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Motivation

Steel: alloy of Iron, Carbon (and other elements)

Characterized by a complex multiscale material behaviour

Standard steel coil
Different steel microstructures
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Motivation behind my Research

Macroscopic mechanical properties of materials like steal are
often influenced/caused by microscale effects.

Prominent examples for

microscale phenomenons: phase transformations, dislocations,
crystal orientation,
macroscale phenomenons: crystal plasticity, transformation
induced plasticity (TRIP),

; (very general) Goal/Idea: Investigate connections of those
phenomenons via homogenization, especially:

(Bainitic) phase transformations ↔ TRIP
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Microstructures/Phases

Phase diagram for steal

stable phase depends on (among
other things) temperature and
carbon fraction,

typically only attained after a long
time period and via very slow
cooling/heating processes,

main “factor” here: how fast is the
diffusion of carbon and iron atoms?

; Non-equilibrium micro structures!
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Bainite
Non-equilibrium micro structure,

consits of cementite (Fe3C) and ferrite,

forms from undercooled (range 250-550◦C)
austenite when (significant) diffusion of iron is
not possible anymore,

1 austenite transforms to (carbon supersaturated)
ferrite,

2 the excess carbon subsequently precipitates into
the remaining austenite, where it then forms
cementite.

Process (1) is naturally connected to mechanical
stresses.

?
; Cause/contributor to macroscale effects like

TRIP
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General Setting

Two phases present, Austenite, ΩA(t),
and Bainite, ΩB(t)

Γ(t) is a sharp (free moving) interface,

Notations:

n(t) = outer normal vector of ΩB(t),

WΓ(t) = velocity of Γ(t) in n(t) direction,

HΓ(t) = mean curvature of Γ(t),

Qi =
⋃

t∈(0,T )

({t} × Ωi (t)) ,

Σ =
⋃

t∈(0,T )

({t} × Γ(t)) .

ΩB(t)ΩA(t)

Γ(t)
n(t)

Geometry at time t.
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General Scenario

We need to consider the following effects

Mechanic: Deformations, stresses

Energy: Internal energy, heat flux, dissipation

Carbon content: concentration, diffusion, precipitation

Phase transformation ; Interface movement

Transmission conditions at interface ; Jump conditions
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Mechanic
ui - deformation vectors, Pi - Piola-Kirchhoff stress tensors, θi -
temperatures (i ∈ {A,B})

ρA∂ttuA − divPA = fuA
in QA,

ρB∂ttuB − divPB = fuB
in QB ,

= on Σ,

Jρ∂tuKWΓ

− JPKn =

− σ0HΓn

on Σ.

Assumptions:

1 Quasi-stationary mechanics

2 Linear Thermoelasticity: Pi = Cie(ui )− αiθiI3,
e(u) = 1

2

(
∇u +∇uT

)
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Mechanic
ui - deformation vectors, Pi - Piola-Kirchhoff stress tensors, θi -
temperatures (i ∈ {A,B})

− div (CAe(uA)− αAθAI3) = fuA
in QA,

− div (CBe(uB)− αBθBI3) = fuB
in QB ,

JuK = 0 on Σ,

Jρ∂tuKWΓ

− JCe(u)− αθI3Kn = − σ0HΓn on Σ.

Assumptions:

1 Quasi-stationary mechanics

2 Linear Thermoelasticity: Pi = Cie(ui )− αiθiI3,
e(u) = 1

2

(
∇u +∇uT

)
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Energy balance

ei - internal energies, Qi - heat fluxes

ρA∂teA + divQA = fθA
+ PA : ∇∂tuA in QA,

ρB∂teB + divQB = fθB
+ PB : ∇∂tuB in QB ,

JθK = 0 on Σ,

JρeKWΓ + JQK · n − JP : ∇uKWΓ =

− LABWΓ

on Σ.

Assumptions:

1 Internal energy is given as ei = cdiθi

2 Fourier law of conductivity: Qi = −Ki∇θi

3 Linearized dissipation law: Pi : ∇∂tui = −γi div ∂tui
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Energy balance

ei - internal energies, Qi - heat fluxes

ρAcdA∂tθA − div (KA∇θA) = fθA
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Energy balance

ei - internal energies, Qi - heat fluxes
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Mass balance (carbon)

ci - carbon concentration, Φi - carbon fluxes

ρA∂tcA + div ΦA = fcA
in QA,

ρB∂tcB + div ΦB = fcB
in QB ,

JcK = 0 on Σ,

JρKcWΓ + JΦKn = fcΓ on Σ.

Assumptions:

1 Fick’s law of diffusion: Φi = −Di (θi )∇ci

2 fcΓ: carbon well due to the precipitation of Fe3C (cementite)
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Interface movement

Common approaches (often scaled to θcrit = 0):

θ = θcrit (classical condition),

θ = θcrit + σ0HΓ (Gibbs-Thomson law)

Different idea: WΓ ∝ “difference of the free enthalpies of the
phases”

; WΓ = WΓ(e(u), θ, c ,′′ geometry of Γ′′).

Possibilities (β constant of proportionality):

WΓ(θ) = β(θ − θcrit) (Kinetic undercooling),

WΓ(θ) = β(θ − θcrit)+ (one-way transformation),

= (−σ0HΓ + θ − θcrit) (Gibbs-Thomson undercooling).

In the following: WΓ a priori known!
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Summary of the Model Equations

Model equations for deformations ui , temperatures θi , and carbon
concentrations ci :

− div (Cie(ui )− αiθiI3) = fui (Momentum bal.),

ρicdi∂tθi + γi div ∂tui − div (Ki∇θi ) = fθi
(Energy bal.),

ρi∂tci − div (Di (θi )∇ci ) = fci (Mass bal.),

complemented by jump conditions on Σ, boundary conditions, and
initial values.
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Periodic Setting

Periodic domains Ωε
A(0), Ωε

B(0) and periodic
interface Γε(0),

Ωε
A(t) ∩ Ωε

B(t) = ∅,
Γε(t) = ∂Ωε

B(t),

Ωε
A(t) connected, Ωε

B(t) disconnected,

Ω = Ωε
A(t)∪Ωε

B(t)∪ Γε(t) time independent,

No contact between Γ(t) and “the ε-grid.

ΩB (0)ΩA(0)

Γ(0)

Ωε
B (0)Ωε

A(0)

Γε(0)

ε
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Interface movement

Movement of the boundary a priori known
and sufficiently regular such that

there is a motion sε ∈ C 1(S ;C 2(Ω)) such
that

Γε(t) = sε(t, Γε(0)), Ωε
i (t) = sε(t,Ωε

i (0)),

Γε(0) = (sε)−1(t, Γε(t)), Ωε
i (0) = (sε)−1(t,Ωε

i (t)),

Regularity of the boundary movement
uniform in ε, e.g.,

‖∂ts
ε‖ ≤ Cε

ΩB (0)ΩA(0)

Γ(0)

Ωε
B (0)Ωε

A(0)

Γε(0)

ε
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ε-scaling
Balance equations:

− div(CAe(uεA)− αAθAI3) = f εuA
,

− div( ε 2CBe(uεB)− ε αBθBI3) = f εuB
,

ρAcdA∂tθ
ε
A + γA div ∂tuA − div(KA∇θεA) = f εθA

,

ρBcdB∂tθ
ε
B + ε γB div ∂tuB − div( ε 2KB∇θεB) = f εθB

.

Interface conditions:

JC εε(uε)− αεθεI3Knε = − Hε
Γ σ

ε
0n
ε,

JρcdKθε W ε
Γ + Jγ div uK W ε

Γ − JK ε∇θεK · nε = LAB W ε
Γ ,

JuεK = 0, JθεK = 0

(supplemented by boundary conditions and initial conditions).
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Overview

1 Motivation

2 Modeling

3 Analysis

4 Homogenization

5 Future Work
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Analysis of the model

1 Transform the system to the initial configuration (uε = Uε(sε))

− div(C ref
i e(Uε

i )−Θε
i α

ref
i ) = f ref

ui
in Ωε

i , t ∈ S ,

∂t(c ref
i Θε + γref

i : ∇Uε
A) + div((γref

i : ∇UA)bref )

− div(K ref
i ∇Θε + Θεbref ) = f ref

θi
in S × Ωε

i .

2 Corresponding operator formulation

E εC (t)Uε − eεte(t)Θε = Fεu(t) in H−1(Ω)3,

d

dt
(Bεθ (t)Θε + Bεu(t)Uε) + Aεθ(t)Θε + Aεu(t)Uε = Fεθ (t) in H1(Ω)∗.

3 Existence of a unique solution in L2(S ;H1
0 (Ω)3 × H1(Ω)).
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E εC (t)Uε − eεte(t)Θε = Fεu(t) in H−1(Ω)3,

d

dt
(Bε(t)Θε) + Aε(t)Θε = Fε(t) in H1(Ω)∗.

3 Existence of a unique solution in L2(S ;H1
0 (Ω)3 × H1(Ω)).
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2 Corresponding operator formulation

E εC (t)Uε − eεte(t)Θε = Fεu(t) in H−1(Ω)3,

d

dt
(Bε(t)Θε) + Aε(t)Θε = Fε(t) in H1(Ω)∗.

3 Existence of a unique solution in L2(S ;H1
0 (Ω)3 × H1(Ω)).

4 Establishing a priori estimates:

‖Θε‖L∞(S ;L2(Ω)) + ‖∇Θε
A‖L2(S×Ωε

A)3 + ε‖∇Θε
B‖L2(S×Ωε

B )3 ≤ C ,

ess sup
t∈S

(
‖Uε‖L2(Ω)3 + ‖e(Uε

A)‖L2(Ωε
A)3×3 + ε‖e(Uε

B)‖L2(Ωε
B )3×3

)
≤ C .
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Two-scale convergence

Definition

A sequence v ε in L2(S × Ω) two-scale converges to

v0 ∈ L2(S × Ω× Y ), (v ε
2→ v0), if, for all ϕ ∈ L2(S × Ω;C#(Y )),

we have that

lim
ε→0

∫
Q
v ε(t, x)ϕ(t, x ,

x

ε
)dx dt =

∫
Q

∫
Y
v(t, x , y)ϕ(t, x , y) dx dt dy .

Theorem (Nguetseng 1989, Allaire 1992)

Let v ε be a bounded sequence in L2(S × Ω). Then, there exists a
function v ∈ L2(S × Ω× Y ) such that, at least up to a

subsequence, v ε
2→ v0.
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Theorem (Existence of two-scale limit functions)

There are

uA ∈ L2(S ;H1
0 (Ω))3 such that ∂tuA ∈ L2(S × Ω)3,

UB ∈ L2(S × Ω;H1
#(Y ))3 such that ∂tUB ∈ L2(S × Ω× Y )3,

θA ∈ L2(S ;H1(Ω)) such that ∂tθA ∈ L2(S × Ω),

ΘB ∈ L2(S × Ω;H1
#(Y )) such that ∂tΘB ∈ L2(S × Ω× Y ),

ÛA ∈ L2(S × Ω;H1
#(Y ))3, and Θ̂A ∈ L2(S × Ω;H1

#(Y ))

such that for a subsequence of (Uε
A,U

ε
B ,Θ

ε
A,Θ

ε
B )

Uε
A

2→ uA, e(Uε
A)

2→ e(uA) + eY (ÛA),

Uε
B

2→ UB , e(Uε
B )

2→ eY (UB ),

χε
AΘε

A
2→ χAθA, χε

A∇Θε
A

2→ χA(∇θA +∇Y Θ̂A),

χε
B Θε

B
2→ χB ΘB , εχε

B∇Θε
B

2→ χB∇Y ΘB .
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Homogenized problem

The macroscopic equations for the austenite:

− div
(
C eff

A e(uA)− αeff
A θA

)
= f eff

u + Heff
Γ in S × Ω,

∂t

(
ceff θA + ρBcdB

∫
YB (t,x)

θB dy + γeff
A : ∇uA

)
− div

(
K eff

A ∇θA

)
= W eff

Γ + f eff
θ in S × Ω.

22Motivation Modeling Analysis Homogenization Future Work

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Center for
Industrial Mathematics

Faculty 03
Mathematics / Computer Sciences

Homogenized problem

The macroscopic equations for the austenite:

− div
(
C eff

A e(uA)− αeff
A θA

)
= f eff

u + Heff
Γ in S × Ω,

∂t

(
ceff θA + ρBcdB

∫
YB (t,x)

θB dy + γeff
A : ∇uA

)
− div

(
K eff

A ∇θA

)
= W eff

Γ + f eff
θ in S × Ω.

22Motivation Modeling Analysis Homogenization Future Work

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Center for
Industrial Mathematics

Faculty 03
Mathematics / Computer Sciences

Homogenized problem

The macroscopic equations for the austenite:

− div
(
C eff

A e(uA)− αeff
A θA

)
= f eff

u + Heff
Γ in S × Ω,

∂t

(
ceff θA + ρBcdB

∫
YB (t,x)

θB dy + γeff
A : ∇uA

)
− div

(
K eff

A ∇θA

)
= W eff

Γ + f eff
θ in S × Ω.

The microscopic equations for the bainite (t ∈ S , x ∈ Ω)

− divY (CBeY (uB)− αBθBI3) = fBu in YB(t, x),

ρBcdB∂tθB + γB∂t divY uB − divY (KB∇Y θB) = fθB
in YB(t, x),

uB = uA, θB = θA on ∂YB(t, x).
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Simplified problem:

Corrector estimates
Properties of the homogenized problem

Full problem: (with unknown interface movement)

highly nonlinear, but there are results (Escher et al., 2003,
Prüss et al., 2013)

Local in time solution: What happens when ε → 0?
Also a problem: establishing ε estimates
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Thank you for listening.

Tack s̊a mycket för er
uppmärksamhet!

Danke für die Aufmerksamkeit!
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