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What we model?
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What we model?

In-vitro tumor

In-vivo tumor

Figure: Cartoon of an in-vivo and in-vitro tumor

@ We focuses on the mathematical modeling of the coupled phenomena of fluid flow

and solid phase deformation (poroelastohydrodynamics) inside soft biomaterials,
such as a tumor.

o Typical approaches: (a) Long time scale - growth model (b) Short time scale - no
growth - transport scale
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Figure: Anatomy of tumor within a representative elementary volume (REV)

o Deformable solid phase: cell population, fibrous matrix (ECM) and vascular space.
@ Fluid phase: blood flow through blood vessels and interstitial fluid.

@ Homogenized model: biphasic mixture approach assuming tumor as a homogeneous
deformable porous medium



What we model?
o

Major Objectives

@ Developing biphasic mixture mathematical model (governed by linear/nonlinear
PDEs) describing poroelastohydrodynamics in an in-vitro (in-vivo) tumor.

@ Studying well-posedness in weak sense to the corresponding governing submodels.

@ Developing 1d spherical symmetry solutions in simplified cases of a tumor and
numerical simulations in 2d & 3d.



What we model?
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Biphasic mixture Theory

Mass conservation equations for fluid and solid phases:

a(p _ - .
NPL21) G ((y)V i) = 1S5, 1) in O = Q2 x (0,T) (1)
a ~S S ~ ~ .
UP2e) G () Vi) = pSa(a,t), in O = 2% (0.7) @)
Momentum balance equation for fluid and solid phases:
oV .
ps (thwL(Vf'V)Vf) =V Ty +1II; + by, in Qr (3)
OV, .
ps( = +(VS-V)VS>:V~TS+HS+bS, in Q7 4
Fluid stress:
Ty =—[osP =XV - VL4 ps(VVy+ (VVy)r), (5)
Solid stress:
Ts = —[(¢sP) = xs(#)(V - UL+ s (05) (VU5 + (VU,) ™). (6)

Barry et al. [1991], Ambrosi and Preziosi [2002], Dey and Sekhar [2016]
RSB
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Assumptions

. We assume neither the tumor nor the normal tissue are growing and all

=

elastic parameters (%, x% and u’ etc.) are independent of volume
fractions (Byrne and Preziosi [2003],Dey et al. [2018]).

. Nutrient perfusion and transport occur on much shorter timescales than

9@02
ot

el _ .
= =0 and

the timescale for tumor and healthy cell growth=- 5

Si =0 (Dey et al. [2018]).

=0,

. The motion of the cells and the interstitial fluid flow are so slow that the

inertial terms can be neglected = |(V - V})V’| << 1 (Wang and Parker
[1995], Byrne and Preziosi [2003]).

. The steady-state assumption allows us to ignore the time derivative of

the solid and fluid phase velocities in both regions.

. The only interaction forces that come into play in the tumor region are

due to the frictional forces that the fluid encounters at the boundaries of
the pore (Rajagopal [2007], Dey and Raja Sekhar [2016]).
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Steady-State Governing equations

Statement of the Problem: find (V$, P?,U?) and ( ;i", P U™) which satisfy the
following nonlinear elliptic system of PDEs
(a) In the normal tissue region, €, :

=V 20D (V) + (AfV - VG — o3 P)I] + K,V = b,

(Mia) § =V - [23D°(U2) + (x2V - Ug — 2 P)I] — K, V§ = b,

V- (p}V$) = 5%

(b) In the tumor tissue region, Qs :
—V - (=PI + Kin Vi =0,
(Mip) =V [2p"D*(U) + (x"V - UL = " P™)I] = Ki VY = b{",

V- (V) = S
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Interface conditions

Normal tissue

Interface conditions on I'; : [Hou et al., 1989, Young et al., 2019]

V$-ni + V7 ny=0 (7)
= B(TF m) t=V;-t (8)
— (T -m) -y =" P™" 9)
U =uUr (10)

T - n; + T ny =0, (11)

Boundary conditions on I', and [';;, :

T} n1 =Ty, Ul=0on Ty, V¥ no=0, U"=0 on Tjn. (12)
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Non-dimensional governing equations

(a) In the normal tissue region, £,
—V - [2DaD? (V1) + (ADaV - Vi — 3 P)I] + Ko(c) V1 = b},
(Mia) ¢ =V [201D%(U1) + (05V - Ur — 9 P1)I] — Ko(s) V1 = bg,
V- (pFV1) +ao(Pr — 1) = 0;
(b) In the tumor tissue region, Qs :
—(@¥)?V - [(Kin(s)) 'V Po] 4+ bo(Py — 1) =0,
(M)

=V - [201"D*(Us) + (05"V - Uz — " P)I] + 0" VP = b,
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continue...

Interface conditions on I';: (Hou et al. [1989], Young et al. [2019])

Vi-ng = ¢ (Kin(s)) ' VP - na; U; = Uy, (13)
% Ki(x)V1-t = —([2DaD’ (V1) + (ADaV - Vi — 2P -m) - ¢, (14)
— ([2DaD’ (V1) + (ADaV - Vi — 9P -11) -0y = " P, (15)

[207D° (U1)+(05V- U1 — 2 PI]-01+[20" D (Us )+ (05" V- Ua — " Py)I]-ny = 0. (16)

Boundary conditions:
[2DaD’ (V1) + (ADaV - Vi — ¢3P)I] -0y = Too; U; =0 on T,  (17)

O (Kin(s)) 'VPy-n2=0; Uz=0 on Dy, (18)
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Here D® and D represent the deformation and rate of deformation tensors which are
defined as follows:

D°(U;) = %(VU1 +(VUD™), and DI (V) = %(vv1 +(VV1)"),

with (VV1)'" transpose of the matrix (VV71).
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Hydraulic resistivity

For x € €2, we characterize the hydraulic resistivity in the following way

x)), forxeQ,

_ o(s(x)),
K(x) = { Kmig(x)), for x € Qin (19)

where ¢ is equals to (a) V- U and (b) U.
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Structure of the hydraulic resistivity

K(x) = K(s(x)) where
(i) < is a known function ( Sun et al. [2002])

K(x)=¢e "

(i) < is NOT known
(a) s = V- U ( Klanchar and Tarbell [1987]),

K(V-Us) = (11 +7V - Us).
(b) s = Us ( Sun et al. [2002]),

K(U,) = (50|Us| + 61).
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Mathematical Tools

Let © be a bounded, open subset of RY, d=2,3. L?(Q)? is the space of all measurable

functions u = (u1, u2, ..., uq) defined on © for which

d 1/2
00 = /Z|ui|2d§2 < o0, (20)
Q=
For any two functions u and v the inner products ( , )q, is defined as

(u,v)gz:/u~vdﬂ.
Q

||l
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Function Spaces

The first order Sobolev space is defined as H'(Q)¢ = {u € L*(Q)?%|Vu € (L*(Q))**%}
and the norm of a function u € H*(Q)? is defined as

[lul

1/2
Lo = (Iullde+1Vuallge) ", (21)

o H3(©)" = {u € H}(©)7] ula = 0).
e Hip()?={ue H'(2)?: u=0o0nT}, where T is an open subset of 0.
Lemma

(Temam [2001]) Let X be a finite dimensional Hilbert space with scalar product (-, -) and
norm || - ||, and let G be a continuous mapping from X into itself such that

(G(z),z) >0 for ||z|| =m0 > 0.

Then, there exists a x € X, with ||z|| < 7o such that

(G(x),z) = 0.
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Inequalities

o Cauchy-Schwarz Inequality
(u,v)e < |[ullogl[Vlloe, ¥ u, ve L Q)" (22)
@ Young's Inequality with €
abS;—iJrg (a,be Ry, €>0). (23)
@ Korn's Inequality
IVIE e < e (IIVIGo+IDMV)I6e) ¥V VeH ()" (24)
@ Poincare’s Inequality
IVIlGe < ellVVIlGe, ¥V € Ha(2)". (25)

@ Sobolev or embedding inequality

V710 < cllVIlia, ¥ VeH Q)" (26)
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Mathematical Methods

o Derive variational (or weak) formulation using suitable functions spaces (Sobolev
Spaces).

o Use Galerkin method, an application of Brouwer fixed point theorem and weak
convergence to show the existence of a solution to the linear weak formulation.

@ Use iterative method to prove the existence of a solution to the nonlinear weak
formulation.

@ Prove uniqueness of weak solutions and continuous dependence on the given data
using the regular technique.

Alam et al. (2021) Applicable Analysis
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Linear weak formulation

Choosing test functions

(M, &, w,q,8) € H'(Qo)? x H3 () x L*(Q0) X H*(Qin) x HL(Q)?, then multiplying to
each of the equations of the systems (M1,) and (M), respectively. Further, using
integration by parts and summing all the equations, we get the following equivalent weak
(or variational) formulation.
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Linear weak formulation

For a given ¢ € L*(Q) (or L?(92)%), the weak formulation will be: find
(V1,U1, P1, P2, Us) € Y = H' (Q0)* x Hj () X L*(Q) X H' (Qin) X Hy p,, (Qin)?
such that

2Da(D’ (V1), D’ (n))a, + ADa(V - V1,V -n)a, — ¢5(P1, V- n)e,
+(Ko()Vi,ma, + ¢f (Peyn-mi)r, + 5* (v/Kr(x)Vi-t,n-t)r
+207(D*(U1),D*(§))e, + 03(V - U1, V- &)a, — ¢2(P1,V - e,
—(Ko(6)V1,8)a, + (V- (93 V1), w)a, + ao(Pr1,w)a,
Hef)?(Kin($) "'V P2, V)a,, +bo(P2, e, — ¢ (Vi-n1,9)r,
+201"(D*(Uz), D*(€))e,, + 05" (V- Uz, V- €)a, —wi”(PmV'ﬁ)Q
T (VP2 €)a,, — [(Too,m)r, + (bF, M),

+(bg, €)q, + (a0, w)a, + (bo, e, + (bL",€)a,,] =0

holds for all (1, &, w,q,&) € W = H*(Q,)* x HJ ()% x L?(Q,) x H () x Hi(Q)<.

in
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Main Result: Linear case

(a). For i € {o,in, I}, we assume that there exists two positive constants k;

and k2 such that
ki < Ki(x) <ks ¥V zeR%

(b). bY € L?(2,)%, b™ € L*(Qn)? and Too € L (TH)%

Theorem

Let the data satisfy the assumptions (a) and (b) and if the non-dimensional parameters
and constants satisfy the following relations

201 Cpkg 2.9%” cpke o (802)2 in (Soin)Q
- > ) > ) > ) > ) 27
Ck 2k1 Ck 2 02 = 2a0 02 2bg ( )

Then, the weak formulation (A.,) has a unique solution
(V1,U1, P1, P2, Us) € Y = H'(Q0)* x Hj ) () X L*(Q) X H' (Qin) X Hj p,, (Qin)?
which depends continuously on the given data.
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Further, the solution satisfies the following a priori bound.

Vil + VU0, + IVU2[6.0,, + [1P1l15.0, + |IP2][ .0,

2 2
0.9, T llaollo,0,

1 ° o
< {(Hbﬂo,no + vl Tacllor,)* + [[b]
5

T lboliZan, + |bi.”|3,gm} . (28)

. 209 cpk3 ao 200" cpko
as mm{ag, ( o o )2 , Qg . 5 , (29)

where

and




Nonlinear Biphasic mixture model for an in-vivo tumor: existence and uniqueness results
O000@000000

Nonlinear case (a)

case-(a) K = K(V - U).
Theorem

We assume that b € L*(Q,)?, bi™ € L?(Qin)? and To € L*(I',)%. Further, assume
that the hydraulic resistivities K; are continuous from L*(§;) to L*(Q;) (i € {o,in})
and additionally K, has the following affine structure®

Ko(v'Ul) =M +’Y?V'U17 (31)

where ~y; are admissible constant such that K, remains bounded. Then, the problem
(A(V - U)) has at least one solution
(V1,U1, Py, Py, Uz) €Y = H' (Q0)* x Hj p, () x L*(Q) x H' (Qn) x Hy p, (Qin)".

“Similar approximate structure is used by Klanchar and Tarbell [1987] in case of arterial tissue. We remark
here that relaxing the structure (31) and showing the existence of a solution is an open problem.

Lemma

The sequence {V - U"|q,. }n>0 converges strongly to V - Ulq,, in L*(Qin).
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Nonlinear terms-iterative method

(Ko(V - UT) — Ko (V - UV g, + (Ko(V - UD (VI = V), g,

+ (Ko(V - UV, e, — (Ko (V- U]) — Ko(V-UD)VIH E)g,

— (Ko (V- UV — V), £)g, —(Ko(V - UV, E)g,

+ @) (Kin(V - UD) ' = (Kin(V - U2) HVPL, Vg

in

+ (2 (Kin(V - U) TIPS — VP, Vg,

+ (2 (Kin(V - U2) 'V, Vo),
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Uniqueness

Theorem

Assume that (V1,1, Uy, P11, P>;1) and (V1,11,Urr, Pi 11, Pa,11) are two solutions of the
nonlinear weak formulation A(V - U), and the hydraulic resistivities K, and K, are
Lipschitz continuous with Lipschitz constant k. Further, assume that there exists two
non-negative constants C1 and C2 such that

HVPQ’Z' |L4(Qin>d § 01 and (32)
[IV(Ur = Um)llpaa,ye < Col|V(Por — Poar)lo,, (33)

where i € {I,I1} and the non-dimensional parameters and constants satisfy the following
relations

krcs 209 k3 krcs o o) kres
oy > RLcsas 208 (epky | kncsas) - o ((98)° | KLcsos )
2(15 Ck 2k1 (0751 2CLO 2015

(pF)’kLCiCe 201" ok i (o>
k% ’ Ck 2’ 2 = 2bg ’

Qg >

Then, we have V17[ = VL[[, and PIJ = Pl,][ a.e. in Qo, U[ = U][ a.e. in Q,
Por = Por ae in Qin.
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Uniqueness

Here,

]1/2

as = [(I[bF]o,0, + verl Toollo,r,)* + [1b21[5.0, + [laolld.e, + [1boll6.., + 616,

(35)
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Corresponding Non-Linear Problem: case-(b)

case-(b) : K = K(U).

Theorem

We assume that b? € L*(Q,)%, bi" € L?(Qin)? and Too € L*(I',)%. Further, assume
that the hydraulic resistivities K; are continuous from L?(;) to L*(Q;) (i € {o,in}).
Then, the problem (A(U)) has at least one solution

(V1,U1, P1, P, Us) € Y = H'(Q0)* x Hy 1, (Q0)* X L* () x H' (Qin) x Hy p. (Qin)™.

in
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Nonlinear terms-iterative method

(Ko (UD) — K, (U )V, g, + (K(UD(V]T — V), g,

+ (Ko(UDV1, e, — (Ko(U) — Ko (Un)ViT, ),

— (K, UDVIT = V1), 8)a, (K, (U V1L, E)g,

+ (¢ (Kin(UD) ™! = (Kin(U2)"HVPS, Vg,

+ @ (Kin(U2)) " (VP! = VP2, Ve, +(@]) (Kin(U2) ' VP, Vg,
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Theorem

Assume that (V1,1,Ur, Py 1, Pa 1) and (Vi,11,Urr, Prrr, Pe 1) are two solutions of the
nonlinear weak formulation (A(U)), and the hydraulic resistivities K, and K, are

Lipschitz continuous. Further, assume that there exists a non-negative constant C such
that®

IV P2l gy < O (36)

where i € {I,1I} and the non-dimensional parameters and constants satisfy the following
relations

1/2 1/2
kLCsCM@-Cp/ 209 cpk3 kLcsaﬁcp/ o (90‘;)2
g >~ O ZEL g SR ) 2> :
205 Ck 2k as 2a0
3 1/2 ;i i 1/2 .
oy s OIPRCEA” 2ot ek | (@F)RCial®) @)

4 Qk’% ) ch 9 2]6% y 02 =2 2b0 )

Then, we have Vi1 = Vi1, Pir = P11 a.e. inQ,, Uy =Ujs ae inQ,
Por = Por ae in Qin.
?This is the smallness condition on the fluid phase velocity in the tumor region. )
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Non-dimensional governing equations

In Q, we have

1

=V-2D(Vs) + MV - V)L - ¢y PI) + FaK(C)Vf =by, (38)
— V(@1 D(UL) + as(V - UL)I — ¢, PT) — ﬁK(c)vf ~b., (39)
AV (@fo) = —CLo(P— 1). (40)

2D(Vi)+ XMV -V)I—¢;PI)-n =T and U; =0 on 0. (41)
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Nonlinear Weak formulation

Here, we assume ¢ = Uj i.e. K = K(U,) and denote X = H'(Q)?, Xo = Hj(Q)?,
M = L?*(Q). In this case, the weak formulation (Q,,) becomes: find

(V;,U,, P) € X x Xo x M such that

2(D(Vy) : D(W))a + AV -V, V-W)g — ¢;(P,V-W)gq
+ﬁ(K(US)Vf,W)Q + 2&1(D(US) : D(Z))Q + OéQ(V . Us, V . Z)Q
—¢s(P,V - Z)o — 5z (K(Us) V5, Z)o + ¢7(V - Vi, q)a + ao(P, q)
= (b, W)a + (Too, W)aa + (bs, Z)a + (a0, ¢)o

holds for all (W,Z,q) € X x Xo X M.
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Assumptions on the data

(A) The parameters ¢5 >0, ps >0, A >0, a1 >0, a2 > 0, ap > 0, Da > 0
are known real constants, and the functions b; € L?(2)? where
i=1f s To € L?(0Q)? are also known.
cr >0, ¢, >0, ¢; >0, cs > 0 are some real constants that appear in
Korn's, Poincare’s, trace and Sobolev inequalities, respectivelyl.

(B) Assume K : R » R is a symmetric uniformly positive definite matrix
which is bounded. This ensures that there exist positive constants k1 and
ko such that for £, x € R?

(i) ki€ - € S K(x)€ € and (i) [K(x)| < k. (42)
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Existence and uniqueness results

Theorem

Suppose the assumptions (A) and (B) hold. If the constants and the non-dimensional
parameters satisfy the following conditions

@ cpkg , Q2 > ¢§7
Ck 2k1Da 2a0

(43)

then for a given ¢ € L*(Q)%, the problem (Q(s)) has a unique solution
(V,Us, P) € X x Xg X M. which continuously depends on the given data.

Theorem

Assume that the hydraulic resistivity K satisfies Lipschitz continuity property and the
assumptions (A) and (B) hold then the nonlinear problem (Q(Us)) has a solution
(V,Ug, P) € X x Xg X M. Further, if the constants and non-dimensional parameters
satisfy the following conditions

s 4 2 kroaucs(cp + 2,/ 2
90Da > kraac ’ a1Da N (cpk2 | fraa s(cp + 24/ p)>’ 20y > 2
as Ck k1 a3 ao

(44)

then U.)) has a unigue solution that continuously depends on the given data.
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Unbounded case: Existence

Theorem

Assume that the data and parameters satisfy the assumption (A) and the condition (i) of
assumption (B) and in addition the hydraulic resistivity K is Lipschitz continuous. If the
constants satisfy the following assumption

201 cskocll,/zaz
=22 45
Ck a3Da (45)
then the nonlinear weak formulation (Q(Us)) has a solution (V,U,, P) € X x Xo x M
such that

1
(Vs P)llxxm <

(b Te 24 a2o0"? 4
< ey [Ubsllos + vl Talloon)® + adie] . o)

where

1V, P)lixscar = (Vylli e +1P115.0)"2,
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continue...

1 csko|€2
VULl < - [ ?|Ibulo + 2t (m ol )} (47)
(m _ M)

Cp axDa

where |Q2| denotes the area or volume of the domain €2, and

:[(

I
Here, o” = - min{2, £y

]1/2 a3 = min{a™, ao}. (48)

et Tocll0,00)” + ag|Q|
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Unbounded case: uniqueness

Remark

We note that uniqueness in this case holds whenever the non-dimensional parameters and
constants satisfy the following assumptions

2a*D kroj * :
ac - > {2?4 + \/iko(\/ |2 + \/@as)] , Qg > 2 (49)
s 3

= 2(10’

donDa {kz;rl (cp +2v/¢,) + V2ko(1/]9] + \/@ag)} : (50)

CkCs 3

The detailed proof of uniqueness can be shown as in Theorem 4.
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Theorem

Assume that the hydraulic resistivity K admits the following form
K(V-U,) = (11 +7V- U, (51)

with 1 and 2 such that K satisfies the assumption (B), (I identity matrix of order d)
and given data as in assumption (A) then the nonlinear problem (Q(V - U,)) has a
solution (Vy,U,, P) € X x Xo x M. Further, if the constants and the non-dimensional
parameters satisfy the following conditions

400D k2 2
2aDa > ’Y2Csa4’ aDa - (ephy | yacsaa Lo > s 4 200 (52)
(6%} Ck kl a3 2a0 agDa

then (Q(V - Uy)) has a unique solution that continuously depends on the given data.
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Comments on the inequalities

Dimensionless

Description

Range of values Supporting
parameter References
Da Darcy's number 10°T-10"T Dey and Sekhar [2016], Dey et al. [2018]
(Dimensionless specific permeability of tumor)
i Strength of transvascular solute perfusion 0<ar <10 Netti et al. [1997]
inside tumor tissue
ot Dimensionless Young's modulus (YM) corresponding to 10° < o <107 Dey et al. [2018]
tumor tissues
vp Poisson ratio (PR) corresponding 0.45 < v, <0.49 Roose et al. [2007], Islam et al. [2020]
to tumor tissues
by Volume fraction of fluid phase 0.6 <oy <0.8
inside tumor tissue Dey and Sekhar [2016], Dey et al. [2018]
K Non-dimensional hydraulic conductivity
corresponding to tumor interior 0.00006 < K < 1.4

Dey et al. [2018]

Table: Different dimensionless poro-elasto-hydrodynamics parameters corresponding to tumor
tissue with their value range.
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Comments on the inequalities

For d = 3, choose 2 as a d-dimensional (d = 3) sphere of unit radius (in dimension 1mm)
Q] = 4, 09| = 4.

biZO,iE{f,S}, Tew =1,

k() >0, () >0, cs(d) >0, c(R2,d) > 0 as follows:
cx = 2 (or 3) for HY(Q)?, (or H*(Q)%), Bernstein and Toupin [1960], Salsa [2016]

cp =1/2, cs = 1/2, Attouch et al. [2014], ¢; = 2 Salsa [2016].

For Da =103, oz =1, 0; = 10*, v, = 0.45, k1 = 0.5, ko = 1.4, ¢ = 0.4, L, A, =1,
kr =2x 1073, 72 =2 x 1073, and 0 < ko < 1, we verify the inequalities (43), (44),
(45), and (52).

The constraints (49) and (50) which ensure the uniqueness for arbitrary K hold when we
choose Da = 107!, and ko = 10~2 with the remaining parameters as chosen above.
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Observations & Future outlook

@ We observed that the nonlinear structure of hydraulic resistivity plays an important
role to establish the existence and uniqueness results. In the case of dilatation
dependent hydraulic resistivity, one has to consider an affine structure to develop the
existence and uniqueness results.

@ Open questions observed during above analysis.

o Closed form solution in 1d and Numerical simulation in higher dimensions (2d & 3d).
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