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figure 1: Domain

u(t,r) € R? is the place of z € [0, 1] at time ¢.
The function w is defined on a domain Q(T) := (0,7T") x (0,1), T" > 0.

u satisfies the following initial and boundary value problem P.
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Initial and boundary value problem P
0%u v 0 ou ou
P@*"Y@—% <f(6)8:c> =0, e= ‘ax‘_lon QT),
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amzu(t,O) amzu(t, )for0<t<Tandi=0,1,2,3,
u(0, ) = up(z), ;u(o,x) =wp(x) for 0 <z <1,

where p is the density of the elastic material, v is a positive constant, ¢ is the strain of
the elastic material, f : R — R is Lipschitz continuous, uq is the initial position and vy
is the initial velocity.

The feature of problem P

By the definition of ¢, it is difficult to prove the uniqueness of solutions. We can not
expect existence of a strong solution.
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How to define the strain ¢

[ N: number of division |

u(t, ly. +x)
D — In—ly«
Strain: gy = I
u(t, x)
1 IlN = |u(t, ly. + x) —u(t, x)| I
Iy = H i th natural length,
1,: Total natural length

Let us divide the elastic material onto N parts (like fig.). [y, is the natural length of
the each part. Put [y, = % where [, is the total natural length.
Put u = (u1,u2) and Iy = |u(t, Iy« + ) — u(t, z)|; length of the each part.
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How to define the strain ¢

ZN - lN*
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Thus, strain ¢ is given by € = Ou| _ 1.
ox
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@ Main result for problem P (PDE)
© Motivation, ODE model

© Results for ODE model

@ Proof of main theorem (PDE)

e Future work
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Main result for problem P (PDE)
Main result for problem P (PDE)

Notation H = L*(0,1)?, V ={z€ W?2(0,1)?|2(0) = 2(1), 2,(0) = 2,(1)}.
Definition of weak solutions of problem P
If a function u satisfies the following condition, we call v a weak solution of problem P.

we Whe(0,T; H) N L>(0,T;V),u(0) = ugy, and

1
—p/ ug - nedadt + 7/ Ugg * Needrdt + (e)uy - npdrdt = / vo - 1(0)dx,
Q(T) Q(T) Q(T) 0

for any n € W'2(0,T; H) N L*(0,T; V) with n(T) = 0.

Theorem 1.

If f:R — R ; Lipschitz continuous, monotone increasing and f(0) =0, ug € V' and
vy € H, then problem P has a weak solution.
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Motivation, ODE model

Motivation
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Motivation, ODE model

Our research aim is analysis of rotational motion of shape memory alloy ring. However,
when we try to construct a model for this motion, we have a lot of difficulties.
Force by pulley

Difficulties of the modeling

E"iﬁc material @ To consider gravity, force by the
pulleys.

Shape memory
alloy ring

stress @ To consider shape memory effect.
@ To consider heat from the hot

gravity water. )
Heat As a first step, we establish the
following model by ordinary differential
Hot water equations.
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Motivation, ODE model

Model 1 (When the elastic material is divided into N parts)

dQXi XH-I X, — X1

m—s = f(&')'T—f(& 1) - T
K 1 1
fe) = 3 (51 2 2(€i+1)2>’ k>0,
dX;(0 :

XZ(O) = XOi; dt( ) ‘/02'7 220717'"7]\[_1'

X;(t) € R? is the place of each part at ¢ (which satisfies Xy () = X,(t) and
M i — Iy
Xn_1(t) = X 1(1)), m=— (where M is the total mass), ¢; = ] M > —1; the
Nx

strain, [; = | X;411 — X;| is the ith length, f(s;) is the ith stress, k > 0 is a constant,
Xo; is the ith initial position and V{; is the 7th initial velocity.
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Motivation, ODE model

fe& | @ The feature of Model 1 is the definition of
3 f(e) = ke > B the stress function f.
ol K 1 1
j f(gi)—§<5i+§—m)-
0, o5 1 15 2 25 3 35 4 45 & @ When we use Hook's law f(g;) = ke; and
o fe) = E<£ +1_ 1 ) i calculéte .by the Euler method, the solution
— 2 2 2(1+¢8)?) | behavior is bad.
/ . = It means the preserved energy was
_ || _ broken.
/ B So, we modify the model such that the structure

preserving numerical method (SPNM) is
figure 2: stress available and obtain Model 1.

Chiharu Kosugi (Japan Women'’s University) June 10, 2020 11/ 29



Motivation, ODE model

Numerical result by the Euler method (f(c;) = ke;)
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In order to get stable numerical results, we defined the stress as follows.

Then Model 1 has the preserved energy as follows.

N-1

[ W)+l o)} (f(a) =3 (§ Ty 2<1le>) |

= So, we applied the SPNM, since, in generally, this method is said to be able to get
stable results.

=0

On SPNM (the structure preserving numerical method),
@ We can get the numerical scheme for Model 1 which does not break the preserved
energy.
@ By Banach’s fixed point theorem, we can prove the existence and uniqueness of
numerical solutions and solutions of Model 1.
@ We can also prove the convergence of numerical solutions.
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Results for ODE model

Results for Model 1

We construct the following numerical scheme for Model 1 (At > 0).

Numerical scheme (NS) for Model 1

o0 4 X

(n)

Vi(n+1) _ Vi(n) 3 (n+1) (n) 1 Xi(n-H) - X
mTA; - = teatl- (nt1) )
| - X1+ X

At 4 x (n+1)

<1+€(n+1)> (1 + (n)>

_ Xz_(n-f-l) +Xi(_'r£)l _ Xi(n)

X(” )|

~

(n+1)

E) (41, (0, 4 1 Xit1

+ {5i AR (1+a(n+1))(1+6(n))}|X(i;rl)
1 1

Xi(n+1) _ X’f") ‘/i("+1) g ‘/’L(")
At 2 ’

- x4+ 1x

- X0

In many cases, the numerical scheme is not unique when we use the SPNM. In fact,

there exists the numerical scheme, not (NS) .
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Results for ODE model

T
Let K be a positive integer, At = 72

Theorem of Model 1 and (NS)
Q If Xo; # Xo;(i # j), Voi € R?, then Model 1 has the unique solution
X e ([0, T); R2M).
@ For a large enough K, in other word, for a small enough At, (NS) has
the unique solution (X" V")) ¢ R* for all i = 0,1, -, N — 1.
© Let Xk : [0,7] — R?N be a function obtained by joining the solutions of (NS)
(XZ.("H), V;("H)) € R* with lines. For some positive constant C,

| X (t) — Xk (t)| < C|At| for 0 <t < T and large K.

We show you the numerical result by using (NS).
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Results for ODE model
The results of numerical calculation by using (NS)
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Compare the results of Euler method and SPNM

Let us consider the case that Model 1 has periodic solutions in time. In these results, the
solution is periodic in time, mathematically. (R(¢) : distance between the origin and X;(t))

Euler: Radius, dt =0.001 SC: Radius, dt =0.001, repeat max = 100000

figure 3: Euler method figure 4: SPNM

Now, we are trying to find a better scheme.
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Results for ODE model
Summary for Model 1

Result about Model 1
o Construction of Model 1.
@ The numerical scheme for Model 1 by using SPNM.
@ The existence and uniqueness of solutions of Model 1 and (NS).

@ The convergence of the numerical solution (convergence rate:At).

Why the numerical result is not stable?
@ Model 1 is not suitable for SPNM.

= Future work
@ Development of the proper scheme .

@ To improve the accuracy rate of numerical calculations.
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Results for ODE model

Modeling of the partial differential equation model

Model 1 (When the elastic body is divided into N parts)
d*X; Xit1 — X, Xi — Xi
m—s = fles) - L f(eica) - 7
K 1 1
1@ = 555~ 3
dX;(0 ,
Xi(0) = Xo, #ZVM, 1=0,1,",N—1.

For the partial differential equation model, we suppose that the function f: R — R is
Lipschitz continuous. Let N — oo in Model 1. And add the effect of keeping
straightness Yyt ... Then, we get the problem P.
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Model 2 (Initial and boundary problem P)

d%u o*u 0 ou ou
P + 15~ 55 (1O52) =0. €= |gt| ~1en QD)

o o

: <t< ) =
e u(t,0) = 827@“(’ 1)for0<t<Tandi=0,1,2,3,
u(0, ) = up(z), aat (0,2) = vo(x) for 0 <z < 1.

Definition of weak solutions of problem P
If a function u satisfies the following condition, we call u a weak solution of problem P.
we Wh=(0,T; H) N L*>®(0,T;V),u(0) = ugy, and

1
o [ wendsdty [ nadsdi [ f(E e madodt = [ n0)da,
Q(T) Q(T) Q(T) 0

for any n € W12(0,T; H) N L*(0,T; V) with n(T) = 0.
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Proof of main theorem (PDE)

Main theorem

Let H := L*(0,1)2,V := {2z € W*2(0,1)%|2(0) = 2(1), 2,(0) = 2,(1)}.

Definition of weak solutions of problem P

If a function u satisfies the following condition, we call u a weak solution of problem P.
we Wh=(0,T; H) N L>*(0,T;V),u(0) = ug, and

1
o [ wemdsdty [ nadsdi [ f(Eug ot = [ n0)da,
Q(T) Q(T) Q(T) 0

for any n € W12(0,T; H) N L*(0,T; V) with n(T) = 0.

Theorem 1.

If f:R — R ; Lipschitz continuous, monotone increasing and f(0) =0, ug € V' and
vg € H, then problem P has a weak solution.
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(Sketch of the proof) Apply the Galerkin method.

(Step 1) V' is the separable Hilbert space. So, we can choose {¢, },%;_, as the complete
orthonormal system of V' normalized in H. Let V,, be the closed linear subspace
generated by 1, 9, "+, ,. We consider the following approximation problem P,,.

Approximation problem P,
Suppose Uy, € Vi, von € Vi, Ugn — ug in V, v, — v in H(n — 00).
Find u, => 7, aé”)(t)gok(az) satisfying for each j = 1,2, ", n,

1 1 1
/ Unet (t) 0 dz + 7/ Unzz (1) PjzadT +/ f(en(t))tng(t)pjudr =0, Vt € [0,T]
0 0 0

Un(o) — UOnv Unt(O) = UO’I’L! 8’)’[, — |un$| — l(n — 1’2’ ...).

v

To prove the existence of a solution of the problem P,,, we consider the following initial
value problem |,, for the ordinary differential equation.
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In the approximation problem P,,, we put u, = > ;_, a,(cn) (t)r(z), then we get the
following initial value problem 1,,.
Initial value problem I,

42 (n) .
P = —F(a™) - G(a™), a") (0) = of”

da™ _ ™
T dt 0
For any n € Z~, we can prove the existence and uniqueness of a solution for the

problem 1,, by using Banach's fixed point theorem. Therefore, P,, has the unique
solution u,, € W'2(0,T; H) N L*(0,T; V).

Remark 1.

1 1 1
/ untt(t)gojdx + ’7/ Unzx(t)gojzzdx + / f(gn(t))Unx(t)(pjxdx = 0, Vt € [07 T]
0 0 0

1 1 1
— /0 untt(t)ndx+’y/() unm(t)nmdx—l—/o flen(®)tung(t)nedz = 0,¥n € V,, (§)

v
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Proof of main theorem (PDE)

(Step 2) Put n = u,, in (£), then, for any n € Z-,, the solution u,, of approximation
problem P,, has the following preserved energy

p 1 ,y 1 1 1
P / 2,(t)de + 1 / 2, (f)de + 2 / §(u2, (1)),
2 Jo 2 Jo 2 Jo

where ¢ is the primitive of f and satisfies

Since f is Lipschitz continuous, monotone increasing and f(0) = 0, by using the
preserved energy, we get the following uniform estimates.

AC > 0 st |tnee ()| g < O, une(t)|g < C, ()| g < C for Vit € [0, T],Yn € Zsy.
Hence, {u,} is bounded in L>(0,7;V) and {u,;} is bounded in L>(0,T; H).
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(Step 3) We put X = {z € W'%(0,1)?|2(0) = 2(1)}. Then V C X C H,
the imbedding V' C X is compact, and V' and H are reflexible. By the uniform
estimates and applying the Aubin compact theorem, we get the following convergences.

I{n;} C {n},Ju e W20, T; H) N L*(0,T;V) s.t.

— u weakly in L*(0,T;V), in L*(0,T; X),
— u; weakly in L?(0,T; H) as j — oo.

Up,

Unjt

Since uy, satisfies the definition of the weak solution for the problem P, ., we have

1 1 1
p/ Up,;undT + ’y/ Un 22 eedT + f(snj)unjxnxd:v =0 (VnpeV,,, vtel0,T]).
0

By integrating both sides on [0, 77, for any n € L*(0,T;V,,)

/ / Uy, tmdxdt—{—/ / Uy, mnmdﬂvdt—i—/ / f(&n; )un anedzdt = 0. (*)
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Remark 2.

Vn e Wh(0,T; H) N L*(0,T; V) with n(T) = 0 3{n,,} € W"(0,T;V) s.t.
M, € L*(0,T5V,,),m,(0) = n(0) in H,ny, (T) = 0 and
Nnye — e in L2(0,T5 H),my, — 1 in L2(0,T; V) (j — 00).

We put 17 = 1, in (*).
The 1st term: Integration by parts implies the following equation

T 1 1 T
p/ / Un ;ttTIn; dxdt = P/ { [un]-t(tv I)ﬂnj (ta w)]g - / Un ;tTn;t dt} dx
0 0 0 0

1 T
= p/ {unjt(ﬂ ), (T, ) — Un ¢ (0, )15, (0, 2) — / Un;tn;t dt} dx
0 0

1 1 T
= —p/ Un;t(0, 7)1, (0, v)dz —/ / Un;t7n,¢ dida.
0 0 JO
In the second equality, the first term vanishes by using Remark 2, n,,, (1) = 0.
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By using Remark 2, ,,,(0) — n(0) in H (j — oc), we have

T rl 1 1 T
p / / Un]-ttnnj d.’L'dt = _10/ unjt(07 x)nn] (07 x)dx - / / unjtnnjt dtdl'
0 JO 0 0 JO

1
RN _,0/ UOn(O)daj — p/ utntda:dt (] — OO)
0 Q(T)

The 2nd term: By U, — u weakly in L*(0,T; V), n,, — 7 strongly in L*(0,T; H)
as j — 00, |un,(t \V<C(Vt€[0 T|,¥j =1,2,-*), then, we have

/ /unjmnn]mdxdtﬁv/ /umnmdzdt (j = o0).

Remark 3.
|tnyo (b, )| < Jun, (B)], (V) = 1,2,V € [0,T],Vz € [0,1]),
lus(t, )| < |u(t)ly, (Yt €[0,T],Vz € [0,1])
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Proof of main theorem (PDE)

The 3rd term: By |uy,.(t, 2)| < }“ng‘(t)’v (Vj=1,2,---,Vt € [0,T],Vx € [0,1]),
us(t, )] < |u(t)]y, (Yt € [0,T],Vx € [0,1]), up, — win L*(0,T;X) (j — oo) and

Remark 2, we have the following convergence;

T 1 T 1
| [ seammmadoie s [ [ s umdsar - o)
o Jo o Jo
Thus, we have
1
—p/ umtdxdt-l-v/ Uy Needrdt + (e)ugn.drdt = ,0/ von(0)dzx.
Q(T) Q(T) Q(T) 0

Hence, u satisfies the definition of the weak solution of problem P. [

In this way, the existence of a weak solution is proved.
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Future work
Future work

Future work (PDE)
@ Prove the uniqueness of weak solutions.
@ Observe the solution behavior by using numerical calculation.

@ Prove the convergence of the numerical solutions.

Future work (ODE)
@ Development of the proper scheme .

@ To improve the accuracy rate of numerical calculations.

Thank you for your attention!
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