimal control is given by θ̄ + θ̄1 = − 1
β [(1− ξ)v̄+ + v̄11] in Ωu

I .
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Remark

In the above variational problem we have considered the contrasting
diffusive coefficients as 1 and ε2. In fact, we can consider the coefficient of the
form O(1) and α2

ε , where αε → 0 as ε→ 0. According to the limit k = lim
ε→0

αε

ε
,

we will get three different limit problems for, k = 0, k = ∞ and k ∈ (0, ∞).

What we have studied is essentially the case, where k ∈ (0, ∞), that is with
αε = ε and hence the exact proof can be reproduced with minor changes. The
coefficient of the second order term in the cell problem will be k2 instead of 1.
The other two cases can also be handled with minor modifications. Here we
have presented the case when k = 1, that is αε = ε.
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Thank you for your attention!
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