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Abstract We study typical half-space problems of rarefied gas dynamics, includ-
ing the problems of Milne and Kramer, for a general discrete model of a quan-
tum kinetic equation for excitations in a Bose gas. In the discrete case the plane
stationary quantum kinetic equation reduces to a system of ordinary differential
equations. These systems are studied close to equilibrium and are proved to have
the same structure as corresponding systems for the discrete Boltzmann equation.
Then a classification of well-posed half-space problems for the homogeneous, as
well as the inhomogeneous, linearized discrete kinetic equation can be made. The
number of additional conditions that need to be imposed for well-posedness is
given by some characteristic numbers. These characteristic numbers are calcu-
lated for discrete models axially symmetric with respect to the x-axis. When the
characteristic numbers change is found in the discrete as well as the continuous
case. As an illustration explicit solutions are found for a small-sized model.

Keywords Bose-Einstein condensate - Low temperature kinetics - Discrete
kinetic equation - Milne problem - Kramer problem

1 Introduction

Half-space problems have an important role in the study of the asymptotic be-
havior of the solutions of boundary value problems of kinetic equations for small
Knudsen numbers [4,15,16,26,27]. In this paper we study half-space problems
related to a quantum kinetic equation [23,33], for the distribution function of ex-
cited atoms interacting with a Bose-Einstein condensate. Motivated by the work
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of Arkeryd and Nouri [2] we are interested in the equation

dF
L —C(F)+T'Cxy(F),
P 12 (F)+T'Cy (F) 0

F (0,p) = Fy (p) for p' >0,

where F = F (x,p) denotes the distribution function of the excitations, I’ € R, =
{xeéR [x>0} is constant, x € R, p = (pl,pz,p3) €R3, and Ky = Fy(p) is
given, with the collision integrals

Cia (F) = n /6053 [(14+E)F'E —F, (1+F') (1+F/)] dp,dp'dp..
with |
& =8 (p.— 0 ~pl) 8 (p24n— (p)°— (b)) and
8 =38(mp.—p)—38(p' —p)—6(p.—p),

and
Cxn (F)= /61 [(1+F)(1+F)F'F.—FF, (1+F') (1+F)] dp.dp'dp,,

with 5 )
81 =8 (p+p.—p —p.) 8 (p*+ 02— (¥)*— (b))%

Here and below we use the notation F] = F (x, p,) etc.. The density of the conden-
sate, n, is assumed to be constant, n. = n (cf. [2]). In the Nordheim-Boltzmann
[24] (or the Uehling-Uhlenbeck [28]) collision integral Cy; (F) binary collisions
between excited atoms are considered, while in the collision integral Cj, (F) bi-
nary collisions involving one condensate atom are considered [33].

If the distribution function F is close to an equilibrium distribution, i.e. a

Planckian
1 1

— polPn)+pp _ pa(lp-pol o) _

with o > 0, B € R?, po = ,g’ and ng =n— |p0|2, cf. [2], then the non-linear
equation (1) can be approximated by the linearized equation

d
P Lf=0.f = f(xp)

f(0,p) = fo(p) for p' >0,

2)

where
F=P+(P(1+P)'?f Fo=P+(P(1+P))"fo,and L= Li» +T'Ln,
with
L12f=/5053 [(P*—P’) (PL1L+ P2 fL+ (Po—PL) (P (1+P)) 21+

(14P +P) (P.(1 +P*))1/2f*} dp.dp'dp),



and

Lof = [ 8 [(PP.= P(1+P+P)) (PU(1+ P) 2 fl
(PP.—P,(1+P+P.)) (P (1+P)) /2 f+
(P(14+P +F)—PP) (P.(1+P.) 2 fu+
(P.(1+P +P)— PP (P(1 +P))‘/2f} dp.dp'dp..

It can be shown (cf. [2] for L, and, for example, [16] for the linearized Boltzmann
operator) that the linearized operators L1, and L, and so also L, (all acting in the
velocity space) are symmetric and positive semi-definite operators on L.

In the paper [2], Arkeryd and Nouri studied the Milne problem for the lin-
earized equation (2), with I' = 0, F = P(1+ f), and a cut-off at A > 0 in the
integrand of L, such that |p|,|p«|,|p'|,|p.| > A. The corresponding linearized
half-space problems for the Boltzmann equation is well-studied [3,17,20], see
also [4] and references therein.

In this paper we discretize the variable p and obtain a general discrete model
for Eq.(1), which is similar to the discrete Boltzmann equation (a general discrete
velocity model, DVM, for the Boltzmann equation) [14]. It is a well-known fact
that the Boltzmann equation can be approximated up to any order of DVMs [11,
25,18], which motivated us to introduce discrete models also for this equation. By
the discretization, Eq.(1) reduces to a system of ordinary differential equations.
We find that the discrete linearized quantum kinetic equation (the discrete version
of Eq.(2)) has the same structure as the linearized discrete Boltzmann equation.
This means that the linearized operator is symmetric and positive semi-definite,
and that the null-space is non-trivial. One difference is that the mass flow is not
constant (with respect to the variable x) as for the discrete Boltzmann equation.
However, this cause us no difficulties, in difference to in the continuous case in [2],
since the structure will still be the same. A classification of well-posed half-space
problems for the homogeneous, as well as the inhomogeneous, linearized discrete
Boltzmann equation has been made in [S] (which is a continuation of the paper
[9]), based on the dimensions of the stable, unstable and center manifolds of the
singular points (Maxwellians for DVMs). We establish similar results in our case.
This means, that we, in addition to adding the Nordheim-Boltzmann (or Uehling-
Uhlenbeck) collision integral C; (F), also can introduce an inhomogeneous term
and more general boundary conditions. Similar results can also be established
for the discrete Nordheim-Boltzmann (or Uehling-Uhlenbeck) equation and the
discrete anyon Boltzmann equation (see Remark 6 and 7 in Section 4).

Furthermore, we have, for axially symmetric discrete models with respect to
the x-axis, made a table of some characteristic numbers, from which we, by The-
orem 1, can obtain the dimensions of the stable, unstable and center manifolds of
the singular points (Planckians in our case). This includes determining when the
characteristic numbers change, not only in the discrete, but also in the continuous
case (cf. [7,5] for DVMs and [17] for the Boltzmann equation).

Nonlinear half-space problems for the Boltzmann equation have also been
studied for small perturbations of the singular points (Maxwellians for the Boltz-
mann equation), see for example [6,21,22,29] for the discrete Boltzmann equation



and [30, 19,32] for the continuous Boltzmann equation. In the discrete case similar
results to the ones in [6] can be obtained for the quantum kinetic equation (1).

We want to make clear that the aim of the paper is not the study of the gen-
eral half-space problem we obtain, since it is already well studied for the discrete
Boltzmann equation [9,5]. The novelty of the paper is instead the introduction of
discrete models for the equation for the distribution function of excited atoms in-
teracting with a Bose-Einstein condensate and the studies of those models. These
studies includes that we by the right linearization end up with a system having sim-
ilar properties as the one obtained for the discrete Boltzmann equation. It makes
it, as mentioned above, possible to extend the results in [2] obtained for the con-
tinuous equation. The same is true also for the discrete Nordheim-Boltzmann (or
Uehling-Uhlenbeck) equation and the discrete anyon Boltzmann equation (see Re-
mark 6 and 7 in Section 4). However, in concrete situations, it will look different
depending on which equation we study. One difference is the characteristic num-
bers, studied for axially symmetric models in Section 5. Our experience from the
Boltzmann equation, make us believe that these numbers (also calculated in the
continuous case) are as important in the continuous case as in the studied discrete
case. Another difference between our equation and the Boltzmann equation, is that
in our case we will have a non-constant mass-flow. To illustrate this we created a
model that we solved explicitly and was able to give an explicit expression for the
non-constant mass flow for (see Section 6).

The remaining part of this paper is organized as follows. In Section 2 we in-
troduce a general discrete model for Eq.(1) and derive some of its properties. By
a transformation around a Planckian, we obtain a linearized operator and a non-
linear part presented in Section 3. It is shown that the system has the same struc-
ture (the linearized operator and the non-linear part have similar properties) as the
corresponding system for DVMs of the Boltzmann equation. Then some results
for the linearized discrete Boltzmann equation can be applied for the problem of
our study. These results are presented in Section 4. In Section 5 some character-
istic numbers, from which we, by Theorem 1, can obtain the dimensions of the
stable, unstable and center manifolds of the singular points (Planckians), are ob-
tained for axially symmetric discrete models with respect to the x-axis. When the
characteristic numbers change, are determined both in the discrete as well as the
continuous case. A linearized half-space problem (with I" = 0) is explicitly solved
for a small-sized discrete model in Section 6.

2 Discrete model

We introduce a general discrete model for Eq.(1)

dF; :
plld—xl :C12i(F)+FC22i(F),X€R+, i=1,..,N, (3)

where & = {p1,...,py} C RY is a finite set, F; = F; (x) = F (x,p;), where F =
F (x,p) is the distribution function of the excitations, and I € R is constant.
For generality, we allow p to be of dimension d, rather than of dimension 3. We

assume that
pr#0,fori=1,...,N.



The collision operators Cy; (F) are given by

N
Cioi(F)=Y (81— 8- 6) T (1+F)FiFe—F (1+F) (1+F)),
Jik,I=1
where
s _ [1ifi=]
=N 0ifit )
with I} = 1 if
2
pi=p,+pxand [pi|> = |pj|"+ Ipl* + 1, “4)

and F/’k = 0 otherwise. Furthermore, the collision operators Cy; (F) are given by

N
Coi (F) = K ((1+F) (1+ F) FFy — FF; (1+ F) (1+F)),
jki=1
with I3 = 1 if
2
pi+p;=pr+p and [pi|>+|pj|” = Ipel* + i), (5)

and I?;‘l = 0, otherwise.

Remark I For a function g = g(p) (possibly depending on more variables than
p), we will, as we consider the discrete case, identify g with its restrictions to the
points p € &, i.e.
8= (81,-,8n), with g = g (pi) .
Then Eq.(3) can be rewritten as
dF

B =Ci(F)+ I (F), withx € R and B = diag(pl,...,py). (6
X

The collision operator Cj2 (F) in (6) is also given by the expression

Ci2 (F) = nLF +nQ(F,F), (7)
where
<LF>i _ _;lzrijFr "t F and
e
Qi(F,G) = Y T;03(F,G) —2I;;0};(F,G),
with

; 1
Ou(F,G) = 5 (F;G + GjF — Fi (G + Gi) — Gi (Fj + F)).,
and the collision operator Cy; (F) in (6) is given by the expression

Cx (F) = Q(F,F) + Q(F,F,F), (8)



where N
Q(FG)=3 3. (Gl + G~ (GiHy +HiG)
and |
0i(F,G,H) =

K ((F+ Fy) (GeHy + HiGy) — (Fi+ F) (GiH + H;Gy)).
1

N =
1=

I
A function ¢ = ¢ (p) is a collision invariant, if and only if,
0i=0;+ ¢, )

for all indices such that 1’}’,{ #0,if I' = 0, with the additional condition

¢i+9; = ¢+, (10)

for all indices such that Fl;‘l # 0, if I # 0. We have the trivial collision invariants
(’’the physical collision invariants”™)

o' =p' .0l =pt 0" = |p|*+n (11)

including all linear combinations of these. We want to stress that by Remark 1
and in correspondence with Eqgs.(9),(10) the collision invariants ¢’ = ¢’(p) in
Eq.(11) are vectors.

In the discrete case, in difference to the continuous case, there can be spurious
(or non-physical) collision invariants. We consider below (even if this restriction is
not necessary in our general context) only normal discrete models. That is, discrete
models without spurious collision invariants, i.e. any collision invariant is of the
form

0=0 (@) =—a(p’+n)-B-p (12)

for some constant & € R and 8 € R?. Construction of normal discrete kinetic
models and especially DVMs have been extensively studied, see for example [10,
12,13] and references therein. A Maxwellian distribution or just Maxwellian is on
the form

M = ¢ — o= a(lpl*+n)—p-p

or
M, = e — (il en)=Bw: j_q N

where ¢ = (@1, ..., ¢y) is a collision invariant, and a Planckian distribution or just
Planckian is given by

_ M _ 1 _ 1
C1=-M M =1 a(plPn)+Be

P



or |
M.
P=—= 5 fori=1,...,N.
L=M;  a(lpil*+n)+Bp; g
One can easily see that
(H,Cp2(F)) =
N .
n Y, i (1 F) FiFi—Fi(1+ F) (1 + F)) (H; = Hp — Hy) . (13)
ijk=1
and so

Fi K F F Fi K
— log —log <0,
]+Fj1+Fk 1—|—F, 1—|—F, 1+Fj]+Fk

with equality if and only if

o F R
1+F  1+F 1+F’

(14)

for all indices such that Fj’k # 0. Here and below, we denote by (-,-) the Euclidean

is a

F
scalar product in R”. Hence, there is equality in Eq.(14), if and only if, TF
Maxwellian, or equivalently, if and only if, F is a Planckian.

Moreover, one can easily obtain that

(H,Cxn (F)) = Z ifl(Hi-i-Hj—Hk—Hl)

i,Jk1=1

N

(1+F)(1+F) FF,—FFi(1+F) (1+F)), (15)

<1ogF,czz<F>>=1 Y L4 F) (14 F) (14+F) (14 F)
1+F 4 J

o F K
& 1+F1+F

F R FE F
1+F1+F 1+F1+F

N —

><Q (16)

with equality if and only if

K F kK K
1 +F1+F 1+R1+F

a7)



F
for all indices such that Flfl # 0. There is equality in Eq.(16), if and only if, ToF

is a Maxwellian, or equivalently, if and only if, F' is a Planckian.
By the relations (13) and (15)

(9,Cr2(F)+TCxa (F)), (18)

is zero, independently of our choice of non-negative function F, if and only if, ¢
is a collision invariant, and so (for normal models) the equation

<¢,C12 (F)-i—Fsz (F)> =0,

has the general solution (12).

3 Linearized operator

Given a Planckian

1 1
p_ - , 19
(P 4n)tBp _ 1 pa(lp—pol+mo) _ g (1%

with a >0, B € R?, pg = g and ng = n— |po|*, we denote

F =P+R'?f, with R=P(1+P), (20)
in Eq.(6), and obtain
Bﬂ +Lf=S(f)
dx N ’

where L = L, +I"Ly; is the linearized collision operator (N x N matrix) given by
Liof = —2nR™'2Q(P,R'?f) —nLR'? f 1)
and
Loof = =R (20(PRV2)+O(R'*f.P.P)+20(PR'1.P)).  (22)
The nonlinear part S (f) = S12 (f,f) + 'S (f, f, f) is given by
Sia(f.8) =nR™'?Q(R'2f,R%g) (23)
and
Sa(f.8.h) =R (Q(R'2£.R'2g) + O(P+ RV £, R g, R' )+
O(R'f,P.Rh)+ O(R'.R'g.P)). 24)
In more explicit forms, the operators (21) and (23) read

N TiLL f—20kLk f
(Liof);=n Yy, LK T i= 1N, (25)
jk=1 R;




where
Liyf = (1+Pi+ PR fi— (P — PR} f;— (P = P)R fi,

and -

NS (f,8) — 21585 (f,8)
Jk* jk ij~rij\J .
S12i f7 =n Z R1/2 ,i=1,...,N,

]k 1 i

with

1
W(£.8) = 5 (RYPR g+ 1) — RVPRY (figy + i) -

Rl/z 1/2 (figx +ngk))

Moreover, the operators (22) and (24) read, in more explicit forms,

AN P N y
(Lf);= Y, =P fi+Pfi—Plfi—Plf).i=1,..N  (26)
jiki=1R;
where
P = (P;(1+P+P)—PP)R!",
and
N kl
Saiff )= Y, L (S S 1) = SU S A)) i =1,
Jki=1R;
with

SU( ) = (4P )RR fi+ (R R )

(PkR f1+PlR /2fk+R1/2 1/2

fift)
By Eqgs.(4),(25), and the relations

Py(1+P)(Pe—R) = R(1+P)(P; = P) = R(1+ P,)(1+ ),
1

P(1+Pj+PF) = PPy =F(1+P)(1+P)
for F]’k = 0, we obtain the equality
u i fi fj Sk
(&:Linf) =n Z 1—}'kPl'(1+Pj)(1+Pk) 127 12 )2
ij.k=1 R; Rj R,

& 8 8k

R RR
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Similarly, by Egs.(5),(26), and the relations

PP/(14R)(1+R) = BR(1+R)(1+P),
1+
VP

o~/

PY = PP (1+P)

for Fl;‘l # 0, we obtain the equality

1 N
(8. Lmf) =~ Y. L¥PP(1+P)(1+R)
z,] k=1

fi fi S S g | & & &
R RE R RE )\ RETRETRIE T RI

It is easy to see that the matrix L is symmetric and positive semi-definite, i.e.

(8, Lf) = (Lg, f) and (f,Lf) >0

for all functions g = g(&) and f = f(&).
Furthermore, (f,Lf) = 0 if and only if

fi i Sk
= 27)

1/2 172 1/2

R; R; R,
for all indices satisfying F]’k Z0if ' =0.
If " 0, (f,Lf) =0 if and only if also, additionally to Eq.(27),
fi i Ji i
= + (28)
Rl_1/2 R}/2 R}i/2 Rll/2

for all indices satisfying I}; Kl 2£ 0. We denote f = R'/2¢ in Eq.(27) and Eq.(28)
and obtain Eq.(9) and Eq. (10) respectively. Hence, since L is semi-positive,

Lf = 0if and only if f = R'/?¢,

where ¢ is a collision invariant (12).
Then also

(S(1),R20) = (C1a (F) +T'Cxa (F) ,9) + (F.LR V) =0

for all collision invariants ¢.
The system (6) transforms in

df B
BE+Lf—S(f). (29)



The diagonal matrix B (6) (under our assumptions) has no zero diagonal elements
and is non-singular. We denote f(0) = fo. Then the formal solution of Eq.(29)
reads

Fx) = bfy [l g 5 () (0) do
0

As in the case of DVMs for the Boltzmann equation, the linearized operator
L is symmetric, positive semi-definite, and have a non-trivial null-space, and by
assumption, the matrix B is non-singular. Therefore, we can apply a result obtained
by Bobylev and Bernhoff in [9] (see also [5]), that we will present below.

We denote by n*, where n* +n~ = N, and m™, with m™ +m~ = ¢, the num-
bers of positive and negative eigenvalues (counted with multiplicity) of the matri-
ces B and B~ 'L respectively, and by m° the number of zero eigenvalues of B~'L.
Moreover, we denote by k™, k~, and / the numbers of positive, negative, and zero
eigenvalues of the p x p matrix K (p = d + 1 for normal discrete models), with
entries

kij = (Vi:vj)g = (vi-BYj)»
such that {yl, ...,yp} is a basis of the null-space of L, i.e. in our case

span (y1,...,yp) = N(L) = span (R1/2p17...,Rl/zpd,R1/2(|p|2—i—n)) .

Here and below, we denote (-,-); = (-, B-) and by N(L) the null-space of L.

In applications, the number p of collision invariants is usually relatively small
compared to N (note that formally N = « for the continuous equation whereas
p <4). Also, the matrix B is diagonal and therefore all its eigenvalues are known.
This explains the importance of the following result [9]. The theorem is valid for
any real symmetric matrices L and B, such that L is semi-positive, B is invertible,
and dim(N(L)) =p > 1.

Theorem 1 The numbers of positive, negative and zero eigenvalues of B~'L are
given by
mt=nT -kt -1
m-=n" —k —1I
m®=p+1.
In the proof of Theorem 1 a basis
{ul,...7uq,y1,...7yk,zl,...7z[,w1,...,wl} 30)
of RY, such that
Vinzr €N(L), B"'Lw, =z, and B~ Lug = Aqug, (31)
and
<ua,uﬁ>B = AaOgp, With A1,..., A, > 0and v iy, .., Ay <O,
(yiryj) g = %6ij, with 11, ..., %+ > 0 and Yt 1 y,..., % <0,
(U 2r)p = (U, Wr) g = (U, Yi)p = (Wr,Yi)p = (2, Vi) g = 0,
(W ws)p = (2r,25) g = 0 and (wy,z4) g = O, (32)

is constructed.
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4 Half-space problems

We consider the inhomogeneous (or homogeneous if g = 0) linearized problem

Bg +Lf=g, (33)
dx

where g = g(x) € L' (R, R"), with one of the boundary conditions

(O) the solution tends to zero at infinity, i.e.
f(x) = 0asx— oo

(P) the solution is bounded, i.e.

|f(x)| <ooforallx € Ry
(Q) the solution can be slowly increasing at infinity, i.e.

|f(x)| e ¥ — 0 as x — oo, forall € > 0.
In case of boundary condition (O) we additionally assume that
g(x) e N(L)* forallx e R . (34)

Remark 2 The boundary condition (O) corresponds to the case when we have
made the expansion (20) around a Planckian P, such that F — P as x — oo. The
boundary conditions (P) and (Q) are the boundary conditions in the Milne and
Kramers problem respectively.

We can (without loss of generality) assume that

B: O
s=(% %), (39)

where
B, =diag (p{,...,p)+) and B_ = —diag (pps_ ..., Py ) With
p{,...,p,lfr > (0 and P,l,++17~~-aP11v <0.
We also define the projections R, : RN — R" andR_:RN R, by
Ris=s"=(s1,.,8,+) and R_s =5~ = (4 11, --,5N)

for s = (s1,...,5n).
At x = 0 we assume the boundary condition

f7(0) = ho, (36)

where hgy € R,
The solutions of the system (33) with one of the boundary conditions (O)
(together with condition (34)), (P), and (Q) reads

f) =¥ ) +¥Y () + 2" (x)+ P (x),



where (in the notations of (30)-(32))

mt X
IP+ (x) - Z Uy ﬁr(O)e_)fo —+ /e(G_x)}fr <g (0-) ) I/lr> d ,
r=1 lr
0
q oo
Y= (x)=— u e(Gfx)l, <g(6) ,u,> do.
( ) r:);Jrl Ar

X

(8(c),wj)do —x 0‘1(0)+/<g(0),z1->d6 :

with for the case with boundary condition (O) (note that (g (x),y;) = (g(0),zj) =
Ofori=1,...,kand j=1,...,1, by condition (34))

Ui (0) = aj(0)=0fori=1,...,kand j=1,...,/, and

n;(0) = —/<g(0),wj>d6 for j=1,...,1,
0
and for the case with boundary condition (P)
/ Z] dG forj=1,...,L
0

By the boundary condition (36), or equivalently
R+ql+ (O) +R+¢+ (0) - I’l() - R+"I17 (0) - R+¢7 (0),

and that

{R+u17"'aR+um+7R+yla"'7R+yk+7R+Z]7"'aR+Zl}
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is a basis of R"" (see [9,5,6]), we obtain the following theorem (cf. [5]), where
we denote

wo=u0)+ | =——=—dofori=1,..k
( ) goc <Yi7Yi>B
o7 =a;(0)+ [(g(0),z;)dofor j=1,..,1 .
0
ny = nj(0)+({<g(0'),wj> doforj=1,..,1

Theorem 2 (i) Let
Us = span (uy, ...,iy,+) = span{u\ B~ 'Lu = Au for some A > 0}.

Assume that the condition (34) is fulfilled and that

ho,Rye® LB~ g(x) € R, U, forall x € R,. (37)

Then the system (33) with the boundary conditions (O) and (36) has a unique
solution.
(ii) Assume that

oo

1imx/<g(6)7zj> do=0forj=1,..,1L (38)

X—00
X

Then the system (33) with the boundary conditions (P) and (36) has a unique
solution with the asymptotic flow

k [
fa= Y uyi+ Y 07z
i=1 =

if the k™ parameters |5 ..., i are prescribed.
(iii) The system (33) with the boundary conditions (Q) and (36) has a unique
solution with the asymptotic flow

k l
fat) = Youyit Y, (07 —x07) 2+ o w)),
i=1 j=1

if the k~ +1 parameters W ..., l;" and o, ..., 04" are prescribed.
Especially, for the homogeneous system

Y +Lf=0,
dx

condition (38) is fulfiled and condition(37) is reduced to

hy € Uy



Remark 3 We can also, before prescribing the set of velocities, make the change
of variables p — p + py (cf. Eq.(19)). We then, instead of relations (4), obtain the
relations

2
pi =P;+Pi+po and [pi|* = [pj|” +pil” +no,

and the collision invariants
0 =a:(p+po)+b (PP +10).
Moreover
N(L) = span (R'2 (p' 4+ pb) .., R (p 4 5 ) RV (1D +10) ).
and if p(l) = 0, then the matrix B have to be replaced with B+ p(l)l .
Remark 4 Our results can be generalized to more general boundary conditions
f7(0)=Cf(0)+ho,

where C is a given n™ x n~ matrix and hg € R (ct. [5,6]).

In order to be able to obtain existence and uniqueness of solutions of the lin-
earized half-space problems we will then need to assume that the matrix C fulfills
the condition

dim (R+ - CR,) U+ = m+,

with Uy =span(uy, ...,u,,+ ), as we consider boundary condition (O), the condition
dim(R, —CR_ )X, =n", (39)

with X =span(uy,...,Up+,V1, .., Vk+,21,---,21), a8 we consider boundary condi-
tion (P), and the condition (39) or the condition

dim(R, —CR_)X, =n",

with )?Jr =SPAN (U], .oy Uppt V15 ooy Vit , 21 + W1, -, 27 + W1), as we consider bound-
ary condition (Q). Furthermore, R need to be replaced by R, —CR_ in assump-
tion (37).

Remark 5 All our results can be extended in a natural way (cf. [5,6]), to yield for
singular matrices B, if
N(L)YNN(B) = {0}.

Remark 6 Similar results can be established for the discrete Nordheim-
Boltzmann (or Uehling-Uhlenbeck) equation

1dbi_

Pl = 0F (F) xRy = 1,0,

where

N
0f (F)= Y Li'(FF(1+¢F)(1+¢F) - FFi(1+€eF)(1+¢R)).
Jiki =1
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where it is assumed that the collision coefficients Flfl satisfy the relations

Kl _ okl _ i
Ly =Ii =1L/ 20,
with equality unless the conservation laws (5) are satisfied.
Here € = 0 corresponds to the discrete Boltzmann equation, and we have € = 1
for bosons and € = —1 for fermions.
The singular points are
M

P=——,
1—eM

where M = e““’"’“lplz, with a,c € R and b € R9, is a Maxwellian (note that for
eE=0,P=M).
By denoting (cf. Eq.(20))

f=P+VRF,with R=P(1 +¢P),

we obtain a system, where the linearized operator L is symmetric and positive
semi-definite, with a non-trivial null-space N(L), which for normal models will
be

N(L) = span <R1/2,R1/2p1,...,Rl/zpd,Rl/z |p|2) .

For € = 0 this is a well-known fact, see for example [5], and for € = 1, L = L),
where Ly, is given in Eq.(22), in the particular case Flfl = 1 for all non-zero F,jd .

Remark 7 We introduce a discrete version of the anyon Boltzmann equation [8,
1]:
dg;
1 .
pi?}; :Q;x(g>ax€R+9l: 17"'7N’

where 0 < o < 1 (¢ = 0 for bosons and o = 1 for fermions) and

N
0 (e)="Y Lj (seaiF (3i)F (gj) —ig;F (g) F (21)).
k=1

with
F(h)=(1—ah)*(1+(1—a)h)' %,

where it is assumed that the collision coefficients Fl;‘l satisfy the relations

kI _ kI _ ij
Ly =T =) >0,

with equality unless the conservation laws (5) are satisfied.
The singular points gg are given by

80
=M
F(go)
where M = e“+b'p+c‘p‘2, with a,c € R and b € R?, is a Maxwellian, or (cf. [31])



where
o(P)*(1+o@) *=m"
By denoting (cf. Eq.(20))

g0F (go)

= g0+ VRg, with R = ,
S =80t VR Flgo)+ 2a—1)go

we can, with a similar approach as in Section 3, obtain a system, where the lin-
earized operator L again is symmetric and positive semi-definite, with a non-trivial
null-space N(L), which for normal models will be

N(L) = span (R'2,RV2p!,...R'2p? RV pl?)

and then Theorem 2 can be applied also in this case.

To our knowledge there are no similar results in the literature before, neither
in the discrete or the continuous case, as the ones indicated by Remarks 6, 7, and
Theorem 2.

5 Axially symmetric discrete models
In this section we consider only such symmetric sets &7, such that
ifp; = (pl,p?,....p¢) € 2, thenalso (—p!,p?,....p¢) € 2. (40)
Then the equations (3) admit a class of solutions satisfying
F, = Fy if p} = pj and |pi|* = |py[*. (41)

This reduces the number N of equations (3) to the number 2N < N of differ-
ent combinations (p], Ipi|*). The structure of the collision terms (7) and (8) (in
slightly different notations) remains unchanged. However, to be able to keep the
structure, we might need to add equal equations (instead of just taking them away).
Hence, the elements in the diagonal matrix (35) might change, but will still be
multiples (with positive multipliers) of the previous ones. The multipliers will
also be the same independently of the sign. Below we will omit the tildes, and just
write N instead of N.
We can, without loss of generality, assume that

(Pliw Ipien[?) = (=pf,Ipif*) and p! >0

fori=1,...,N.

We now assume that (i) we have a symmetric set & (40); (ii) the reduction
(41) is done with the multipliers m;,i = 1, ..., N; (iii) our discrete model is normal;
and (iv)

B= diag(mlp%, ...,mNp}V,fm]p{,..., *le’zlv)’ with p},...,p}v > 0.
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Here we study instead of Eq.(33), cf. Remark 3, the equation

df
B+plD-L +Lf=g.
(+Po)dx+f g

The linearized collision operator L has the null-space
N(L) = span (¢1,¢2),
where

{¢1 =R!/? (p12+pé) =R‘/22-(p} +p(')27-~,p}\£+p(')7—1;} + Dby —PN DY)
¢2:R1/2|p| :R1/2(|p1| a"'v‘pN| 7|p1| a"'7‘pN| )aR:P(l—’_P)

Then

1\3 1 1\2
+3phx1 22+ (pd)” 2
K=((¢:,0; — (Po) Xo 0 0 ’
(00700, < n+E)’ P

where
_ /pl/2 pl)2 _/pl/2.1 pl/2 1\ _ /pl/2 pl/2 1
%o = (RVLRVZ) 20 = (RV2pLRV2pH) = (RUVZRV2pT) |
1o = (R R IBP) = (R 6] R [P ) s = (RV2RV[pP).
Hence,
2
det(K) = (pb) 023 +3 (pb) 212 = (22 + () " 22)

and the degenerate values of p(l), i.e. the values of p(l) for which [ > 1, are

30123 —2X2 x4 + \/(3}{1){3 —2x028)> +4 (xoxs — x3) %3
2 (xox3 — 23) '

1 _
Po+ =

We obtain the following table for the values of k*, k~ and [

po<po_ | po=pri_ [ Pb_<pi<pl. ] ph=ri. [ Pb. <P
5 0 0 1 T )
IS 2 1 l 0 0
I 0 T 0 T 0

If we consider symmetric sets &, such that
if pi = (pl,pi,...p%) € P, thenalso (£p},+p}, ..., £p!) € 2,

then 0 is added to the degenerate values and the values of k™, k= and [ are

|

Py = —Pos Py =0 Po = Po.
kT 0 0 1 1 d d d+1
k= | d+1 d d 1 1 0 0
l 0 1 0] d—1 0 1 0




Similar numbers have been calculated for axially symmetric DVMs around the
x-axis in [7,5].

. . /5T
For the continuous Boltzmann equation the degenerate values are 0 and + R

where T is the temperature of the Maxwellian M, that the linearization is made
around (cf. Eq.(20)) [17]. The values of k', k= and [ for the Boltzmann equation
are given by the table (cf. [17])

/5T 0 5T
U= —4/ — u= U=/ —
3 3

kKT 10 0 1 1 4 4 5
km |5 4 4 1 1 0 0
[ 10 1 0 3 0 1 0

These values are of as great importance in the continuous case as in the discrete
case [5,6,4,17,30,32]. Therefore it is natural to believe that these numbers should
have the same importance also for the continuous version of the equation of our
studies (cf. Theorem 2).
In the continuous case (f,g) = [ fgdp and (f,g) 1 = [ p' fgdp corresponds
to (f,g)p- Assuming that
1

[ TG
eT —1

P =

we have

I
eT

oy

and hence, by a change to spherical coordinates, we obtain

R=P(1+P)=

=2
""Ta

4
w= [ Rap=saThu— [ R()dp=" T,
pI=AVT pI=AVT
2 4w
X0 = / R(p") |P|2dp:?T316»X3: / R|p|* dp = 47T, and
[pI>AVT p|>AVT
_ 2 _ 2 : _ n €
X4 = / R|p| dp—47'CT 14, Wlthln—/r ﬁdr
re __
Ip|=AVT po (=)

Here we have considered the restriction |p| > ANT , for some A > 0, as in [2].
Hence, in the continuous case the degenerate values are

bLls—13 _1)2

. T | lals+1g 4hls — 3]% < erz
Phe =%\ ¢ ” with = [ dn
6 ] (er
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We want to stress that IrIg > If by the Cauchy-Schwarz inequality. Furthermore,
the values of k™, k= and [ are given by the table

P(I) = —P(1)+ P(I) =0 P(l) = Pé+
kKT 10 0 1 1 3 4
k= | 4 3 3 1 1 0 0
[ 10 1 0 2 0 1 0

In [2] the case pé = 0 is considered for the continuous equation in a symmetric
setting (corresponding to the symmetric reduction above), such that / = 0, but still

kt=k =1

6 Explicit solutions for a small-sized model

We consider the case I' = 0 in Eq.(6), assuming that the change of variables in

Remark 3 is made for py = (0, \/Z, \/z) (note that pj = 0 and no =n— |p0|2 =0,
cf. [2]), and introduce the model with

p1 = (2p,0,0).p2=(p,q",q7).p3=(p,q
ps = (—2p,0,0),ps = (—p,q" ) P6

where

L. —V2n+./8p%—2n
q = )

in space. Then the nonlinear system (33) reads

@

d
p% = —2n<
—Zp% =2n
—p% =-2n
—p% =—2n

g,

=(-p.q .q"),
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For a flow axially symmetric around the x-axis we can reduce the system (42) to

dF;
Zpd—xl:2n ((1+F1)F22—F1<1+F2)2)
dF
2pd—2 = —4n ((1+F1)F22—F1 (1+F2)2)
dF )
—2pd—x3 =2n ((1+F3)F42—F3(1+F4)2>
dF,

with F| = fl, F = I::g = ﬁg, F= F:;, and Fy = 175 = ﬁ@ Note that the collision
invariants are p' and |p|°.
We define the projections R, : R* — R? and R_ : R* — R?, by

Rih= ht = (hi,hy) and R_h=h" = (h3,h4),

where h = (h] ,/’lz,h3,h4).
We consider the problem

B— =Cpa(F),
dx 12(F) ,
F(0)=ho
where
and

Cp2(F) =2n ((1 YE)VFE-F (1 +F2)2) (1,-2,0,0)+
n ((1 YRR +F4)2) (0,0,1,-2).

If we denote
F=P+RV2f,

with

1 1 1
R=P(1+P P= 1 1
(+ )and 62P2—1(62P2+17’62P2+17>7
in Eq.(43) we obtain
af

Ba +Lf =S(f)

JH(0) = ho

where L is the linearized collision operator, S(f) the nonlinear part, and ko € R2.
The linearized problem reads

)

df B
Ba—&-Lf—()’ )

f70)=ho
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where the linearized collision operator

cosh(p?) —1 0 0
—_ .
L—_ GV
sinh(p?) 0 0 cosh(p”) -1
0 0 cosh(p?)

is symmetric and positive semi-definite, and have the null-space
N(L) = span(R"/?p",R'/2 |p|*) = span((1, cosh(p*),0,0) , (0,0, 1, cosh(p?))).

Since

() Bl _ 2 0
k= (e bl ) = (reonon (5, ),

where
y1 = (1,cosh(p?),0,0) and y, = (0,0, 1,cosh(p?)),

kt =k =1landl=0,

and hence the matrix B~ 'L has one positive and one negative eigenvalue.
Explicitly, the non-zero eigenvalues of the matrix B~ L are

n 1
psinh(p?) \ cosh(p?)

with the corresponding eigenvectors

A=+

o).

v, = (cosh(p?),—1,0,0) and v_ = (0,0,cosh(p?),—1).

The bounded solution of problem (44) is

f=0e v+ By + .
By the boundary condition
fo" = (ho1, hoz),

we obtain the system

acosh(p?) 4+ B = ho
—a+ Bcosh(p?) =hgy

and hence
_ hoycosh(p*)—hgp
o= )
1-+cosh*(p?)
B _ hoi+hop cosh(p?)
1+cosh?(p?)

The parameter 7y can be fixed if we assume the additional condition

<y7R1/2f>B =Byt Y25 =¢,

y=R"2|p|> = P L —L
sinh(p2) \ cosh(p?)’ "cosh(p?)’ )~

where
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Then

_ 6By _ 5 Esinh(p?)cosh(p?)
(»y2)p 2p3 (1+ cosh?(p?))
2p* (ho1 + hoz cosh(p*)) — & sinh(p*) cosh(p?)

2p3 (1 +cosh?(p?))

Y

The non-constant mass flow is given by

<R1/2’f>3 — m <(;3 —y) <coshl(p2) +zcosh(p2)> - ae-l+)<> —

& sinh(p?) (14 2cosh?(p?)) +2p> (hoo — ho1 cosh(p?)) e=*++
4p?sinh(p?) (1 +cosh?(p?))

Acknowledgements The author thanks Leif Arkeryd for proposing this study and Alexander
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