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Introduction
Toy problem

Example 1
We consider the following ODE:

Oy = —u’. (1)

Multiplying both sides of (1) by O,u, we have

|0pul? = —uPOu = —0; <1u4>

Namely, ,
Oy (4u4> + |8tu]2 =0. (2)

Integrating both sides of (2), we obtain

1\u(t)y4+/0 |Opu(s)|*ds = i\“(o)ﬁ-
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Introduction

Finite difference schemes for the toy problem

Example 1 At; a time mesh size
o = —u® (1)J ; the approximation to u(nAt) J

For example, we have the following finite difference schemes for (1):

Urtl) _ ) _ (U(”))S,

At
yntl) _ ) 3
_ _ U(n+1)>
A ()
G (ON (UEHDY 4 (UDY gm) Lnt)) ()Y 4 (m)?
At T 4

We focus on the scheme (3).
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Introduction

The structure-preserving scheme for the toy problem

du=—u’ (xdu) At; a time mesh size
~ 3, <lu4> + |9wuf? = 0 U™): the approximation to u(nAt) J
1 4 ¢ 2, 1 4
= ;1@ + [ 10eu(s)["ds = 7 |u(0)]
0
(n+1) _gr(n) (DY 4 (UDY gm) L)) ()Y 4 ()
At T 4 :
(3)

Multiplying both sides of (3) by (U™t — U(™)/At, we have
2
U+l _gyn)

At

(U(n+1))3+(U(n+1))2 U™ 4yt () +(U(n))3 Un+1) _r(n)
4 At

RN
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Introduction

The structure-preserving scheme for the toy problem
O = —u’ (x0pu)

At; a time mesh size
) (%1”4> + 18 =0 U™): the approximation to u(nAt) J

t
1
= Zlu@®)|* + [ 18cu(s)*ds = £ |u(0)[*
4 o 4

(DY 4 (UDY gm) Lynt)) ()Y 4 (m)®
. ®)
Multiplying both sides of (3) by (U™t — U(™)/At, we have

1 U+ _ )

iy -3

Summing both sides of (4) from 0 to n — 1, we obtain

n—1

<U<”)> + Z
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The structure-preserving scheme for the toy problem
O = —u’ (x0pu)

At; a time mesh size
_ Gu4> + 1ol =0 U™): the approximation to u(nAt) J

1 ¢ 1
= Jlu@|" + [ 10u(s)Pds = 7 |u(0)]'

0

(n+1) _gr(n) (DY 4 (UDY gm) Lynt)) ()Y 4 (m)®
At T 4 (3')
Multiplying both sides of (3) by (U™t — U(™)/At, we have
2
1 (1 4 1 4 Un+1) _r(n)
21 (gen) 2 (o _
At {4 (o) =5 (o) }+ A 0 @)

Summing both sides of (4) from 0 to n — 1, we obtain

n—1
)

2

Ut _gr(n) Ar i (U(U)>4.

At
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Introduction
A failure case of a numerical computation

We consider the following Cahn—Hilliard equation with the homogeneous
Neumann boundary conditions:

6tu = 83(_76%“’ + US - u)7 in (07 L) x (07 T]a
8xu(:v,t)|$:07L = 8§u(x,t)}I:O7L =0, in (0,7].
Figure 1-2 show the numerical results obtained by the Runge—Kutta

scheme. The numerical computation by this scheme fails when the time
mesh size is coarse.

Fig. 1: At =1/2500 Fig. 2: At =1/25000
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Introduction

The dissipative and conservative properties

{atu = 02(—y0%u +ud —w), in (0,L) x (0,7,

8mu(wat)’z=0,L = 3§u(1‘,t>}x:0L =0, in (0,7].

The solution u to the above problem satisfies the following energy
dissipation and mass conservation:

d L L
—J(u(t)) <0, / u(z, t)de = / u(z,0)dz,
dt 0 0

where the the “global energy” J and “local energy” G are defined by
L 9

L
J(u) = / G(u,0pu)dz, G(u,0yu):= % |Bpul® + 1u4 — —u.
0

4 2

Remark

In generic numerical methods, such as the Runge-Kutta method, the
above essential structure of the equation is highly likely to be
destroyed.
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Introduction

The dissipative and conservative properties

{atu = 02(—y0%u +ud — ), in (0,L) x (0,7,

6mu(mat)’z=0,L = 6§u(1‘,t>}x:0L =0, in (0,77

The solution u to the above problem satisfies the following energy
dissipation and mass conservation:

d L L
—J(u(t)) <0, / u(z,t)de = / u(z, 0)dz,
dt 0 0

These figures show the time developments of the discrete energy and the
discrete mass by the Runge—Kutta scheme, respectively.
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Introduction

The dissipative and conservative properties

O = 02(—y0?u +u3 —u), in (0,L) x (0,T],

pu(w,t)| 0, = 6§u(x,t)}x:07L =0, in (0,77].
The solution u to the above problem satisfies the following energy
dissipation and mass conservation:

d L L
—J(u(t)) <0, / u(z, t)de = / u(z,0)dz,
dt 0 0
where the the “global energy” J and “local energy” G are defined by

L 2 o 14 1,
J(u) := / G(u,0pu)dz, G(u,0yu):= B |0z ul” + —u* — —u”.
0

4 2

Thus, we use the discrete variational derivative method (DVDM),

which is for designing numerical schemes which inherit the above
properties from the original equation (Furihata-Matsuo(2010)).
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A successful case by DVDM

Figure 3 is the earlier result obtained by the Runge—Kutta scheme. Figure
4 is the one obtained by the discrete variational derivative scheme.

Fig. 3: Runge—Kutta (At=1/25000) Fig. 4: DVDM (At = 1/1000)

We can stably obtain the numerical solution by the discrete variational
derivative one even when the time mesh size At is coarse.

Makoto Okumura (Osaka University) June 17, 2020 8/ 34



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton3'){ocgs[i].state=false;}}



Introduction

The energy dissipation of the Cahn—Hilliard equation

G(u, 0zu) = ]8 ul? +4u —lu / G(u, 0yu)d

The Cahn—Hilliard equatlon can be wntten as

0G
Otu = (93 ((Su),

where 6G'/du = —y0%u + u® — wu is the (first) variational derivative of G.
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Introduction

The energy dissipation of the Cahn—Hilliard equation

G(u, 0zu) = ]8u\ + u ——u / G(u, 0yu)d
The Cahn—Hilliard equatlon can be wr|tten as

0G
8,11*(9 ((SLL)’

where 6G'/du = —y0%u + u® — wu is the (first) variational derivative of G.
Then we can show the energy dissipation as follows:

dt J(u) dt/ G(u, dpu)d
/L &uda;;(btz) /jf{&i(i_i)}dm—l—(b.t.)
:—/O {896 <5u>} dzx + (b.t.) <0.

We construct a structure-preserving scheme by retaining the relationship
between the equation and the variational derivative in a discrete setting.
Makoto Okumura (Osaka University) June 17, 2020 9/ 34



Procedure of DVDM

Continuous Calculus
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Discrete Calculus

discrete energy function
GaU™)

discrete variation

discrete dissipative property
Ja(UH0) — Jy(U™) <0

At -

|

{

discrete variational derivative
0Gq
SO Um),

definition consequence

energy function APPIOX.
G(u,0,u) =
dissipative property
d
—J 0
7 (w) <
variation
variational derivative
G
du
definition J consequence
PDE { approx. |
oG : :
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o 1
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Procedure of DVDM

Continuous Calculus Discrete Calculus
energy function Approx. discrete energy function
G(u,0,u) — CyU™)
dissipative property | discrete dissipative property
d | JoU®D) = Jy@w™
S J(w) <0 j Ja(UD) - JaU™) <0
dt At
variation discrete variation
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variational derivative discrete variational derivative
G 3Gy
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definition consequence i ; definition || consequence
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Procedure of DVDM

Continuous Calculus Discrete Calculus -

finite difference scheme
(n+1)  (n)
Uk - Uy — 5@
At k Unth) ),

= DVDM — standard strategy
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Introduction
Discrete operators

Notation
Az := L/K; a space mesh size, At; a time mesh size,
Ulgn); the approximation to u(kAz, nAt),

T
U(n) = (Ugl)vU(g )77UI(()7UI((—?—1)

Definition 2

Let us define the difference operators (5,':, 0r 5]il>, and 5,<€2) concerning
subscript k by

+p S —fa _ fe—fer L
O I : Ax ' O Ju : Az
— Jp— -2 _
SV f, = m;Tj’“, 5 f, = St (AJ;’“)jf’“ L (k=0,1,...,K).

5, 6., and (5,<{1> correspond to 0., and 51?) corresponds to 02

v
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Introduction
Discrete operator and summation-by-parts formula

Definition 3
We adopt the summation operator Zszo " defined by
K K-1

1 1
§  folx = §f0Am 1 § fubz + 5fKAg; for all {fr}io?, € RETS,
k=0 k=1

This operator corresponds to the integral:

L
/ f(x)dz.
O v
Summation-by-parts formula i
K _ _
Z//(dljfk)(éljgk) + (0 fi) O g) 4 ‘
P
=0 2 Jo,
= 2
=" f) gz + (b.t.).
0 I kK
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Introduction
Discrete operator and summation-by-parts formula

Definition 3
We adopt the summation operator Zszo " defined by
K K-1

1 1
§  folAx = §f0Am = § fubz + 5fKAg; for all {fr}it?, € RETS,
k=0 k=1

This operator corresponds to the integral:

L
/ f(x)dz.
O v

Summation-by-parts formula Integration-by-parts formula
i y O3 f1) (5 gx) + (95 fr) (95 9k) Az /L(amf(x))(axg(x))d:B
Pt 2 0 .

= = [ (92 dr+(b.t.).
S e £ (r) | @ s+ oe) )

k=0
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Introduction

Discretization of the energy

We define the discrete local energy Ggq 1 by
_ 7 (6 Uk)* + (8, Up)?

1 1
Gar(U) := +ZU,§—§U,3 (k=0,...,K).

2 2
This G4 is a discrete analogue of G:

1 1
G (u, Oyu) = % 0pul® + ~ut — Zu?.

u
4 2
Accordingly, we define the discrete global energy Jy as follows:
K
Ja(U) = "Gqx(U)Ax.
k=0

This Jg corresponds to J:

L
J(u)—/ G(u, Oyu)dx.
Jo

Remark

There are several selections of the discrete energy G4. In general, a
different selection will lead us to a different scheme in DVDM.
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Introduction
Discrete variational derivative

Based on DVDM, we calculate the discrete variation Jyq(U)—J4(V) to get
the discrete variational derivative by the summation-by-parts formula.

Remark
The discrete variational derivative 0G4/d(-, )i is defined so that the
following identity holds:

K K 5G
" . Ag — " d
(Gak(U) — Gap(V)) Az 5T V;

k=0 k=0

(Uk——V%ﬁﬁx—%(bI).

The above identity is a discrete version of the Gateaux differentiation:

L B L
lim [ Gt endzutedon) - Glu o), / 0C iz + (b.),

where n: [0, L] x [0,7] — R is a smooth function.
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The structure-preserving scheme by DVDM

Thus, we define the scheme with the discrete variational derivative:
At - 5(U(n+1)’ U(n))k
en - 5<2> U}En+1)+U}£n)
6((](n+1)7 U(n))k_ YO 9
(n+1) 3 (n+1) 2 (n) n+1) (7+(n) 2 (n) 3
(UA, ) + (Uk ) U™ 4+ U (Uk ) n <UA, )
4

> (k=0,...,K, n=0,1,...),

+

(n+1) (n)
U, + U;
—% (k=0,...,K, n=0,1,...).
This scheme corresponds to the Cahn—Hilliard equation:

O = 2 (f;j) % = —0%u + v’ — u.

Makoto Okumura (Osaka University) June 17, 2020



Introduction

Discretization of the nonlinear term

Discrete variational derivative

S K., 6G
> (Gar(U) = Gan(V)) Az = 3" (U — Vi) Az + (bit),
k=0 = oU, V)i

0Ga 5 Ui +Vi o U+ UV + Up V2 + V3 U+ Vi

By the factorization, we can easily obtain the following identity:
K

1 1 1 1
k_oll { <4[]]iL — 2U]3) — <4Vk4 — 2Vk2> } A.’I)

1 1
,/{4(U1cVk)(UI?+UI?Vk+Uka2+Vk3)Q(Ukvk)(Uk+Vk)}Ax

M-

k=0
U+ UV, + U VE+ V3 Up+ Vi
— n( 2k k k Yk , B
= kz;) < 1 5 ) (Uk Vk)A.T
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Introduction

The discrete energy dissipation

d L G\ 2
— = — e | — lz < 0.
de(U) /0 {Ox <(5u>} dx <0

Then we can show the discrete energy dissipation by imposing suitable
discrete boundary conditions with which the boundary terms vanish.

Jo(UO D) — U™y 1 K (1) )
= " (Gar@™)=Gap(U™)) Aa
K n—+1 n
S a—c Uy )7U’£)Aa:+(bt)
2 SO, umy, Al *

I
M>I

£
I
=

0Ga 2) 0G4
"
5(U(n+1) U(n)) {6k <5(U(n+l)’ U(n))k> } Az + (bt)

i 5Gq . 5G4
2 e~ Ue+t) ), F\o(Ue+) UM),

<0 (n=0, )

—_

2
+

l\D

2}Aaz—i—(b.t.)
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Introduction

The discrete energy dissipation

d L G\ 2
—J(u) = — )y | — lz < 0.
dtj(“> /o {0 <5u>} dx <0

Then we can show the discrete energy dissipation by imposing suitable
discrete boundary conditions with which the boundary terms vanish.

JJUue oy 1 E 0
a( it al( ) _ KtZ”(Gd,k(U(nH))_Gd,k(U( ))) Ax
k=0
) _ g

K
5Gyq
" k
pu— A . .
> SO, UMY, Al v+ (bt)

K
0Gq ) 0Ga
— "
a kz S(U M+ U, {5k (5(U(n+1)’U(n))k Az + (b.t.)
2

0
K 2
B 1 P 0Gyq _ 0Gyq .
g {5’f <6<U<n+1>,U<n>>k oG, gy, )| A
<0 (n=0,1,...)
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Introduction
The discrete mass conservation

/OL u(z,t)de = /OL u(z,0)dx.

Summing the following equation:

(n+1) (n)
Up  —Up _ 9 0Gq _ _
T—ék (5(U(n+1)7U(n))k ) (k—O,...,K, n—O,l,...)
over k=0,..., K based on the trapezoidal rule, we can also show the
discrete mass conservation:
K K
Z" én)Ax = Z” IEO)AI' (n=0,1,...).
k=0 k=0

To summarize, by using DVDM,

© we can construct a structure-preserving scheme that retains the
dissipative and conservative properties in a discrete setting,

© we can stably obtain the numerical solution.
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The Allen—Cahn equation with a dynamic boundary condition
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The Allen—Cahn equation with a dynamic boundary condition

The Allen—Cahn equation with a dynamic boundary

condition

Let Q2 := (0, L). We study the Allen—Cahn equation with a dynamic
boundary condition:

O = O%u —u® +u, in Q x (0,7],
0yu(0,t) = Opu(x,t)|,_y — (u(0,1))2 + u(0,t), in (0,T),
atu(L¢t) = - aﬁvu('x’tﬂx:L - (U(L7t))3 + U(Lat)7 in (O’T]a

The nonlinear term is the derivative of W (s):=(1/4)(s>—1)2. Then, the
solution u of the problem satisfies the following total energy dissipation:

% {Jac(u(t)) + W (u(0,)) + W (u(L, 1))}

- /‘L 0Gac [’
0

ou
where the “local energy” Gac and the “global energy” Jsc are defined by

Oz
0uf” Y W), Jac(u /GAcuau)

Makoto Okumura (Osaka University) June 17, 2020 20/ 34
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The Allen—Cahn equation with a dynamic boundary condition

Previous study

Difficulty

In the problem with dynamic boundary conditions, it was difficult to find a
suitable discrete boundary condition in the conventional way of DVDM.

Thus, Fukao et al. defined another discrete energy and used another
summation-by-parts formula:

K

K
_ K
(6 fx) (6 g1) A Z( fk) gDz + [ (65 fr)gr]
k=1 k=1
As a result, they have to approximate the boundary condition by a forward
difference, and their scheme is first-order accurate in space.

o T. Fukao, S. Yoshikawa and S. Wada, Structure-preserving finite
difference schemes for the Cahn—Hilliard equation with dynamic boundary
conditions in the one-dimensional case, Commun. Pure Appl. Anal., 16
(2017), 1915-1938.
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The Allen—Cahn equation with a dynamic boundary condition

Discretization of the energy

- . . +
Let us define two discrete local energies GACd’k by

(6, Up)?
GhoarU) = kT +W U) (k=0,...,K—1),

_ ((5_Uk)2
GACd,k(U) = kT

Then we define a discrete global energy Jacq as foIIOWS'

Jaca(U) : =3 { Z Ghcar (U) Az + Z Gacar( }

= 5ﬂ@
Z Aaz—l—Z"W(Uk) Az.

k=0 k=0

YW (k=1,....K).

There are several selections of the discrete energy G4. In general, a

Remark
different selection will lead us to a different scheme in DVDM. J
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The Allen—Cahn equation with a dynamic boundary condition

Discretization of the energy

Let us define two discrete local energies GiCd,k by

5 UL)?2
GlcaU) = (’“2’“) LW (UR) (k=0,...,K—1),
_ 5. Up)?
GacarU) = (’€2) W () (k=1,...,K).

Then we define a discrete global energy Jacq as foIIOWS'

Jaca(U) : =3 { Z Ghcar (U) Az + Z Gacar( }

K-1 o4+

(5 Uh)
§ k) Ax+§ "W (Uy) Az
k=0 k=0

Remark

If we follow the way Fukao et al. used, we consequently adopt
Zszl G acar (U) Az only as a discrete global energy Jcq(U).
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The Allen—Cahn equation with a dynamic boundary condition

Calculation of the discrete variation

Based on DVDM, we calculate Jacq(U) — Jaca(V') to derive the discrete
variational derivative by the following summation-by-parts formula:

K-1

Z (0% fr) (6 gx) Az = — i” (5;<f>fk> grAz + [(51<gl>fk>gk};{- (5)

k=0 k=0
Remark
If we follow the method Fukao et al. used, we consequently use the

following summation-by-parts formula:

K K

(6 fx) (6 g) Az = — Z (5;2>fk) grAz + [(@jfk)gk}g{-
=1 il

Remark

By adopting the previously mentioned discrete energy and (5), we can
construct a structure-preserving scheme based on DVDM.

w
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The Allen—Cahn equation with a dynamic boundary condition

Calculation of the discrete variation

Based on DVDM, we calculate Jacq(U) — Jaca(V') to derive the discrete
variational derivative by the following summation-by-parts formula:

K-1

Z (0% fr) (6 gx) Az = — i” (5;<f>fk> grAz + [(51<gl>fk>gk};{- (5)

k=0 k=0
Remark
If we follow the method Fukao et al. used, we consequently use the

following summation-by-parts formula:

K K

(6 fx) (6 g) Az = — Z (5;2>fk) grAz + [(@jfk)gk}g{-
=1 il

Remark

By adopting the previously mentioned discrete energy and (5), we can
approximate the boundary condition by a central difference.

w
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The Allen—Cahn equation with a dynamic boundary condition

Our structure-preserving scheme

Forn=0,1,...,
¢ (n+1) (n)
U U
62_[]1571) — 5I<CQ> k +U% _ (nigf o (k=0,...,K),
2 AU U)
n+1 (n
st = s v 0y _ aw
n”0 = % 2 (1) 77 (n)y’
(n+1) ) k=0 d(UO 1 >0 )
stp® — s (U~ F U _ aw
n UK k 2 (n+1) 77(n)y’
\ k=K d(UK 'YK )

where ;7 is the forward difference operator to time index (n). The
concrete form of dW/d(U,EnH), ,5”)) is as follows:

8 B O s
d(U’EnH)’Uén)) ) (n+1) (n) '
_w k=0,... K).
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The Allen—Cahn equation with a dynamic boundary condition

Our structure-preserving scheme

Forn=0,1,...,
( (n+1) (n)
srU™ = 5@ v +uMy (nf_‘f)’ k=0, K),
2 U, U
R A R dw
(Sn UO — (Sk 2 - (nJrl) (n) 9
k=0 d(UO 7U0 )
Ty (1) Uignﬂ) + Ukn) aw
(Sn UK —_ — 5k 42 - (n+1) (n) 9

The solution U™ of the scheme satisfies the following discrete total
energy dissipation:

S {']ACd(U(")) + WU + W(Ugl))}
2
72// (SGACC].

+770)2 +77@) 2 _
WA — 6 U P= 164 U P <0 (n=0,1,...).
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The Allen—Cahn equation with a dynamic boundary condition

Our structure-preserving scheme

Forn=0,1,...,
( (n+1) (n)
srU™ = 5@ v +uMy (nﬂ“; o k=0, K),
2 U, U
e s (O8O aw
571 UO — (Sk 2 - (nJrl) (n) 9
k=0 d(UO 7U0 )
Ty (1) Uignﬂ) + Ukn) aw
(Sn UK —_ — 5k 42 - (n+1) (n) 9

Also, we have obtained the following mathematical results:
@ L°°-boundedness of the solution of the scheme
@ Existence and uniqueness of the solution of the scheme

@ Error estimate
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The Allen—Cahn equation with a dynamic boundary condition

Numerical example

As the initial condition, we consider

u(z,0) = exp{—500(z — 0.5)%}.
Figure 5 shows the time development of the numerical solution. Figure 6
shows the time development of J4cq(U™) + W(Uén)) + W(UI(?)).

DBC — |

Fig. 5: Numerical solution Fig. 6: Total energy
These graphs show that the numerical solution can be stably obtained by

our proposed scheme and that the energy decreases numerically.
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The Allen—Cahn equation with a dynamic boundary condition

Dissipative property
It follows from the discrete energy dissipation that

A = Jaca(U <">) + WU + W(U(”))
— 0G acd

+ Z i U U(l))k

= JACd(U(())) + W(Uéo)) + WUy (n=1,...,N).
These figures show the time development of
A = (Taca@) + W) + WU

2
ot U | oo | pa

1x10° T

6| ‘ DBC —— | 8x10°8 :

o105 1 paosf
4x10°6] ox10%
p 5x108|
2x10° - 4x108L
T 0 - 3x108|
2x106| 1 < xi08f
-4x106| 1x10‘§ i
-6x10°6 - -8
-1x108|
-8x 10‘? H —2x10‘g -

AT 02 03 04 05 06 70 01 02 03 04 05 06 0.7

t t
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The Allen—Cahn equation with a dynamic boundary condition

Comparison between the dynamic boundary

condition and the Neumann boundary one

u(z,0) = exp{—500(z — 0.5)%}.

NBC —

(SN |

rboor

Fig. 7: Dynamic boundary condition:  Fig. 8: Neumann boundar; condition:
100,u = —d,u — 100(u® —u) on Q.  —d,u — 100(u® — u) = 0 on I.

These solutions arrive at different states from each other, although each
stationary problem of the Allen—Cahn equation with the dynamic boundary
condition and Neumann boundary one is the same.
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The Allen—Cahn equation with a dynamic boundary condition

Comparison between the dynamic boundary

condition and the Neumann boundary one
NBC —

_1'

X
Fig. 11: Dynamic boundary condition: Fig. 12: Neumann bounda)rcy condition:
100;u = —9yu — 100(u® — u) on 9. —d,u — 100(u® — u) = 0 on ON.
These solutions arrive at different states from each other, although each
stationary problem of the Allen—Cahn equation with the dynamic boundary
condition and Neumann boundary one is the same.
Remark
The result assures that the difference in the long-time behavior of the

solution occurs.
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The Allen—Cahn equation with a dynamic boundary condition

Comparison between the dynamic boundary

condition and the Neumann boundary one
NBC —

_1'

X
Fig. 11: Dynamic boundary condition: Fig. 12: Neumann bounda)rcy condition:
100;u = —9yu — 100(u® — u) on 9. —d,u — 100(u® — u) = 0 on ON.
These solutions arrive at different states from each other, although each
stationary problem of the Allen—Cahn equation with the dynamic boundary
condition and Neumann boundary one is the same.
Future work
We find initial values that cause differences in the long-time behavior of
the solution and classify those that do and do not make the difference.
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Mathematical results for our proposed scheme

© Mathematical results for our proposed scheme
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Mathematical results for our proposed scheme

The discrete norms and the discrete Sobolev type

inequality

Definition 4

For all f = {fi}1, € RET! we define the discrete L?-norm, the discrete
Dirichlet semi-norm, the discrete Sobolev norm, and the discrete L>°-norm

by

K K-1
I£llz2 == y| D "Iful2Az, |DF = | D 167 ful?Ax,
k=0 k=0

1£lzy = /IFlz2 + 1D Il = max |fil-

0<k<K

Lemma 5 (Discrete Sobolev type inequality, Yoshikawa(2017))
The following inequality holds:

IFllzge < Crlfllg  for all {fi}iso € REH,
where C, is a constant depending on L only.

v
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Mathematical results for our proposed scheme
L*°-boundedness of the solution

The following lemma holds from the discrete total energy dissipation.
Lemma 6
Let us define a constant Cy independent of k and n by

Co :=2{Taca@®) + W(O") + WO} + ;(L +2).
Then the solution U™ of the scheme satisfies the following inequality:

lo™ ; + o g U i

<Cp (n=0,1,...).

By using Lemma 6 and the discrete Sobolev type inequality, we obtain
Theorem 3.1

The solution U™ of the scheme satisfies the following inequality:

HUW <0G (n=0,1,..).
d
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Mathematical results for our proposed scheme

Existence and uniqueness of the solution

We prove the proposed scheme has a unique solution under a specific
condition on At.

Theorem 3.2

For any given U0 = {U,go) Pt e REF3,if At satisfies

max I/V”(ﬁ)‘2 25C% B2 max}W”’(g)‘Q
At?max{ 5 max [W()[?, =22 N lel<2B .
l€|<2B0 ’ 2 18 ;

where By is the L*°-bound of the solution, i.e., By := C’L\/C , then there
exists a unique solution {U,i”)}f:tll € RE+3 (n € N) of the scheme.

Remark

We remark that the assumption is independent of the space mesh size Ax.

Makoto Okumura (Osaka University) June 17, 2020 31/ 34



Mathematical results for our proposed scheme
Error estimate

Let At:=T/N.
Theorem 3.3
Assume that u € C°([0, L] x [0,T)). Also, denote the bounds by
max {HDU(") , Du® }gCl, max {’U(") , Hu(”) }gCQ,
0<n<N 0<n<N e L

where C1 and Cy are constants independent of n. Let
Cw =24 C%C? max |[W"(&)|* + max |[W” 2} .
w =2 { C2C2 ma W (@) + amax W)
If At satisfies At < 1/{3(1 + Cw)}, then there exists a constant C
independent of k and n such that

|(H Az, aU) (5 8) =l )| oo 1y < C ((Az)*+(AL)?)  for all t€[0, T,

where IIn, AU is the function which interpolates the grid value point U,gn).

v
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Mathematical results for our proposed scheme
Error estimate

Let At:=T/N.
Theorem 3.3
Assume that u € C°([0, L] x [0,T]). Also, denote the bounds by

} <C;, max <y,
0<n<N i5

where C1 and Cy are constants independent of n. Let
Cw =24 C?C? max |[W"”(&)|* + max |[W” 2}.
w =2 {CRC2 e (W (@) + s [W7(©)
If At satisfies At < 1/{3(1 + Cw)}, then there exists a constant C
independent of k and n such that

(2w, atU) 5 8) =1, )| poo oy < C ((Az)*+(At)?)  for all t€[0,T7,

Du®

)

max {HDU@
0<n<N

’ U®

: Hu(n)
Ly

v

Remark
This theorem means that our scheme is second-order accurate in space
and time, respectively.

v
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Conclusions and future work

@ Conclusions and future work
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Conclusions and future work
Conclusions and future work

e Conclusions

e We introduced the procedure of constructing a structure-preserving scheme
by DVDM.

o We designed a structure-preserving scheme for the Allen—Cahn equation
with a dynamic boundary condition by using DVDM.

o We can use a central difference as an approximation of an outward normal
derivative on the discrete boundary condition of the scheme.

e We proved the L°°-boundedness, the existence and the uniqueness of the
solution, and the error estimate for our scheme.

e Future work

e The comparative study of the dynamic and Neumann boundary conditions
through the long-time behavior of the solution.
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Other results

The Cahn—Hilliard equation with a dynamic

boundary condition

We study the following Cahn—Hilliard equation with a dynamic boundary
condition:

Oyu = 02p, in Q x (0,77,
p=—y0iu+u? — u, in Q x (0,77,
Ou(0,t) = Opu(z,t)],_,, in (0,77,
Ou(L,t) = — Opu(z, )|,y » in (0,77,
0upl@,8)l,g = Oupla, )],y =0, in (0.7,

where v is a positive constant, and the nonlinear term is the derivative of
W(s) == (1/4)s*—(1/2)s>.

o T. Fukao, S. Yoshikawa, and S. Wada, Structure-preserving finite
difference schemes for the Cahn—Hilliard equation with dynamic boundary
condition in the one-dimensional case, Commun. Pure Appl. Anal., 16
(2017), 1915-1938.
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Other results

The Cahn—Hilliard equation with a dynamic

boundary condition

We study the following Cahn—Hilliard equation with a dynamic boundary
condition:

Oyu = 02p, in Q x (0,77,
p=—y0iu+u? — u, in Q x (0,77,
Oru(0,t) = Orpu(zx,t)],_, in (0,77,
Owu(L,t) = — Opu(x,t)|,_p in (0,77,
Oup(@,t) |y = Oup(@,t)],-, =0, in (0,7

The solution u of the problem satisfies the following energy dissipation:

d L
o —Jou(u(t)) = —v|9u(0,t)|* — |0pu(L, t))? / |0.p(z,t)2dz < 0,
0

where the “local energy” Gy and the “global energy” Jopr are defined by

Gonlu,du) = L1ouf + W), Jon(u / Gon(u, yu)da
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Other results

The Cahn—Hilliard equation with a dynamic

boundary condition

We study the following Cahn—Hilliard equation with a dynamic boundary
condition:

Oyu = 02p, in Q x (0,77,
p=—y0iu+u? — u, in Q x (0,77,
Oru(0,t) = Orpu(zx,t)],_, in (0,77,
Owu(L,t) = — Opu(x,t)|,_p in (0,77,
O0ep(x,t)| g = Ozp(z,t)],_p =0, in (0,7].

The solution u of the problem satisfies the following energy dissipation:
d L
aJCH(u(t)) = —7[0yu(0,1)|? — ~|Oyu(L, t)|? / |0,p(z,t)|?dx <0,
2 0
Also, the solution u satisfies the following mass conservation:
d L

i Jy u(z,t)dr = 0.
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Other results
Our structure-preserving scheme

Forn—O,l,...,
5+Uk —5PpPM, (k=0,...,K),
e U("+1)+U dw

i

(n+1) (n)
5+U0 _ 5(1) (U JrUk

n+1 n)
gop - (]

1) pn) _ _
\5k Pkn =0 (k’—O,K),
The solution of the scheme satisfies the following discrete energy
dissipation: forn =0,1,...,

Y

k=K

52_ JCHd(U(n)) - _7’6: Uon) ](

Z ’5+P

where Jopa(U) = 5151(7/2)(5;Uk)2m + zkzo "W (Uy) A
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Other results
Our structure-preserving scheme

Forn—O,l,...,
5+Uk — 5P (k= o LK),
U(n+1)
<2 +U dw

i

(n+1) (n)
5+U0 _ 5(1) (U +Uk

n+1 n)
U

(1) p(n) _ _
\5k Pkn =0 (k’—O,K),
The solution of the scheme satisfies the following discrete mass
conservation: forn =0,1,...,

8y Ma(U™) =0,
where My is the discrete mass and defined by My(U) := Zszo "ULAz.

Y

k=K
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Other results
Our structure-preserving scheme

Forn—O,l,...,
5ﬂ@ =52 P (k=0,... K),
o U“*”+U dw

+ (k=0,...,K),
U(n+1) U(”))

n+1) (n
5 U 5“<U U )

(n+1
5+U _ 1> (Uk >

ﬁﬁﬁ”:o (k =0, K),

Remark

We use a central difference as an approximation of an outward normal
derivative on the boundary, although Fukao, Yoshikawa, and Wada use a
forward difference in their structure-preserving scheme's boundary
conditions (Fukao—Yoshikawa—Wada(2017)).
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Other results
Our structure-preserving scheme

Forn—O,l,...,
5+Uk Rl _o LK),
(n+1)
Lo U +U dw (k=0,... K)
d U(n+1) U(n) ’ R ’
2 aw )
Un Ul
5+U0 5(1)< Jr k ,
k=0
n+1 (n)
U,
srUd = ”( 2+ ) :
k=K

\5,<€I>P,§") =0 (k=0,K),
Also, we have obtained the following mathematical results:

@ L°°-boundedness of the solution of the scheme

@ Existence and uniqueness of the solution of the scheme

@ Error estimate
Note that our scheme is second-order accurate in space, although the
previous scheme by Fukao—Yoshikawa—Wada(2017) is first-order accurate.
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Other results
GMS model

We study the following GMS model:

(9w =02p, in Qx (0,T]

p=—y02u+ud—u, inQx (0,T),

Ou(0,t) = Ozp(w, t)‘x:O . Ow(L,t) = —0pp(w, t)|x:L ,in (0,77,
p(0,t) = —yOpu(x,t)],_o + (u(0,t))3 — u(0,t), in (0,77,

p(L,t) = vopu(z,t)|,_; + (u(L,t))> —u(L,t), in (0,T).
Then, the solution u of the problem satisfies the following total energy
dissipation:

d
pr {Jor(u(t)) + W(u(0,t)) + W(u(L,t))} <O0.
Also, the solution u satisfies the following total mass conservation:

% {/OL w(@,t)dz +u(0,1) + u(L, t)} = 0.

o G. R. Goldstein, A. Miranville and G. Schimperna, A Cahn—Hilliard model
in a domain with non-permeable walls, Physica D, 240 (2011), 754-766. J
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Other results
Our structure-preserving scheme

Forn=0,1,...,
su™ = 5,§2>P,§”)(, ()k = (o,). LK),
n+1 n
(n) @ Uy 10 aw
P =—~6 + , (k=0,...,K),
+rrn) _ (1) p(n) 4rrn) _ (1) p(n)
5rUs™ = i P "(Col,) 57 (U;K 5P|
n+ n
Pén) — 51(:) Uy + Uy ) n aw
n+1 n)\’
ey s { o dug™, ug")
pm _ s (U U n aw
K= 7% 2 AUy
\ k=K K 'YK

The solution of the scheme satisfies the following discrete total energy
dissipation and discrete total mass conservation:

64 {JomaU™) + W(UE) + WU} <0 (n=0,1,...),
5t {Md(U(”)) + U™ + U}?} =0 (n=0,1,...)
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Other results
Our structure-preserving scheme

Forn=0,1,...,
R e
n+1 n
P = s Y W (k=0,...,K)
2 d(U]E,nJrl), U]En))
s — 50 pn) s+ — 5 pl
n UO k k (kjf){) n (Uv)[( k k k:Kv
o _ s (U8 + U L AW
0 7% 2 (D) 7r(n)y’
(n+1) (n) k=0 d(UO ’UO )
P;(?) = 75;9 (Uk * U ) + L —
g n+1 n)y
\ 2 k=K d(UI(( )’ I(())

Remark
Fukao, Yoshikawa, and Wada use a forward difference in their scheme’s
boundary conditions (Fukao—Yoshikawa—\Wada(2017)).

Also, we have obtained the following mathematical results.
@ L°°-boundedness of the solution of the scheme
@ Existence and uniqueness of the solution of the scheme
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Appendix

The dissipative and conservative properties

O = 02(—y0?u +u3 —u), in (0,L) x (0,7,

Opu(z, )| mo., = 8§u(x,t)}x:O7L =0, in (0,77].
The solution u to the above problem satisfies the following energy
dissipation and mass conservation:

d

L L
G <0, [Tuwtde= [ o0

These figures show the time developments of the discrete energy and the
discrete mass by the discrete variational derivative scheme, respectively.
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Appendix

Calculation of the discrete variation

First, using the summation-by-parts formula:

K - _ K
520090 + G SO0 n o §7 (6 )80 + (01

k=0 k=0

we have the following identity:

i,, {ry Gy U + (G Un)* 7 (Vi) + (5 Vi) } As
2 2 2 2

s (S
+% C%;w>}wﬂmﬁW@4Ax
i,,{ (Uk+Vk

2
k=0

Bl

) } (Uy, — Vi)Az + (b.t.).
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Appendix
The discrete mass conservation

Summing the following equation:

(n+1) (n)
Up " —Up _ 2 0Gq _ _
T—ék (5(U(n+l)7U(n))k ’ (k—O,...,K, n—O,l,)
over k=0,..., K based on the trapezoidal rule, we can also show the
discrete mass conservation:
K K K (n+1) (n)
1 1ny7(n+1) 1nyr(n) o " Uk - Uk
At(z ORIV S /) I gl S N
k=0 k=0 k=0
_ f://(S(Q) 0Gq Ap — |s@ 0Gq "
B FA\s(Um+), U, FA\sueth,um), )],

k=0
=0 (n=0,1,...).
under the suitable discrete boundary condition. For example, we impose
the following discrete Neumann boundary conditions:

(L) pr(n) _ (1) 0G4 _ _ _
syl = st <5<U(n+1)7U(n))k> =0 (k=0,K, n=0,1,...).
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Appendix

Calculation of the discrete variation

Based on DVDM, we calculate Jacq(U) — Jaca(V') to derive the discrete
variational derivative by the following summation-by-parts formula:

K-1 K
K
> 6 £) (5 o) Aw ==Y " (67 ) grdda + [ (o f1 ) -
k=0 k=0
Property
Forall U = {Up}i™,, V = {Vi I, € RE#3, it holds that
K
U+ Vi AW
U)—Jaca(V) =3 "3 67 (£ ~Vi) A
Jaca(U)—Jaca(V) kzo { b g +d(Uk,Vk) (Up—Vi) Az
Ui + Vi K
[{o (%57) -],
2 0
where

dW U+ UEV+UVEHVE  Up+ Vi

d(Ue, Vi) 4 2

v

Makoto Okumura (Osaka University) June 17, 2020 43/ 34



Appendix
Numerical example 2

As the initial condition, we consider
u(z,0) = 0.02 — 0.05 cos(bmz) — 0.008 sin(87x) + 0.01 cos(27x).

Figure 13 shows the time development of the numerical solution. Figure
14 shows the time development of Jacq(U™) + W(Ué")) + W(UI(?)).

DBC — 80

1 20 ' " DBC —— |
05 %
0 230r ]
05 ® 40+ b
-1 B30r .
C 20t |
[
10r 1
0 1 ! L T .
' 0 0.1 02 03 04 05 0.6
x t
Fig. 13: Numerical solution Fig. 14: Total energy

These graphs show that the numerical solution can be stably obtained by

our proposed scheme and that the energy decreases numerically.
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Appendix
Dissipative property

It follows from the discrete energy dissipation that
AL = TacaU) + WU + WU (n=1,....N).
These figures show the time development of

A — (Jaca(U@) + W (UP) + WUy,

5x10 : : : : DBC ——
4x104L DBC —— | 8x10°6 . ;
3x104 ] "
2x104| ] 6x10
1x104+ i 4x106L
3 0 ° 6|
N, T o
-2x1074 0
-3x104} ’
ol 1 -2x108}
-5x104 1 I L | | -4x10°6
X 0 01 02 03 04 05 0.6 X 0 01 02 03 04 05 0.6

t t

These graphs show that A((i") is conserved numerically.
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Appendix

Comparison between the dynamic boundary

condition and the Neumann boundary one

u(z,0) = 0.02 — 0.05 cos(bmz) — 0.008 sin(87x) + 0.01 cos(27x).

X

Fig. 15: Dynamic boundary condition: Fig. 16: Neumann boundary condition:
100;u = —9yu — 100(u® — u) on 9Q.  —d,u — 100(u® — u) = 0 on OS.

These solutions arrive at different states from each other, although each
stationary problem of the Allen—Cahn equation with the dynamic boundary

condition and Neumann boundary one is the same.
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