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Motivation

Societal relevance
» Goundwater management;
» Geological CO; storage;
» Qil recovery.
Mathematical challenges

» Nonlinear, possibly degenerate equations;

» Heterogeneous media (jump-type
discontinuities).

British Geological Survey
https://www.bgs.ac.uk/
research/images/
manageTheSubsurface. jpg
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The Richards equation

Pressure - saturation dependence

00 =V - (ko (0)V (0 + 2) e
Typical* 6—p, m € (0,1): ot
o J T <l o
Leverett: 6 = { 1 > -1 o
0.1 W
van Genuchten: 6 = (1 4 [¢|"/0=m)=m e
. 09 Conductivity - saturation dependence
Typical k—(6, 1) Tk
Brooks—Corey: K = K0* Z;
Mualem: 0s
2 0.4
K=Ko0: | [’ -Lds [ [}-Lds .
e 0 () 0 ¥(s) o1 0

*Standard, equilibrium-based model; non-equilibrum features (hysteresis, dynamic capillarity) can be included
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Pressure based formulation

9:0(¢) =V - (k(0(9)) V(¢ + 2)) = 0
Features:
» Doubly degenerate problem, slow and fast diffusion
(0" =0, or 0 =00, k =0)
» Change of type, free boundaries, lack in regularity, infinite gradients

» -more regular than 6
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Pressure based formulation

0(Y) =V - (k(0())V(Y + 2)) =0

Features:
» Doubly degenerate problem, slow and fast diffusion
(0"=0, or 0 =c0, k =0)
» Change of type, free boundaries, lack in regularity, infinite gradients

» -more regular than 6

Results:
> Existence, uniqueness of weak solutions: van Duijn, Peletier '82, Alt,
Luckhaus '83, Otto '96 [...]
» Numerical schemes™: Euler implicit + FEM/MFEM, FV, MPFA, DG, GDM

* Nochetto, Verdi '88, Jager, Katur '91, '95, Arbogast, Wheeler, Zhang '96, Riviere, Wheeler, Banas '00, '02, Radu,

P., Knabner '04, '09, Wheeler, Yotov '05, Eymard, Vohralik, Hilhorst '06, Klausen, Radu '08, Bause '08, Vohralik,

Wheeler '14, Cancés, P., Vohralik '14, Droniou et al. '20
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Linear iterative schemes

Pressure-based formulation
0:0(y) =V - (k(0(¥))V(¥ + 2)) =0
Regularization parameter. € > 0

v , 1
0-(v) = /0 min{max{e, 0'(z)}, g}dz and ko (¢¥) = k() + ¢

Note: If ¢ > 0then k, >e>0and0<e<f <1 <oo
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Linear iterative schemes

Pressure-based formulation
0(¥) =V - (k(0())V(Y + 2)) =0
Regularization parameter. € > 0
. (1)) = /Ow min{max{<, §/(2)}, - }dz and k.(¥) = ki(¥) + <
Note: If ¢ > 0then k, >e>0and0<e<f <1 <oo
Euler implicit discretisation:
neN, 7=T/n t, =kr, k=T, n, (tx) = "

0= (") — 0= (")

T

9:0(¢)(t) =

0-(v*) = 0-(0 ") = TV (kee(6:(¥) V(" + 2))
+ your favourite spatial discretisation (FV, MPFA, FEM, MFEM, DG, GDM)
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Iterative schemes: Newton

With i > 0, assume ¢*'~! and ¢*~! given. Solve
LT — ) 0 — 0. (0
= 7V (ke (0-(* 1)) V(" + 2))

F7V (k0 (0T )0 )T 2) (R - ki),
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Iterative schemes: Newton

With i > 0, assume ¢*"~! and ¢*~* given. Solve
GQ(wk‘i 1)(wkﬁf o L;}k,i 1)+98(¢k,[—1) _ 95(¢k—1)
= 7V (ke (0-(5 ) V(S + 2))

+TV' (k;’g(eg(wk,ifl))eé(wkjfl)v(wk.ffl + Z)(’E;k"i o ,d)k,ifl)).

1Radu, P, Knabner '05

| > | UHASSELT



Iterative schemes: Newton

With i > 0, assume ¢*"~! and ¢*~* given. Solve

gé(wkj 1)(wkﬁf o wk,i 1)+98(¢k,[—1) _ 95(¢k—1)

TV (ke (0BT (0 4 2))

+7V (ke (0= (" 7))L (T V(Y

Rem: Quadratic convergence is guaranteed (mathematically rigorous) if*:
1. ¢’ is Lipschitz, the model is regularised, ¢ > 0,
2. the initial guess is ¥*° = *~1, and

3.

mesh size).

1Radu, P, Knabner '05

vk./'fl + Z)(’G;k"i o wk‘,ifl)).

the time step is subject to severe constraints, 7 = O(e3h?) (h being the
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Iterative schemes: Picard-type

kyi—1

With i > 0, assume ¢ and 1)~ given. Solve!

eé(wk/fl)(ukl o ,d)k,i71)+06(wk,ifl) _ es(wkfl)

= 7V (ke (0 ) V(A + 7).

ICelia et al. '90
2Radu, P, Knabner '05
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Iterative schemes: Picard-type

With i > 0, assume 1*"~! and ¢*~! given. Solve!

Hi(wk./'fl)(wk,i o ,d;k,i71)+06(wk,ifl) _ es(wkfl)

= 7V (ke (0 ) V(A + 7).

Rem: Convergence is linear. It is guaranteed (mathematically rigorous) if*:
1. the model is regularised, ¢ > 0,
2. the initial guess is %% = ¢*7', and

3. the time step is subject to severe constraints, 7 = O(*h) (h being the
mesh size).

ICelia et al. '90
2Radu, P, Knabner '05
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Iterative schemes: L-scheme

ki=1 and ¢*~! given. Solve!

With i > 0, assume ¢
LT =40 ) = 0 = 7V - (K (B( )V (0 + 2)),

where L > %Lg (assume 0 - Lipschitz and increasing, i.e. 0 < 6’ < Lg)

1p, Yong '97, P, Radu, Knabner '04, Radu, List '16, Radu et al 15, '18
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Iterative schemes: L-scheme

kyi—1

With i > 0, assume ¢ and %=1 given. Solve!

L(lﬁ‘)‘k’i _ ¢k,i—1)+9(¢k,i—1) _ 9(’!,/),(_1) =7V - (kr(g(wk’i_l))V(l/)k’i + Z)),
where L > %Lg (assume 0 - Lipschitz and increasing, i.e. 0 < 6’ < Lg)

Rem: Convergence is linear: fixed point, less restrictive conditions!

1. The time step is subject to mild constraints, 7 < C (not depending on h the
mesh size!);

2. No regularisation needed, ¢ = 0;
3. No restriction for the initial guess;

4. Convergence rate p = ||*" — *||/||¥*" =" — ¥¥|| decreases with L,
p=L/(L+ Cr)

5. Works for Hdlder-continuous 6 (e.g. 0(v) = Cy* for some a € (0, 1)),
worse convergence rate.

1p, Yong '97, P, Radu, Knabner '04, Radu, List '16, Radu et al '15, '18
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Iterative schemes: Modified L-scheme

k

Assume that A > 0 exists s.t. [[1)* — 1" '] o (0) < 7A. With ¢*% = *" and for

i >0, given %1 and ¥ 1, solvel
LL(Uk( o wk‘iil)“raa(wk’iil) _ Hs(wkfl) — Tv . (krys(ea(d}k,ifl))v(wk,i + Z)),
where L} = max{0.()*""') + M7,2M7} and M > A||6"|| .

IMitra, P. '19
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Iterative schemes: Modified L-scheme

Assume that A > 0 exists s.t. [[1)* — 1" '] o (0) < 7A. With ¢*% = *" and for
i >0, given %1 and ¥ 1, solvel

Ll (b = 540 () = 0o (04 71) = 7V - (ke (0-(45 ) V(@ + 2)),
where L}, = max{0.(¢¥*""1) + M7,2M7} and M > A||0"||co-

Lemma: Assume 6 € C?, smooth initial data and that the problem is
regular(ized). One has [|[)*" — ¥ || o0 () < TA for all i.

IMitra, P. '19
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Iterative schemes: Modified L-scheme

Assume that A > 0 exists s.t. [[1)* — 1" '] o (0) < 7A. With ¢*% = *" and for
i >0, given %1 and ¥ 1, solvel

Ll (b = 540 () = 0o (04 71) = 7V - (ke (0-(45 ) V(@ + 2)),
where L}, = max{0.(¢¥*""1) + M7,2M7} and M > A||0"||co-

Lemma: Assume 6 € C?, smooth initial data and that the problem is
regular(ized). One has [|[)*" — ¥ || o0 () < TA for all i.

Theorem: The modified L-scheme converges linearly in H! with convergence rate
M/(M + C1)7
for some C; > 0. In the non-degenerate case a C; > 0 exists s.t.

p =min{p, G7}.

IMitra, P. '19
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Numerical example

Richards equation (2D)

e Domain and coefficient functions (m =2, n= L-):

Q= (0,1) x (0,1), k(8) = 6"2(1 — (1 — 6Y/™)™)%, () =
{ 1+ (=v)")™", ¥ <0,
1, ¢¥=>0.

e Boundary/initial data and source term s.t. the solution is

P(t,x,y) =1— (14 )1+ +y7).
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Influence of the spatial mesh

efFort=05 M=10L=1

-2 T T T
— -
= -9--0=%-0 =06 —--0--0-0- MS =1 ——MS h=1
N N -oono—l—PSh:.l ——PSh=.1
XQ 4 3 —>—LSh=.1 e LSh=1
= Y P ——NSh=.1 |——Nsh=11
N +\4“°\$M 0= MS h =05 —-e--MS h = .05 |
\ 5.0 Sk o=
= 8 W, Te b sk |-H-PSh=.05 PSh= 05
& : ~oH LS h—.05 % 0
6 ~y  © p~LSh=.05 LS h= .05
|- e -4--NS h = .05 o NSh= 05
= N e MS £ = .02
= TEore e -+-PSh=.02[¢
— -8 —p-LSh=.02]4 LS k= 02
= -6 -NSh=.02 =
0 o -6 -NSh=.02
. v
10 ; . ‘\T\\ . %

20 10

5 10 . 15 2 4 L6 . 8
number of iterations number of iterations

T=20.01 7 =0.001
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Influence of the spatial mesh

efFort=05 M=10L=1

o= ||-e-Msh=05 S, LRy
2 gl-+-Psh=05 o
—"[|-e-MSh=.02 ‘o--o.\
= - 4+=PSh=.02 LY
20 Of-+-LSh=.05 b
9 =+4-=NS h = .05
-7 X L »
5 10 . 15 20
number of iterations
7=0.1
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Influence of the timestep

e Fort=.5 h=0.05, M =10

h=005t=05 "

02F

loglo(@)
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Influence of M

t=0.5,7=0.01, h=0.05

t=0.5,7=0.1, h=0.05

o~
c
&2
T3
=
4
|
gl -e-Mr=10 &5
N B =
S Mo 2
%910 ——L=1 %D
i) 2
5 10 .., 15,. 20 5 0 .., 15 . 20
number of iterations number of iterations
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Domain decomposition

Why?
» Same model but different
properties (e.g. kr1 # kr2)
» Different models on
Q1 # Qs
» Parallelization

> Boundary/interface
conditions: possible
discontinuities in the
capillary pressure.

Wheeler, Yotov '98, Gander, Vanderwalle '07, Skogestad

00 = 00N 00,

, Keilegavlen, Nordbotten '13, 16, Berninger et al. '15
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Simplified problem, two sub-domains

Find a pair (¢1,2) satisfying

0:00(vbe) = V- (kre(0c(¥e))Vibe)  in Q¢ x [0, T]
ke (01(1))Ver -n1 = —ke2(02(12)) Ve -n2 - on T x [0, T]
P = o on T x [0, T]

vy = 0 on 99 x [0, T]

and the initial conditions ¢(-,0) = 10 on Q; (£ =1,2).
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Time discretization

 tk=kr, k€0,1,..,n

LetnGN,T::I
n

ok pressure on Q; at time-step t*
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Time discretization

Let neN, 7:= —, tk =kr, ke0,1,..,n

T
n
ok pressure on Q; at time-step t*

Semi-discrete problem

Given (4%, w4 1), find (wf, %) st

0o(iby) — 0e(vy 1) — 7V - (kre(0e(vf))Vipg) = 0
ke (01 (08))VE -+ ke o (B2(45))Vk -n2 = 0
of = s
vf = 0

Challenge: nonlinear, coupled problems

in Qg
onl
onl

on 691
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Decoupling! () > 0)

Assume wzk*l given. Let

k,0 o k—1
4 T Y4

1 _ _ _
g% = T2k (0(Wf ) On bl — MpE!

Iteration over i:

For i € N given {y;”}\=5 and {g;/}/=5. Find (1", ¢3") s.t. (£ =1,2)

0y ) =0 = 7V (koG E)VUE) in

1 i i i Ni H
72 ke o(0e(¥"))Ony f M+ g in I

ki kyi—1 kyi—1
where g, = =2\, — gl

ILions '88
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Linearization (L'DD scheme)

Add the (" asymptotically zero") term

if

with LS = max{6,(yvf"™) + M7, 2M7}.

Note: In the LDD-scheme Lg’i =Ly > Ly (constant w.r.t. k,i) and M =0, while

g = —kee(0c(F))On, 0" — My

vy = v
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Linearization (L'DD scheme)

Add the (" asymptotically zero") term
if Wy = f

with LS = max{6,(yvf"™) + M7, 2M7}.
Note: In the LDD- scheme L;" =Ly > Ly (constant w.r.t. k,i) and M =0, while
80" = —kee(0e())On, b = Ay

Linear iteration (iteration index i)
For i € N given {w;’j}};é and {g/’}! = “L, find (¥ y) st (0=1,2)

= (e ™) = Ou(wy M),

7V (ke (Belt ) Vst
N (1 ) IR VT L

where g;’i = 72)\15‘;;;’21

35»
N\

_ 1 _ _ _
Here 1y i= k1 g/% 1= —72 ke o (0e(f 1)) On,0f = M !
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Convergence idea

If qu”' — ¥ and glf"i — gf then

=V (ke Oelwf TNVEET) = — (0 — 00 T)),
1 i— i i i
T2 ke (0 Tty = M+ g
where g;’i = 72)\&);;";1 — g3k7';1
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Convergence idea

If qu”' — 1k and glf"i — gf then

— 7V (ke VL) = — (0w} = 0 (V).
1 i— i i i
~T2 k(O Oy = M g
where g;’i = 72)\&);1[1 — gff’[l

Ji%oo

Oc(by) = 0c(y ") — 7V - (kee(0e(¥£))Vir)
2 ke (0e(0F)) B0, E = MK+ g,
where gf = —2X\k_, —gf .
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Interface conditions

k
81 =

g =

—2M)5 — g5

—205 — gf
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Interface conditions

gt = —2\5 — g5
gy = —20f — gf

Subtracting the above gives

Y =5
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Interface conditions

g = —2\5 — g
& = =2\ — gf
Subtracting the above gives

Y =5

Adding the above gives
gr & = —Ai +¢z2)
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Interface conditions

g = —2\5 — g
& = =2\ — gf
Subtracting the above gives
Ui =3

Adding the above gives
g1 +e = —AYr +¢3)

kyi—1
14

Finally, since _T%kr,e(lge(l/} ))8nﬂ/):’i _ )\qhk,i e

72 k1 (01 (VX)) Doy U — 72 ki 2(02(155)) Dy 5 = A(04 + 008) + (g + g¥)= 0

¢

ki
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Convergence result: LDD

Theorem®: Assume that
1. (¥f,¢3) exists?,
2. Y] € W1’°°(Qg)3,

3. kr and 6, are Lipschitz continuous with Lipschitz constants Li ¢ and Lg¢,
and k() >m>0

Then for Loy < 2Ly, M > ||V¥]||Lee + 1 and 7 so that

2m 1 1

T < Li14M2 (m - E)

one obtains the following:
1. Existence and uniqueness of a solution for each L-scheme iteration step.

2. The sequence {wg’i};gN converges to ¥ (£ =1,2).

ISeus et al. '18
2J'aiger, Kutev '98, Eymard et al. '14, Berninger '14, P. et al. '17, List et al. '20

3Cao, P. 15
| > | UHASSELT



Convergence result: L'DD

Theorem: Assume that
1. (¥, %) exists,
2. Pf € Wh™(Q),
3. kr¢, O, and 0 are Lipschitz continuous and k, ¢(-) > m > 0,
4. ||f — oo (a,) < TAe for some Ag > 0.

Then for 7 small enough and with L' = max{#}(¢"" ") + Me1,2M,7} and
M > N¢||67 || o one obtains the following:

1. Existence and uniqueness of a solution for each L'-scheme iteration step.

2. The sequence {1} }ien converges to ¥f (£ = 1,2).
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Numerical example:

domain
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Numerical example: Richards equation

e Domain and coefficient functions (£ =1,...,4):

kee(0) = 0, 00(v) = { gl — )", ;ﬁb ; gj

e Boundary/initial data and source term s.t. the solution is

[ 1-1+A)1+xP+y?), x€e(=1,0),y €(-1,1),
w(t’x’)’)_{ 1— (14 2)(1+y?), g xe(o,l),yye(—1,1).
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Comparison of different schemes

Convergence behaviour of the LDD scheme compared with the monolithic
versions of the L-scheme, Newton, or Picard, and for different meshes

t=05,1=001
T

—&— Newton Ax = 0.1
- 8- Newton Ax = 0.05
--g-- Newton Ax = 0.02
—&-- Newton Ax = 0.01
—e— Picard Ax = 0.1

- o~ Picard Ax = 0.05
--e-- Picard Ax = 0.02
- Picard Ax = 0.01
——LFVAx=0.1
-- LFV Ax=0.05
--+--LFV Ax =0.02
e LRV Ax = 0.01
——LDD Ax=0.1
-+- LDD Ax = 0.05
--+--LDD Ax = 0.02
~=+--LDD Ax = 0.01

logio (17" = Pl 20)

number of inner iterations
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Effect of the time step and of L

t=0.5,7=0.001, Ax =0.02 7=0.01, Ax=0.05
0 T 2 T T
—— Newton
a —=— Picard
(E/ -2 —— LFV
T: ---LDD —a— Newton
“ —— Picard
~I ——LFV
A --- LDD
=
)
2
8 ! A
5 10 15 20 10 20 30 40 50
number of inner iterations number of inner iterations
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Effect of the initial guess

g
S
N
T4
Y
= 6
o0
&

-8

t=05,7=0.1,Ax=0.02

—a— Newton
—a— Picard
—e— LFV*
—+— LFV

AN ---LDD

logio(Ilp' = P 12(0)

1
5 10 15 20
number of inner iterations

t=05,7=0.01, Ax=0.02

Newton
Picard
LFV
LDD

RER

5 10 15 20
number of inner iterations
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Computational time

1 CPU 2 CPUs 4 CPUs
Time 753s 411s 207s
Speedup - 1.83 3.64

Speedup for 2/4 CPUs. Here Ly := 0.25, Ay =
4,h = 0.05, 7 = 0.001. Stopping criterion is

ll(te) — ¥ 12 <1070 att=1.

CPU time (s)

4,000

2,000

7 =0.001, Ax = 0.02

—+— Newton

/| —— Picard
/ |-«- LDD

S --= LEV
// —— DD parallel
’ x|
. o
’ o
/ "
. i
. -
,/ ﬂ)?‘
.x*""’ﬂ
e’
e
POt

200 400 600 800 1,000
number of time steps

Fig. 8. Time performance of the LDD, L-FV and the Newton-FV schemes.
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Numerical example:

2
——[lp"™ — ]7""’? Iz
5 " [[)
—
8
S 4
=
L
L
S
80 -5
=
6
7

4 6 8 10 12 14 16 18 20
number of iteration

comparison LDD-L'DD

log(error)
’ I8

&

2 4 6 8 10 12 14
number of iteration

h=10.05, 7 =0.01, t = 0.2, L = 0.25 (left) resp. M =1 (right)

| > | UHASSELT



Numerical example: comparing schemes

timestep (7) | LDD | LiDD | Newton DD iteration | Newton total iteration
0.01 77 20 53 205
0.05 62 46 53 316
0.10 67 70 56 360

h=0.05, M =20, L=0.25, A\ =4 (LDD and Newton)

Stopping criterium: Ze,p Hg[,p - g,f,l|

||1/;§’i fwif’i_IHLz(Qg) < 107° (Newton).

2(r,.0) < 107° (DD);
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Non-standard models

Non-equilibrium effects in the 1) — 6 relationship

Y= Pc(e)
——

"Standard” capillary pressure

1Bottero, 2009, PhD thesis
2Bottero et al., 2011, Water Resour. Res.
3Lunowa et al. '19, '20
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Non-standard models

Non-equilibrium effects in the 1) — 6 relationship

(VNS

"Standard” capillary pressure

o0} ¢
8000f -

L

a000f s

Capilary pressure [Pa]

2000, —

Fitted van Genuchten model
for » — @ measurements!

+ ~(0)sign(0:0)
—_——

Play-type hysteresis

Results®: Rigorous convergence proof for two LDD-type schemes.

1Bottero, 2009, PhD thesis

2Bottero et al., 2011, Water Resour. Res.

3Lunowa et al. ’
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Non-standard models

Non-equilibrium effects in the 1) — 6 relationship

(NS pc(0)
—
"Standard” capillary pressure
Fited Cues VG mocel

= 10000 H __'_ i
7 ! Main Imbibit
s A
S
L R C e
8 2000, _;‘ LI \i

Fitted van Genuchten model
for » — @ measurements!

+ (0)sign(0:0) +
—_——

Play-type hysteresis

()00
~—

Dynamic effects

[kPal

05|

PP
WP

Water saturation -]

0

54

XN

| S,

0 200 400
time [s]

600

Non-equilibrium experiments

(at fixed location)

0

0 200 400
time [s]
2

Results®: Rigorous convergence proof for two LDD-type schemes.

1Bottero, 2009, PhD thesis

2Bottero et al., 2011, Water Resour. Res.

3Lunowa et al. '19, '20
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Fractured media: thin, equidimensional fracture

(-1-5.1 (=5.1) (5.1) (1+51)
I 7 I's
D Qf (5
(-1-5,0) (=5.0) T;.U\ (1+5.0)

0eOm(Vim;) =V - (keym(Om(Vim))) Vi) = fimy in Qp,
Or(e"0r (7)) = V - (™ ke, e (0 () V5 ) = £7 in Qf,
v,ij-n:v,f-n on FJ-T,
Yy = UF onf/,

*Pressure continuity: Martin, Jaffré & Roberts '05, Knabner & Roberts '14
Nonlinear transmission condition (entry pressure models): van Duijn et al (95, '02, '16), Schweizer et al. ('07, '11),

Cances et al. ('10, '12), Jager & Simon '02, P, Bogers, Kumar '17

Reduced dimensionality: Morales, Showalter '10, '12, Ahmed et al. '17, Kumar et al. '20, List et al. '20
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Fractured media:

(-1-51

(L+35.1)

Q

Yy

T

i il

i

y Lar

iy

(-1-3.0

5.0

(5.0
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\Il,,,j = \Tlf, on FT,
Note: Results depend on k and \; here K = A = —1 (rigorous convergence proofl)

IList et al. '20
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Fractured media: reduced dimensionality
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Fractured media:

reduced dimensionality
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Note: Results depend on k and \; here k > A = —1 (rigorous convergence proofl)
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Conclusions and perspectives

» Mathematical model for unsaturated porous media flows

v

Euler implicit approach

v

Linear domain decomposition, incorporating a robust linearization -
(modified) L-scheme:

> robust scheme (no restrictions on the initial guess);
» mild condition on the time step;
> applicable in combination with (M)FEM, FV, MPFA, dG, GDM...

» Convergence for Holder continuous, non-decreasing functions

» More complex models, multi-phase flows
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