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ABSTRACT. Existence of solutions of weakly non-linear half-space problems for
the general discrete velocity (with arbitrarily finite number of velocities) model
of the Boltzmann equation are studied. The solutions are assumed to tend to
an assigned Maxwellian at infinity, and the data for the outgoing particles
at the boundary are assigned, possibly linearly depending on the data for the
incoming particles. The conditions, on the data at the boundary, needed for the
existence of a unique (in a neighborhood of the assigned Maxwellian) solution of
the problem are investigated. In the non-degenerate case (corresponding, in the
continuous case, to the case when the Mach number at infinity is different of -1,
0 and 1) implicit conditions are found. Furthermore, under certain assumptions
explicit conditions are found, both in the non-degenerate and degenerate cases.
Applications to axially symmetric models are studied in more detail.

1. Introduction. The planar stationary Boltzmann equation, see Ref. [16] and
[17], with inflow boundary condition reads

¢ Q) F=F @0

F(0.6) = Fy (&) for € >0 @
F — My, as x — 00,
where z € R+, g = (51762753) € R37 MOO = %6_|5_“m|2/(2Tm)7 Poos
(27T)
Uy = (ul, u?, u3), and T, are constant, and the collision integral @ (F, F) is qua-
dratic in F (for more details see Refs. [16] and [17]). After the transformation
F=My,+ M2 f, the non-linear equation (1) reads

e Ly =st . =109
£(0,6) = fo (&) for &' >0, (2)

f—0asz— oo,

where Lf = —2M5!/%Q (Moe, MiLf) and 8(7, 1) = M@ (Mol 1ML ).

The problem (2) can by a shift in the velocity space be rewritten as
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(€ +ut) XLt 1os = s0(s, 1)
[(0,8) = fo (&) for &' +u' >0, (3)

f—0asz— oo,
where Lof = —2Mg /2Q (Mo, My/* ), So(f. ) = My /@ (M3 1, M52 ) and
= Poo __—I€P/2T%) (cf. Ref. [21)).

(27T50)*/?
The general boundary condition at = 0 (at the wall) in Eq. (1) reads:
F(0,8) =go0(§ / K(&,€,)F (0,&,) d&, for &' >0, (4)

where (i) go (€) > 0 for &' > 0; (ii) the kernel K (€,¢&,), fulfills K(&,€,) > 0 for
€' >0 and ¢! < 0; and (iii)

Mo (€) = go ( /Kff W (E4) dE, for €1 >0,

here M., — _ Pw
where Muw (27TTU))3/2
saturated gas density at temperature T, if the boundary is at rest, see Refs. [34]
and [35].

For a non-condensable gas (i.e. with no mass flux of the gas across the wall)
we can put go (§) = 0. A particular case is the boundary conditions introduced by
Maxwell in Ref. [30, Appendix],

e_|5|2/(2Tw), T, is the temperature of the wall and p,, is the

F(0,8) =(1—a)F(0,&-) + ﬁe—lflz/mm for €1 > 0,
with o, = \/g | €709 amae = (-¢.e.¢)
v T’w ’ - ’ 9 )

£1<0
where T, is the temperature of the wall and «, with 0 < a < 1, is the accommo-
dation coefficient. The case o = 1 is called diffuse reflection, and the case o = 0
specular reflection. The Maxwell boundary conditions can be obtained by taking

K(&,6)=(1—-a)d( —&+260er) - Tgl e I€17/C2T0)

with e; = (1,0,0), in Eq. (4).
In this paper we study the corresponding problem
dF; .
1 e Q. (F,F),zeRy, i=1,...,n,
x
F; (0) = Fy; for 611 >0

Fi(z) > My as ¢ — o0,

for the general discrete velocity model in Refs. [15] and [23]. More general bound-
ary conditions (see Eq. (30) below), corresponding to boundary condition (4) in
the continuous case, are also considered. Discrete velocity models (DVMs) of the
Boltzmann equation are models, where the velocity is discretized, i.e. the velocity is
assumed to be able to take only a finite (or in general a discrete) number of different
values. It is a well-known fact that the Boltzmann equation can be approximated
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by DVMs, see Refs. [12], [22], [31] and [32], and that these approximations can be
used for numerical methods. The study of DVMs can also give a better conceptual
understanding and new ideas, which can be applied to the Boltzmann equation. In
the planar stationary case, the general DVM reduces to a system of ordinary differ-
ential equations. We continue here the study of DVMs in the directions formulated
in Refs. [9], [10] and [7]. Important tools in these studies are the results in Ref.
[10] (see Section 2.1 below) on the dimensions of the stable, unstable and center
manifolds of the singular points (Maxwellians for DVMs).

Half-space problems for the Boltzmann equation are of great importance in the
study of the asymptotic behavior of the solutions of boundary value problems of the
Boltzmann equation for small Knudsen numbers, see Refs. [16] and [17]. For a com-
prehensive and detailed description of the asymptotic theory see Refs. [34] and [35].
The half-space problems provide the boundary conditions for the fluid-dynamic-type
equations and Knudsen-layer corrections to the solution of the fluid-dynamic-type
equations in a neighborhood of the boundary. Mathematical results on the half-
space problem for the Boltzmann equation for a single-component gas are reviewed
in Ref. [6]. Sone and Aoki with coworkers have under a long time considered prob-
lems related to these questions, both from a theoretical and numerical point of view,
see Refs. [34] and [35] and references therein.

The half-space problems for the linearized Boltzmann equation are well investi-
gated, see Refs. [5], [21] and [27]. A classification of well-posed half-space problems
for the homogeneous, as well as the inhomogeneous, linearized discrete Boltzmann
equation has been made in Ref. [7], based on results obtained in Ref. [10]. The
results in Ref. [5] have been extended to yield also in the case of binary mixtures,
for the homogeneous, as well as the inhomogeneous, linearized Boltzmann equation,
by Aoki, Bardos and Takata in Ref. [1].

In Ref. [38] Ukai, Yang and Yu studied the non-linear problem with inflow
boundary conditions for a hard sphere gas, assuming that the solutions tend to
an assigned Maxwellian at infinity. The conditions on the data at the boundary
needed for the existence of a unique (in a neighborhood of the assigned Maxwellian)
solution of the problem are investigated. In the cases when the Mach number at
infinity is different of -1, 0 and 1 the number of conditions needed is found. Similar
existence results have followed for cut-off hard potentials in Ref. [19], and cut-off
soft potentials in Ref. [41], and for boundary conditions of diffuse and specular
reflection type in Ref. [36]. In Ref. [25] Golse studied the case when the Mach
number is 0. Also the non-linear stability of boundary layer solutions have been
investigated in Refs. [39], [40] and [42].

Ukai considered in Ref. [37] the same problem for the discrete Boltzmann equa-
tion, in the case corresponding to the case when the Mach number is less than -1
for the full Boltzmann equation. This result was generalized by Kawashima and
Nishibata in Ref. [28], where they still considered inflow boundary conditions, and
in Ref. [29], for different boundary conditions. However, Kawashima and Nishibata
in Refs. [28] and [29] still assumed some quite restrictive conditions. In Ref. [2]
Babovsky studied a degenerate case for the non-linear (and linearized) DVM, with
slightly perturbed specular reflection (cf. Ref. [26]), but with a quite restrictive
condition on the non-linear part of the collision operator.

In Ref. [18] Cercignani et al. have shown that the solutions of the half-space
problem for the general non-linear DVM with inflow boundary conditions tend to
Maxwellians at infinity (without specifying the Maxwellians). In the present paper,
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the singular point (Maxwellian for DVMs) approached at infinity is fixed and small
deviations of the solutions from the singular point is studied. The data for the
outgoing particles at the boundary are assigned, possibly linearly depending on the
data for the incoming particles. The conditions on the data at the boundary needed
for the existence of a unique (in a neighborhood of the assigned Maxwellian) solution
of the problem are investigated. In the non-degenerate case (corresponding, in the
continuous case, to the case when the Mach number at infinity is different of -1,
0 and 1) implicit conditions have been found by using arguments by Ukai, Yang
and Yu in Ref. [38] for the continuous Boltzmann equation. Furthermore, under
certain assumptions explicit conditions are found, both in the non-degenerate and
degenerate cases. The results extend, not only by more general boundary conditions,
but also by more general assumptions, previous results for the discrete Boltzmann
equation by Ukai in Ref. [37], and Kawashima and Nishibata in Refs. [28] and [29],
and include also (for DVMs) the results obtained by Ukai, Yang and Yu in Ref. [38]
for the continuous Boltzmann equation. Applications to axially symmetric models
have also been studied, generalizing the results by Babovsky in Ref. [2].

All results are obtained for an arbitrary finite number of velocities. Similar
results as in this paper can also be obtained for DVMs for mixtures. Existence of
weak shock wave solutions for the discrete Boltzmann equation has also been proved
based on the same ideas in Ref. [8].

This paper is organized as follows: In Section 2, we introduce the planar station-
ary discrete Boltzmann equation and review some of its properties. We make an
expansion around an equilibrium Maxwellian, and review, Theorem 2.1 in Subsec-
tion 2.1, the results in Ref. [10] on the dimensions of the stable, unstable and center
manifolds of the system of ODEs. The problem and the main results on existence
and uniqueness are stated in Section 3 (Theorem 3.1 and Theorem 3.2). The bound-
ary conditions at the ”wall” are discussed in more detail in Section 4. In particular,
inflow boundary conditions and Maxwell-type boundary conditions (Subsection 4.1)
are considered. The results of [10] (stated in Theorem 2.1) are used to investigate
the number of additional conditions needed to obtain well-posedness of the weakly
non-linear problem in Section 5 and Section 6 respectively, and thereby to prove
Theorem 3.1 (Section 5) and Theorem 3.2 (Section 6) in Section 3. Implicit condi-
tions for the existence of a unique (in a neighborhood of the assigned Maxwellian)
solution in the non-degenerate case and also for the degenerate case, but then with
some restrictions on the non-linear part of the collision operator, are obtained (Sec-
tion 5). The results are in accordance with corresponding results for the continuous
Boltzmann equation obtained in the non-degenerate case, with inflow boundary con-
ditions in Ref. [38]. We also obtain explicit conditions for the existence of a unique
(in a neighborhood of the assigned Maxwellian) solution (Section 6), but with more
restrictions, at least in the non-degenerate case, on the non-linear part. However,
in some degenerate cases we obtain weaker restrictions on the non-linear part than
in Theorem 3.1. The more general case when we allow velocities inducing a singular
”velocity-matrix” (that is, if we allow velocities that have zero as first component)
is discussed in Section 7. Applications to axially symmetric models is studied in
Section 8. The degenerate cases for axially symmetric DVMs (in the ”shock wave
context”), if we have expanded around a non-drifting Maxwellian in Section 2, are
discussed in Subsection 8.1. The results are in accordance with the results for the
continuous Boltzmann equation in Ref. [21]. We also apply our results (Theo-
rem 3.2) in Section 3 to a boundary layer problem of the type studied by Golse,
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Perthame and Sulem in Ref. [26] for the Boltzmann equation, and by Babovsky in
Ref. [2] for DVMs (with quite restrictive conditions on the non-linear part of the
collision operator). We first consider a plane 12-velocity DVM in Subsection 8.2,
but also a more general axially symmetric DVM (cf. Ref. [2]) in Subsection 8.3.

2. Discrete Boltzmann equation. The planar stationary system for the discrete
Boltzmann equation (DBE) reads

1dF;

U dx
where V = {£1,...,6,}, & € RY, is a finite set of velocities, F; = Fj; (x) = F (z,&),
and F = F (z,£) represents the microscopic density of particles with velocity £ =
(€1,...,&%) at position x = (z,22,...,27) € R%. We also assume (except in Section
7) that

:Qi(FaF)ax€R+7i:1w"an7 (5)

& #40,fori=1,..,n.

For a function g = g(§) (possibly depending on more variables than &), we will
identify g with its restriction to the set V, but also when suitable consider it like a
vector function

9="(91,-:9n), with g; = g(&).
Consistently, we say that g is non-negative (positive), g > 0 (g > 0), if and only if
gi >0 (g;i>0)forall 1 <i<n.

Then Eq. (5) can be rewritten as

dF . . 1 1
B% =Q(F,F), with z € Ry and B = diag(&;, ...,&,)- (6)
Below we review some properties of the discrete Boltzmann equation.
The collision operators Q; (F, F') in Eq. (5) are given by the bilinear expressions

1 n
Qi (F,G) = > T (FvGi+ GiFy — F,G; — GiF}), (7)
Jik,l=1
where it is assumed that the collision coefficients I‘fjl satisfy the relations
Kl kl ij
Fij = Fji = ijl >0,
with equality unless the conservation laws
2 2 2 2
§i+& =& +&and |G+ 167 = |&l” + & (8)

are satisfied (preservation of momentum and energy).

Remark 1. Our main results, presented in Section 3, do not depend on the preser-
vation of energy (even if we indeed use it in some of our applications), i.e., Egs. (8)
could be replaced by

§i+& =8 +&,
without affecting our main results. In fact, our main results do not depend on what
set of collision invariants (cf. Eq. (9)) we have.

A function ¢ = ¢ (£) is a collision invariant if and only if

¢i + ¢j = ok + ¢, 9)
for all indices such that I'¥! = 0, or, equivalently, if and only if

(6,Q(F, F)) =0, (10)
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for all non-negative functions F'. We have the trivial collision invariants (also called
the physical collision invariants) ¢g = 1, ¢1 = &1, ..., g = €%, Par1 = |§\2 (including
all linear combinations of these). Here and below, we denote by (-,-) the Euclidean
scalar product on R".

We consider below (even if this restriction is not necessary in our general context)
only normal DVMs. That is, DVMs without spurious (or non-physical) collision
invariants, i.e. any collision invariant is of the form

p=atb &+l (11)
for some constant a,c € R and b € R? (methods of their construction are described

in Refs. [11], [13] and [14]). In this case the equation (10) has the general solution
(11).

A Maxwellian distribution (or just a Maxwellian) is a function M = M (), such
that

Q(M,M)=0and M > 0.

All Maxwellian distributions are of the form
M =e? = Aeb'5+c‘5‘2, with A =€ >0and ¢ <0, (12)

where ¢ is a collision invariant (11) (the latter equality is due to the assumption of
normal DVMs). In general a, b and ¢ can be functions of x, but since we assume that
our solutions tend to a global, i.e. with absolute constant a, b and ¢, Maxwellian
at infinity, our interest is in global Maxwellians, and so when we below refer to a
Maxwellian, we will mean a global Maxwellian.

Given a Maxwellian M we denote

F=M+MY2f, (13)
in Eq. (5), and obtain

where L is the linearized collision operator (n x n matrix) given by
Lf = —2M~2Q(M, M2 f), (14)
and S is the quadratic part given by
S(f.g) = M712QMMM £, M 2g). (15)
In more explicit forms, the operators (14) and (15) read
(L), == Y THM (M2 i M= Mg = M2
ok, l=1

and B
Si(f. )= THM (fufi— fify)-
Gk, l=1

The matrix L is symmetric and semi-positive, and the null-space N(L) of L is (for
normal DVMs) given by

N(L) = span(M"/? M'2¢! . MV2ed MR (7).
Furthermore, S (f, f) belong to the orthogonal complement of N (L), i.e.
S(f.f) e N(L)*.
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Then the system (6) transforms into

df B
B% +Lf=5(f1). (16)

The diagonal matrix B (6) (under our assumptions) has no zero diagonal elements
and is non-singular. If we denote f|,_, = fo (the boundary conditions imposed by
all &;), then we can rewrite Eq. (16) as

fla) = e "B by 4 / DB L[S (£, 1)) (0) do.

0

2.1. Characteristic numbers. We denote by n*, where n* + n~ = n, and m?*,
with m™ + m~ = ¢, the numbers of positive and negative eigenvalues (counted
with multiplicity) of the matrices B and B~ L respectively, and by m° the number
of zero eigenvalues of B~'L. Moreover, we denote by k+, k= and [ the numbers
of positive, negative and zero eigenvalues of the p x p matrix K (p = d + 2 for
normal DVMs), with entries ki; = (yi,y;)p = (vi, By;), such that {y1,...,yp}
is a basis of the null-space of L, i.e. in our case span(yi,...,yp) = N(L) =
span(Ml/Q,Ml/zfl, oy MY/2gd NY/2 |§\2). Here and below, we denote (-,-)5 =
(-, B-) . We also recall the notation N (L) for the null-space of L.

In applications, the number p of collision invariants is usually relatively small
compared to n (note that formally n = oo for the continuous Boltzmann equation
whenas p < 5). Also, the matrix B is diagonal and therefore all its eigenvalues
are known. This explains the importance of the following result by Bobylev and
Bernhoff in Ref. [10] (see also Ref. [7]).

Theorem 2.1. The numbers of positive, negative and zero eigenvalues of B~'L
are given by

mT=nT -kt -1

m-=n"—k~ —1

m® =p+1.
Remark 2. In Ref. [10] Theorem 2.1 is proved for any real symmetric matrices L
and B, such that L is semi-positive and B is invertible.

In the proof of Theorem 2.1 a basis
ULy evey Ugy YLy ovey Yhis By oeey 21, WL oovy WY (17)
of R™, such that
Yi, zr € N(L), B 'Lw, = z, and B~ 'Lu, = A\qua, (18)
and
(Ua,up) g = Aabap, With A1, ..., Ape >0 and At 41, ..., Ag <0,
(Wiryj) g = Yidij, with 1, .., v+ > 0 and Yt 11, ..., 7 <0,

)
(Ua,2r) g = <Ua,wr>3 = <Umyi>B = <wrayi>B = <eryi>B =0,
)

B
<’LUT,’U)5 B — <ZT’725>B =0 and <w’r’725>B = 57‘3, (19)

is constructed.



8 NICLAS BERNHOFF

The Jordan normal form of B~1L (with respect to the basis (17)-(19)) is
A

o O
O =

0
0

O =

where there are [ blocks of the type < 8 (1) ) For any h € R", we obtain

e~B hh = ZuzymLZ — xay) 2 + ajw;) +Zﬁr U,

r=1
where
_ <hayi>B , B = <h>uT>B7 o
(Yi, Vi) Ar
3. Statement of the problem and main results. We consider the non-linear
system

= (h,2j) g and n; = (h,w;) 5.

%

BY v Lr=su.p, (20)
where the solution tends to zero at infinity, i.e.
f(z) = 0asxz — oo, (21)
and
S(f.f) e N(L)™. (22)

The boundary conditions (21) correspond to the case when we have made the
expansion (13) around a Maxwellian M = M, such that FF — M, as z — oo.
We can (without loss of generality) assume that

(B 0
=% )

By = diag (&, ....6,+) and B_ = —diag (§h4 41, &),
with &1, ..., > 0and &84 4, ...,&, <O0. (23)

We also define the projections R, : R® — R"" and R_ :R" — R™ ,n~ =n-—nt,
by

where

T =(51,.,8p+) and R_s =8~ = (Sp+41, -, 5n)

Ris=s
for s = (81, ..y 8n).
At x = 0 we assume the general boundary conditions (cf. Egs. (31) below)

F1(0) = Cf(0) + ho, (24)
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where C is a given n™ x n~ matrix and hg € R"". We introduce the operator
C:R" — R”+, given by
C=Ry-CR_.
We will also assume that the matrix C fulfills one of the conditions
dimCU; =m™,
with Uy = span (u| Lu = ABu, with A > 0) = span (uy, ..., Uy,+) , (25)
and
dimCX, = nT, with X, = span (U1, e, Uppt s Y1y ooy Yht s Z1s evey 21) - (26)
Remark 3. For the continuous Boltzmann equation (with d = 3), if we have made
the expansion (13) around a non-drifting Maxwellian
Poo __ —I€* /2T
(27T )3/2 ’

k* =1, = 3 and the collision invariants y1, y2, 21, 22 and 23 can be chosen as, cf.
Ref. [21],

Y (N SO S VS VZ TS GRS U W VeV
V2T, V30T ’ V2T /30T ’
5 e’ : & &
= S B ) pm2 = M2 and 2e — M2
z1 ( 2 \/ETOO , 22 T—'OO and zs T_‘OO

Moreover,
_ -1l
w; = L f Zj,
in the continuous case, and the continuous analogue of equation Lu = ABu is

Lh = X¢*h, h = h(§), (27)

(see Ref. [16] for a discussion on the eigenvalue problem (27)). We also want
to point out that, in the continuous case, the boundary conditions (before the
expansion (13)), that correspond to conditions (24), are given by Egs. (4).

We now state our main results.

Theorem 3.1. Let condition (26) be fulfilled and suppose that

(S (f(z), f(x)),w;) =0 for j =1,..,1, and that (ho,h0>B+ is sufficiently small.
Then with k™ + 1 conditions on hg, the system (20) with the boundary conditions
(21) and (24) has a locally unique solution.

Theorem 3.1 is proved in Section 5.
Theorem 3.2. Let condition (25) be fulfilled and assume that
ho,Ce‘TB_lLBAS(f(x),f(x)) € CUy4 for all x € Ry,

with U = span(u : Lu = ABu, A > 0) = span (uy, ..., Up+) - (28)
Then there is a positive number dqy, such that if
[ho| < do,

then the system (20) with the boundary conditions (21) and (24) has a locally unique
solution.

The proof of Theorem 3.2 is outlined in Section 6.
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Remark 4. If condition (25) is fulfilled, then the condition
implies that we have k™ + [ conditions on hg.

Remark 5. If the conditions
CU_ CCUy,

with U_ = span ({u| Lu = ABu, with A < 0} U{z1,...,z;}) (29)
= span(um++1,...,uq,zl,...,zl),

and (22) are fulfilled, then
Ce"B ' EBTIS(f, f) € CU4 for all z € R

Lemma 3.3. (see Ref. [7]) Let By and B_ be the matrices defined in Egs. (23).
Then
i) condition (206) is fulfilled, if

CTB,C < B_ on R_X_;
i1) condition (25) s fulfilled, if

CTB,C<B_ onR_U,.
Proof. ii) Let u € Uy and CTB,C < B_ on R_U,. Then

(u,uy g > 0.
Furthermore, if u # 0 and Cu = 0, then
(u,u) g = <C’u_,C'u_>B+ - <u_,u_>

B = ((CTB4C —B_)u™,u™) <0.

Hence, if Cu = 0, then u = 0. That is, dimCU; = dim Uy = m™, and part i) of
the lemma is proved.
Part ) of the lemma is proved in a similar way (see also Ref. [7]). O

Corollary 1. (see Ref. [7]) If C = 0, then the conditions (25) and (26) are fulfilled.
In particular, {uf, ...,u::ﬁ,yf', ...,y,iﬁr,zf, ,zl+} s a basis ofR’ﬁ.

Ukai considered the case with m™ = n™ and C' = 0 in Ref. [37]. Then conditions
(25), (26) and (28) are trivially fulfilled, since R, U, = R™ . This is the discrete
correspondence of the case when the Mach number of the Maxwellian M, is less
than —1, i.e. Moo = Uso,1/1/ %TOO < —1, for the full Boltzmann equation.

This result was generalized by Kawashima and Nishibata in Ref. [28], where
they still considered the case C' = 0 (but allowed zero first components of the
velocities, which was ruled out in Ref. [37]). Then conditions (25) and (26) are
fulfilled by Corollary 1. They assumed that dim R, (BN(L))" = m, (equiva-
lent to assumption [A] in Ref. [28]), which implies that Ry (BN(L))" = R, Uy,
and hence, that | = 0 and R,U_ C R U; (Eq. (29) with C = 0). Therefore,
condition (28) is fulfilled if the boundary data satisfies the consistency condition,
equivalent to the condition kg € Ry (BN(L))", in Ref. [28]. In their subsequent
paper [29], Kawashima and Nishibata assumed that dim R, (BN(L))* = m™,
CR_ (BN(L))" C Ry (BN(L))", and that (u,u)y < 0 if Cu = 0 and u # 0 (cf.
Lemma 2.1 in Ref. [29]). Conditions (25) and (26) are fulfilled by the latter assump-
tion and Lemma 3.3. By the first assumption, [ = 0 and R, U_ C R U,. Therefore,



NON-LINEAR HALF-SPACE PROBLEMS 11

the second assumption implies that condition (28) is fulfilled if the boundary data

satisfies the consistency condition, equivalent to condition hy € C(BN(L))", in
Ref. [29]. Note that ag in Eq. (30) is assumed to be zero, ag = 0, in Ref. [29].

Remark 6. All our results can be extended in a natural way, to yield also for
singular matrices B (see Section 7), if

N(L)N N(B) = {0}.

4. Boundary conditions. If M = M, = AePe+elel” € R™ s the Maxwellian we
have made the expansion (13) around, i.e.,

F(x)=M+M"2f (),

then the general boundary conditions (cf. boundary condition (4) in the continuous
case)
F+(O) = CoFi(O) +Cl0, (30)

where Cj is a given n* x n~ matrix and ag € R”Jr, at = 0, lead to the following
C and hg in Eq. (24),

C = M;"?CoM? and ho = M;*(CoM™ — M + ap), (31)
with

M{'V? = diag(My V2, M P and MY? = diag(M)2 ., M),

Example 1. If we assume inflow boundary conditions, i.e. Cy = 0, as is the case
when we have complete condensation, then C' =0 and hg = M;l/Z (ag — M™T).

Example 2. Let n= = nt. The discrete version of the Maxwell-type boundary
conditions reads

FT(0) = CoF~(0), with Cy = (1 — a)I + aCpa, 0 < a < 1,

where [ is the identity matrix and Cpq is the nt x nT matrix, with the elements
5711++jM0i
(B-My 1)
a = 1 correspond to specular and diffuse reflection, respectively.
After the expansion (13), the Maxwell-type boundary conditions reads, cf. Ref.
[7],

FH(0) = Car f~(0) + ho, with Cap = (1 — )M V> M? + aCy 0 < a < 1,

Cod,ij = for some Maxwellian My, cf. Ref. [24]. The cases o = 0 and

ho=M7"*(1—a)M~ +a

where Cy is the nT x nt matrix, with the elements

I Vsl TRk My,

nt+j"" nt+j

(B-My 1)

Cdij =
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We obtain that

(PvAT= )" (B a7 )
(B-My,1)"

(B_M~,1) (B MG (M) M)

<C’dTB+Cdu, uy =

<B*uvu> )

(B-My,1)"
with equality if and only if u € span(v/M~).
Remark 7. In the general case of Remark 2 we fix an orthonormal basis
{e1,...,en}, with (e;, e;) = d;;,
of R™, such that
Be; = b;e;,
where
bi,...;bp+ >0 and by+4q, ..., b, <O,
and define Ry : R" — R"" and R_ : R® — R" | by

=

Ris=s S1y ey Spt) and R_s =87 = (Sp+11y s Sn)

n
for s = 3 s;e;. We also introduce the matrices By and B_, defined by
i=1

B, = diag (b1, ...,b,+) and B_ = —diag (by+41, ., bn) -

4.1. Maxwell-type boundary conditions. We now consider the Maxwell-type
boundary conditions (32) .
If we assume that

€i+n+ = (_51175127521)7 le > 07 for i = 17 "'an+7 (33)

then M~ = e~2¥¢' M+ and therefore, M;l/QMi/Q =diag(e_b5%, e eibgiﬁ)7 where
b is the first component of b in Egs. (12). Note also that B_ = By. Furthermore,
we assume that

My = Age®€” and b = (5,0, ...,0).
Then
(CTiBsCaruu) = (1= a)* (By (MF) ™" M~ u,u)
+2(a - a?) <M;1/2Mi/23+u, Cdu> +0a2(CT B, Cqu,u),
where

(By M~ 1) { By MG, (M)~ My
<C’§B+Cdu,u> < i < 0 0>

B_u,u),
(By M, 1)° < >
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and
<M_~f1/2 1/2B +Cau, u>
<B,Mi/2, u> <B+Mi/2 (M+) ™! M;,u>
(B0 1)

N 1/2
(BoM-, 1) (B ()7 M (7))
<
(B0 1)
Hence, if b > 0 we obtain the following rough estimate

(CL B, Chpu,u) < e~ 26min (1 + (el o0l (R —180n)/2 — 1))2(B_u,u),  (34)

where gy =m0 (€1, e, €32 ), g = min(1f" o 1§04 1) and €l =
max(|&1]%, ..., [€n+ 7). If b < 0, then we can replace &1, with & where €1, =
max (£1,...,€L.), in Eq. (34).

Lemma 4.1. Let My = AOeCO‘&‘2 and M = My, = Aeb51+c|5|2, and assume that
assumption (33) is fulfilled. Then C = sCyy fulfills conditions (25) and (26), if

(B_u,u) .

» { ezsfnm(l + aeleeoll |s|?m;|s\f;m>/2 1)L ifb>0 (35)
ePemax (1 + ar(ele™ col (1€ ax— 1€ 7in) /2 — )" tifb<0
Proof. 1f s satisfies inequality (35), then it follows from inequality (34) that
<(SCM)TB+SCMu,u> = s* (C};B+Cru, u) < (B_u,u)
and the lemma follows by Lemma 3.3. O

5. With damping term. We add (following the structure in Ref. [38] for the full
Boltzmann equation) a damping term —7P0+ f to the right-hand side of the system
(20) and obtain

df

Boo 4 Lf =S(F.0) =P f. (36)

where v > 0 and

Pff= Z

— z,yl>

yﬂrz

First we consider the corresponding hnearlzed inhomogeneous system

df

B—+Lf=g—~P 37
where g = g(x) : Ry — R™ is a given function such that
g(z) € N(L)* for all z € R,. (38)

The system (37) with the boundary conditions (21) has (under the assumption
that all necessary integrals exist) the general solution, using the notations in Egs.

Zuz yz+zm )zi+ > B (@) ur, (39)
r=1
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where
wi () =p; (0)e "™ i=1,.. kT,
n; (x) = n; (0) e + [T (1) dr, j = 1,....1,
0 x
Br(z) = B (0)e ™ + [eT=DX g (1) dr,r=1,..,m", (40)
0
Br(x)=—[ e(T—oA g, (r)dr,r=m" +1,....q,
with
7 (z) = (g () ,wy) and B, (x) = (g (x) ,ur) - (41)
From the boundary conditions (24), we obtain the system
Zﬂr ) Cuy + Zuz ) Cyi +an )Cz;
oo (42)
q
=ho+ > [ €™B, (7) drCu,, with C = R, — CR_.
r=mT+17

For hg = 0 in (24), we have the trivial solution f(z) = 0. Therefore, we consider
only non-zero hg, ho # 0, below. The system (42) has (under the assumption that
all necessary integrals exist) a unique solution if we assume that the condition (26)
is fulfilled.

Theorem 5.1. Assume that the conditions (26) and (38) are fulfilled and that all
necessary integrals exist. Then the system (37) with the boundary conditions (21)
and (24), has a unique solution given by Egqs. (39)-(42).

We fix a number o, such that
0 <o <min{|A| #0; det(AB— L) =0} and o <~
and introduce the norm (cf. Ref. [29])

|h|, = supe’@|h (z)|,

x>0

o

the Banach space
X ={heB0,00) |||, <o}
and its closed convex subset

Sr={h € B°0,00) |||, < Rlhol },

where R is a, so far, undetermined positive constant.
We assume that the condition (26) is fulfilled and introduce the operator O(f)
on X, defined by

Et l q
=Y i (F@) v+ Y (F@) 2+ > B (f(@)) uy, (43)
i=1 j=1 r=1
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where

(1)) = i (FO) €%, = 1 K,

ni (f(x)) =n; (f(0))e™* + {6“””% (f(r))dr,j=1,..,1,

B, (f(x)) = B, ((0)) e~ + sze(T*“J))‘"'BT (f (7)) dr, 7 =1, ..., m*,
By (f() = — [ €T=9NB, (f () dr, r=m* +1,...q,

x

with 51 (£(0)) ;. Bt (£(0)), 1 (f(0)) 5 -oos g+ (f(0)) and 11 (£(0)) , ..., m (f(0))
given by the system

Z ﬂr Cur + Z ul Cyz + Z ’r]] Cz]

q oo

=ho+ > / €™ B, (f (1)) drCu,,

r=mt4+17
and
C=Ry —CR_,7; (f) = (S(f, f),w;), and B, (f) = (S (f, f) ,ur).

Lemma 5.2. Let f,h € X and assume that the condition (26) is fulfilled. Then
there is a positive constant K (independent of f and h), such that

1©(0)[, < K [hol , (44)
0(f) = 0|, < K(If, + |hlo) [f = hl, - (45)

Proof. Let C~! denote the inverse map of the linear map C = R, — CR_ on X, =
SPAN (UL ey U+, Y1y +oey Ypt 5 215 -+, 27) - The map C~! is also linear and therefore
bounded. We denote

P = (u1..uqy1...Yx21... 2001 ... w07 )
(cf. Egs. (17)-(19)). By Eq. (19)
pl= D_lﬁtB7 where
P= (U1 ugy1...yk21...20w1...wy) and D = diag(A1...Ag71...9%1...1).

Then
1©(0), = |PP~'O(0)] < |P||P~'O(0)],
mT kT l
= P[> 8- (0) e " Py + 7P i (0)yi + Y n (0) 2
r=1 i=1 j=1 -
mt kT l
<|P| P (Z Br (0)ur+ > 1 (0)ys + Y m; (0) zj) |
r=1 i=1 j=1
= |P||P7'C " hg| < Ko |hol, with Ko = |P||P7'C7!|.
Clearly,

[fly <00 = |S(f, o < o0,
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and

ey / e (B (F (1) = Br (h () dru,

r=mt 417
<letep||[ e > (B @) =B Phuds
0 r=m+41

<le-'ep| / e dr [PUBTN(S(, f) = S(h k), -
0

Hence, we obtain
©(f) —O6(h)l,
=|PP7H(O(f) —©(h)|, < |PI[PTH(O(f) —O(h)],
< |P| sup ( (2z T)o

z>0

q

PN B (F () = By (h (7))

r=m++1

dr

- ( Br (f (7)) = By (h(7)))ur

m™t l
P (Z(ﬂr (£(0)) = Br (r(0)))ur + Z(m (£ (0)) = n; (n(0)))z

oo

<|P] (sup/e(2z—37-)a dr + /e—m dr + |P_1‘ |C_1CP‘ /e—sm dr)
x>0
20J J

* ‘P_lB_l(S(fa f) - S(ha h))|20
<K1|S(f, f) — S(h,h)ly, , with K; = % 1P| ‘D‘lﬁt‘ (44 |Pt|c'cP]).

The quadratic function S(f, f) is bilinear in its arguments and bounded, and hence,
there is a positive constant K (independent of f and h), such that
IS(f f) = S(h. )| = |S(f + b, f = h)| < K (| f] + |h) [f = Rl
Therefore,
IS(f, ) = S(h, 1)y, < Ka(If], +|R],) [f =B,
Let K = min(Kg, K1K5). O

Theorem 5.3. Let condition (26) be fulfilled. Then there is a positive number g,
such that if

[ho| < do,
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then the system (36) with the boundary conditions (21) and (24) has a unique solu-
tion f = f(x) in Sg for a suitable chosen R.

Proof. By estimates (44) and (45), there is a positive number K such that
O, = 18(f) = ©(0) + ©(0)|, < K(|ho| + | 17) (46)
if feX.
1

Let R = 2K and let §g be a positive number, such that §y < ik By estimates

(45) and (46)
1
O, < (5 +2K? [ho)R |ho| < R |hol

2
and
0(f) = ©(h)|, < 2KR|ho||f — hl, < R*& |f —hl,, R? < 1,
if f,h S SR and |h0| < 50.
The theorem follows by the contraction mapping theorem (see Ref. [33, p.2]). O

Theorem 5.4. Suppose that (S (f, f),w;) =0 for j =1,...,1. Then the solution
of Theorem 5.3 is a solution of the problem (20), (21) and (24) if and only if
Py f(0) = 0.

Proof. The relations

{ ni(F(@)) = p(F(0)e, i =1, .k,
ni(F(@) = (F(0)e™%, j = 1,

are fulfilled if f(x) is a solution of Theorem 5.3 and (S (f, f),w;) = 0. Hence,
Py £(0) = 0 if and only if Py f(z) = 0. O
We denote by I" the linear solution operator
7 (ho) = £(0),
where f(z) is given by

d
B—f—i—Lf—i-fyPJf:O
dx

Cf(0) = ho

f—0, asz— o0
Similarly, we denote by Z7 the nonlinear solution operator
I7(ho) = £(0),
where f(z) is given by

BY L Lf=S(f. )Py f
C1(0) = ho '

f—0,asx — 0

We assume that (S (f, f),w;) = 0 for j = 1,...,I. By Theorem 5.4, the solution
of Theorem 5.3 is a solution of the problem (20), (21) and (24) if and only if
P T (ho) = 0.
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Let
rp = T
/ /
<Tiari>B+
m <Cyi7cur>B 1—1 .
with r; = Cy; Z Cur Cu) * Cu, — Z (Cyi,rj>B+ r; #0,i=1,.. k",
= B4 Jj=1
and
r!
Fipnt = i+kt ,
\/<T{L‘+k+’ r£+k+>B+
+ iyt
m (Czi,cur>3 i+kT—1
ith r/ =Cz — — =t Cu, — Czi, 1 i #£0,1=1,...,1L
with 75 .+ Zi ; <CUT,CUT>B+ Uy ; ( zz,r]>B+ r; #0,1 -
Then
PfT" =0 < hy € RM7+,
with RH5+ = {u eR™ ) (u,ri)&r =0fori=1,...,k" —i—l}
and

TV (ho) =17 (ay, ..., ags 11, h1),
kY41

with hg = Y agri + b1, hp € RM2+ and a; = (ho, 1)
=1

Lemma 5.5. Suppose that Py I7(ho) = 0. Then hq is a function of hy if (ho, h0>B+
1s sufficiently small.

L

Proof. Tt is obvious that Z7(0) = 0 and that we for the Fréchet derivative of Z7(ehg)
have

%I‘*(eho) =T
Then if hg = 7;
i Gal ) | = L ko) uhy| = (ko)) £0
(“)ai< A1y ey At 41, N101), U 5, de €ng),u)g Y 0),U) B )

where u =y; if i = 1,....,k" and u = w;_;+ if i = kT +1,..., kT +1. By the implicit
function theorem, <f"f(a1, vy Ot 41, hl),y1>B = 0 defines a1 = a1 (az, ..., ag+yy, h1).

Induction gives that

a1 = ar(h), ..., ap+ 11 = ag+ ().
O

6. Direct approach without damping term. In this section we deal directly
with the general system (20) with the boundary conditions (21) and (24).
Let g = g(z) : Ry — R" be a given function, such that g(z) € N(L)* for all
x € Ry. The linearized inhomogeneous system
df
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with the boundary conditions (21) have (under the assumption that all necessary
integrals exist) the general solution

l q
Fa) =S m @)+ 3 B (@) uy, (48)
Jj=1 r=1

where
o0

@) == [[(7) dr, (@) = {g () ) G = Lo, (19)
and 51 (), ..., By (x) are given by Eq. (40). From the boundary conditions (24), we
obtain the system

m7T o0 q l
cZ@mm,:hwg/E:eW@mw+me%m (50)
r=1 o T=mt+1 Jj=1

withC = R, —CR_.

The system (50) has (under the assumption that all necessary integrals exist) a
solution if we assume that

ho,Ce$BflLB_1g(x) € CU; for all x € Ry,
with Uy = span(u : Lu = ABu, A > 0) = span (U1, ..., U+ ) (51)
and a unique solution if and only if, additionally, condition (25) is fulfilled.

Theorem 6.1. Assume that the conditions (25), (38) and (51) are fulfilled and that
all necessary integrals exist. Then the system (47) with the boundary conditions (21)
and (24) has a unique solution given by Eqs. (48)-(50).

Following the lines of the proof of Theorem 5.3 we now obtain Theorem 3.2.

7. Extension to singular operators B. To study the case when the operator B
is singular (i.e. the case when &} = 0 for some i) we assume (cf. Refs. [29] and [7])
that

N(L)NN(B) = {0}, (52)
and introduce the orthogonal projections
Py :R" — N(B) and P; : R" — Im(B).

The assumption (52) ensures that the operator PyLP, is non-singular on N(B).
The system (47) is equivalent with the system (see Ref. [7])

Pyf = = (RLPy) "' PyLPif + (PyLPy) ™" Pog(x)

~dPf =~ .
B i +LP f=74(z)

where
L=PL(I - Py(PyLP,)" ' PByL)Py, B = P{BP; and
§(x) = Pi(I — LPy (PyLPy) ™! Ry)g(x).

The restrictions, ZIm and Elm, of L and B to Im(B), are linear operators (n X 7
matrices, with 7 = n — dim(N(B))) on Im(B).
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Lemma 7.1. Let g(z) € N(L)* and assume that
N(L)NnN(B) ={0}.

Then the linear operators LIm and BIm on Im(B) have the followmg properties: LIm
and BIm are real symmetric operators, L is semi-positive, B is non- singular,
dlm(N(LIm)) = p, and the numbers kT, k= and | are the same for the system

~ dpP
B dlf

+ L P f = §(x), (53)

as for the original system (A7). Furthermore, g(z) € N(L)*.

Proof. (cf. Ref. [7]) It is clear that the operators L and B are real and symmetric
and that B is non-singular on Im(B). Hence, this is true also for the restrictions to
Im(B). The linear operator Ly, is semi-positive, since

0= <(P0L — PyLPy (PyLPy) ' PyL)Pih, (PyLPy) " POLP1h>

= <L(I — Py (PyLPy) ' PyL)Pyh, Py (PyLP,) ™" POLP1h>

if h € Im(B), and hence,
<Elmh, h> - <Eh,h> - <L(I Py (RLPy) " POL)Plh,P1h>

- <L(I — Py (PyLPy) " PoL)Pih, (I — Py (PoLPy) ™" POL)P1h> >0
for all h € Im(B). By assumption (52), dim(N (L)) = dim(N(L)) = p and N(L) C
P,N(L), since

LPh =P L(I - Py(PyLPy) " PyL)Pih
= P\L(P, + Py (PyLPy) "' PyLPy)h = P,L(Py + Py)h =0
if Lh = L(Py + P1)h =0, for h € R™. Hence,
N(Liwm) = N(L) = PLN(L).

Furthermore, the numbers k*, k= and [ are the same for the system (53) as for the
original system, since

<§ImP1h,P1h> — (BPih, Pih) = (Bh, h)
for all h € R™. If h € N(L) then
<P1LP0 (PoLPy) ™" Pog(), P1h>
- <LP0 (PoLPy) ™" Pog(), P1h>

—— (LR (RiLPy) ™" Pog(a), Poh) = — (Pog(a), )

and so
(9(z), Prh) = (Pig(z), h) + (Pog(x), h) = (g(x), h) = 0.
Hence,

g(z) € (ALN(L)* = N(L)*,

and the lemma is proved. O
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Denote _
o(f) = e(r1f),
where © is the operator (43) when L and S(f, f) are replaced with L and §(f, f) =
Pi(I — LPy (PyLPy)" " Py)S(f, f) in Eq. (36). We introduce

o(f) = (I — (RyLPy)~" P0L> O(f) + (PoLPy) " PoS(f, f)
and denote
Amin = min |[A;| and Apax = max |A],

where Aq, ..., A,_, are the non-zero eigenvalues of L. Then

- ’(I — (P,LPy) ™" POL) (?)(0)’ < Kolhol, with Ko = (1 + A2 A ) K,

min

~

001 - 6(9)

=| (1= LR) ' AL (8(/) = 8(9) + (RLR) ™ R (S(f./) = S(9.9))|
<A+ Anb Amax) K(fL, + R 1 = R, + Ak K2 fl, + |hl,) [f = Al
—K7\(If|, + |hl,) |f = hl, , with Ky = K 4+ AL (K Amax + K2).

min
We can now extend our main results in Section 3 to yield also for singular operators
B.

8. Axially symmetric DVMs. In this section we consider only such symmetric
sets of velocities V, such that

if & = (€}, ...,€3) €V, then (&£}, ..., +£0) e V (54)

for any combinations of signs (see also Ref. [7]). We can, without loss of generality,
assume that

(En- €y Eliw) = (261,67, &) and & > 0,
fori=1,...,N, with n = 2N.
Example 3. The plane 12-velocity model in Ref. [11], with velocities
(£1,%1), (£1,+3) and (£3,+£1),

and the infinitely many (obvious, from the constructions in Ref. [11] - ”with three
corners of a square in the model, add the fourth”) symmetric normal extensions
of this model are examples of (normal) such DVMs. These extensions include the
plane square models, with (all combinations of) coordinates from the set of all
odd integers with absolute values less or equal than a maximal odd integer (these
models are called Nicodin p-th squares in Ref. [20], but are also, at least implicitly,
constructed in Ref. [11]).

Example 4. In three dimensions the 32-velocity model, with velocities
(£1,+1,41), (£1,4+1,4+3), (£1,£3,41) and (3,41, +1),

and the infinitely many (obvious) symmetric normal extensions of this model are
examples of such (normal) DVMs. These extensions include the cubic models, with
(all combinations of) coordinates from the set of all odd integers with absolute
values less or equal than a maximal odd integer. The 32-velocity model can be ob-
tained by normal extensions, with the starting point in the 9-velocity asymmetric
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normal model with velocities (£1,+1,+1) and (3,—1,1). The 24-velocity mod-
els, with velocities (1,41, +1), (£1,43,+1) and (£3,£1,+1), and (+1,+1,+£1),
(£1,+1,+3) and (+3,+1, £1), respectively, are DVMs with fewer velocities (earlier
in the ”evolution”), that can be constructed from the same asymmetric model.

8.1. Explicit calculation of the characteristic numbers. We now assume that
(i) we have a symmetric set (54) of velocities; (ii) our DVM is normal; (iii) we have
made the expansion (13) around a non-drifting Maxwellian M, i.e. with b =0 in
Eq. (12); and (iv)

B= dlag(§%7 "'5511\77 _5%7 ) _5}\7)7 with g%a agll\f > 0.
In this section we study, instead of Eq. (20), the equation

d
Brun D Lr= s, (55)
(cf. Eq. (3)). Note, however, that Egs. (20) and (55) are never equivalent for
non-zero u, as Egs. (2) and (3) are in the continuous case, for DVMs with a finite
number of velocities.

The linearized collision operator L has the null-space

N(L) = span (¢1, ..., pat2) ,
where
¢ =MY?.(1,..,1)
¢2 = M1/2 : (5%7 "'75]1\[7 75115 ) 75]1\1)
¢3 = M2 (|§1|2 IR |§N‘2 ) |§1|2 EREE) |€N|2)
¢i+2 = M2 (gi’ ""gj\f’ _fiv M) _§§V)7 =2, ...,d,
Then the degenerate values of u, i.e. the values of u for which [ > 1, are

2.2 9
up=0and ug ==+ X1X3 T X2X5 >g2X3X47 (57)
x2(X1x5 — X3)

where K = (<¢i7¢j>3+u1)7 X1 = <¢1a¢1>a X2 = <¢23¢2>a X3 = <¢1;¢3>5 X4 =
(2, d3) s X5 = (@3, P3), see Ref. [7]. Moreover, we have the following table for the
values of k™, k= and [ (see Ref. [7]):

U<tu_ [u=u_ |[u_<u<0|u=0|0<u<uy |u=us |us <u
kT 0 0 1 1 d+1 d+1 d+2
k= | d+2 d+1 d+1 1 1 0 0
l 0 1 0 d 0 1 0

Example 5. The degenerate values of u for the 12-velocity model in Example 3

are
/1 + 5052
u=20 and u==+ m7
and for the 32-velocity model in Example 4 the degenerate values of u are
3+ 12152
=0and u =+ ——
e U P T

where, in both cases, s = ¢ and c is a negative constant given by the Maxwellian
M, cf. Eq. (12).
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Remark 8. For the continuous Boltzmann equation (with d = 3) the numbers
X1, .-+ X5 are given by

X1 =p, x2 = pT, x3 = 3pT, x4 = 5pT? and x5 = 15pT?,

(where p and T denote the density and the temperature respectively), if we have
made the expansion (13) around a non-drifting Maxwellian

Lwe—mﬁm.
(27T)

Therefore, for the Boltzmann equation (with d = 3) the degenerate values (57) are

(cf. Ref. [21])
/5T
ug =0 and uy = =+ %

Below we return to study Eq. (20).

8.2. Plane 12-velocity model. For d = 2 the equations (5) admit a class of
solutions satisfying

Fy=Fyit& = ¢ and |&° = |& . (58)

This reduces the number n of equations (5) to the number 2N < n of different

combinations (€}, &%) in the velocity set. However, the structure of the collision
terms (7) (in slightly different notations) remains unchanged. We can, without loss
of generality, assume that

2 2
(s [Ern]) = (=€, 1&]7) and & >0
for i =1,..., N. Then, the Maxwellians are of the form
M; = Aeb&iFelesl® — 0, e =1, N,

for some constant A,b,c € R, with A > 0.
For the 12-velocity model in Example 3 (see Ref. [7]), the system (5) reduces by
reduction (58) to a system of the form

dF,
e 0191 + 02q2 + 03G3
o
dFy
e 0141 — 02Q2 + 04q4
T
dF:
375 = —(01q1 + 04qa)
—@ = —(01q1 + 02¢2 + 03G3) ,
dx
dFy
Tdr 02Q2 — 03GQ3 + 0444
T
dFg
*37 = 03q3 — 04q4
T

where
q1 = F3Fy — F1Fs,q0 = FoFy — F1F5,q3 = FyFs — 1 Fg,qu = F3Fg — Fo 5

and 01,02,03,04 2 0.
We assume below that we have linearized around a non-drifting Maxwellian

M = K(1,s% 5%, 1,5, 5%),
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where s = e and K = Ae?°, ¢ and A are constant, with A > 0. The null-space of
L is given by

N(L) = Span ((bh ¢27 (;53) 5

where
¢1 = K1/2 (17 S, S, 17 S, S)
by = K'Y%(1,5,3s,—1, —s, —35)
$3 = 2K1/2(1,5s,5s,1, 55, 55)
and

B =diag(1,1,3,—1,-1,-3).

A typical choice of 01,09,03,04 (cf. Refs. [15] and [23]) is

o1 =03 =28
0225(\/§+\/5) .
04:Sm,

Therefore, we assume below that o1 = 03, 09,04 > 0. Then

(201 + 02) 52 (01 —o02)s —018
(01 —02)s 01+ 09 + 048% — (01 + 0432)
I = —018 — (01 + 0452) o1 + 0432
- — (201 + 03) 82 (02 —01)s o018
(09 —01)s —09 + 048> —0482
018 70482 0482
— (201 + 03) 82 (09 —01)s 018
(02 —01)s —09 + 045> — 0482
g18 70’452 0'482
(201+02) 82 (01 —02)8 —01S8
(01 —09)s o1+ 09+ 0482 —(01 + 045?%)
—018 —(o1 + 045?) o1+ 045°

and
s01(q1 + q3) + 50242
01q1 — 02G2 + S04q4

—01q1 — 804Q4
S p—
(£ 1) —so1(q1 + q3) — s02q2
02q2 — 01qQ3 + 50444
0143 — 50444

and if we denote

Y1 = (5¢1 + ¢2 - %)K71/2 = (575735337 —S, —35)
yo = (51 — g — %)K‘”Q = (3,—s,—3s,5,5,35)
2= (X3¢18;8XN53)K_1/2 — (10s,—1,-1,10s, ~1, —1)

2 3 2 2 3 2
w:(07—7——0+>,

b) ) b)
02 01 02 02 01 02
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then
Y1,Y2, % € N(L)7 Lw = BZ,

<y17y2>B = <sz>B = <wvw>B = <Zvyi>B = <w7yi>B =0fori= 1,2,

18 16
(Yi,91)p = — (Y2, ¥2) p = 16 and (z,w)p = — + —.
g1 g9

Furthermore, if
{ Uy = \/5’171 + [2\/50’1 - \/(80’1 + 90’2) (0'1 + 2(7482)]172
Ug = \/iﬂl + [2\/501 + \/(80’1 + 90’2) (01 + 20482)]ﬂ2
1 = (38(309 — 401), —3(401 + 303),401,35(302 — 401), —902,0) and
ﬂQ = (0737 _15 07 _3a 1) )

, with

then

V2 (801 + 902) (01 + 20452)
(u1,u2) g = (us, 2) g = (Wi, w) g = (wi,y5) g = 0 for i, j = 1,2, a?ld
(ur,u1) g = — (U2, u2) g = 12 (801 + 902) \/2 (801 + 903) (01 + 2045?).
We have that
(Ry — R_)u1 = —21/(801 + 903) (01 + 20452) Ryl = — (R, — R_) uy and
(Rt —R_)z=0

L’LLZ' = AZBUZ for i = 1727 with )\1 = —)\2 =

and so Theorem 3.2 is applicable for C' = diag(1,1,1) (C = the identity operator)
and hg € span((0, 3, —1)) sufficiently small (cf. Refs. [2] and [26]).

8.3. More general axially symmetric DVMs. Now, additionally to assump-
tions (i)-(iv) above, we assume that (v) the coefficients I'}! in Eq. (7) satisfy the
additional symmetric conditions
kil _ pm(k)w(l)
L5 = Datiynti)
where 7(i) = i1+ N,if1<i<N,
Tl i—-N,ifN+1<i<2N,

Then L = ( él 22 ), where L1 and Ly are two N x N matrices (cf. Refs. [2],
2 La
[3], [4] and [7]). We choose
1= g2+ ¢3
P2 = 2 — ¢3

©3 = X401 — X203
where X2 = ($2, $2), xa = (¢2, ¢3) g and ¢1, @2, ¢3 are given in Eq. (56). Then

1 0 0
K = 2X2 0 -1 0 5
0 0 0

where K = ((s,¢j)5). Hence, k¥ = k= = 1 and | = d, since ¢y, ..., pa42 are
all orthogonal, with respect to the scalar product (-,-) 5, to ¢1,¢2 and ¢3. Since
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ut ut u”
B_1L< - ) = )\( v ), with ut,u~ € RY, implies that B_1L< ut > =

- < ZJF ), we obtain (cf. Refs. [2], [3], [4] and [7]) that the non-negative eigenva-

lues of B~'L are £\, ...,£Ay_;_1, where )\; > 0, with corresponding eigenvectors
+

uy 7"'7“%—1—17 where Ryu; = R_uj and R_u; = Riuj.
Therefore, the Jordan normal form of B~!L for d = 3 is (the number of blocks
0 (1) is equal to the dimension d, that is, in this case 3)
A1

W

— At

o O
o =
o o
O =

o O
O =

If C =diag(l,...,1), i.e. if C is the identity operator, and
ho € (Ry —R_)span(uf,...,u}_,_,), then the conditions (25) and (28) are fulfilled
(see Remark 5).

Under the assumptions (i)-(v) given above, the following theorem (see Ref. [26]
for the case of the continuous Boltzmann Equation) follows by Theorem 3.2.

Theorem 8.1. Let hy € (Ry — R_)Uy, where Uy = span(uf, ..., uk_,_,). Then
there is a positive number &g, such that if
|ho| < do,
then the system (20) with the boundary conditions
f(z) =0, as x — oo, and (Ry — R_)f (0) = ho,
has a locally unique solution f = f(x).

Remark 9. The same problem, for d = 2, is also studied by Babovsky in Ref. [2],
but then under the quite restrictive condition (S(f, f),w;) =0 for i = 1,2 (in our
notations).

Acknowledgments. I thank my former advisor professor Alexander Bobylev for
introducing me to this problem and giving me part of his great ideas and knowledge.
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