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m Steel: alloy of /ron, Carbon (and other elements)

m Characterized by a complex multiscale material behaviour

Standard steel coil

Different steel microstructures
Motivation
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m Macroscopic mechanical properties of materials like steal are
often influenced/caused by microscale effects.
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Motivation behind my Research

m Macroscopic mechanical properties of materials like steal are
often influenced/caused by microscale effects.
m Prominent examples for

crystal orientation,

® microscale phenomenons: phase transformations, dislocations,

m macroscale phenomenons: crystal plasticity, transformation
induced plasticity (TRIP),
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Motivation behind my Research

m Macroscopic mechanical properties of materials like steal are
often influenced/caused by microscale effects.
m Prominent examples for

crystal orientation,

® microscale phenomenons: phase transformations, dislocations,

m macroscale phenomenons: crystal plasticity, transformation
induced plasticity (TRIP),

~> (very general) Goal/ldea: Investigate connections of those
phenomenons via homogenization, especially:

m (Bainitic) phase transformations <> TRIP
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Microstructures/Phases
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Microstructures/Phases

Temperature (-C) m stable phase depends on (among
L600A -+ lauid other things) temperature and
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Microstructures/Phases

m stable phase depends on (among
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Microstructures/Phases

Temperature (-C) m stable phase depends on (among
L600A -+ lauid other things) temperature and
§ ——] liquid .
1,400 N carbon fraction,
1,200+ o3 C + liquid i i
e P et m typically only attained after a long
o Looop STl | P time period and via very slow
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Microstructures/Phases

Temperature (°C)

stable phase depends on (among

L600A -+ lauid other things) temperature and
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Bainite
m Non-equilibrium micro structure,
Temperature (°C)
1,600 A 0+ liquid
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m Non-equilibrium micro structure,
m consits of cementite (FesC) and ferrite,

m forms from undercooled (range 250-550°C)
austenite when (significant) diffusion of iron is
not possible anymore,

1 austenite transforms to (carbon supersaturated)
ferrite,

2 the excess carbon subsequently precipitates into

the remaining austenite, where it then forms
cementite.
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m Non-equilibrium micro structure,

m consits of cementite (FesC) and ferrite,

m forms from undercooled (range 250-550°C)
austenite when (significant) diffusion of iron is
not possible anymore,

1 austenite transforms to (carbon supersaturated)
ferrite,
2 the excess carbon subsequently precipitates into

the remaining austenite, where it then forms
cementite.

m Process (1) is naturally connected to mechanical
stresses.

Motivation Modeling Analysis Homogenization Future Work 7
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Bainite
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m Non-equilibrium micro structure,

m consits of cementite (FesC) and ferrite,

m forms from undercooled (range 250-550°C)
austenite when (significant) diffusion of iron is
not possible anymore,

b 1 austenite transforms to (carbon supersaturated)
ferrite,
2 the excess carbon subsequently precipitates into
e the rem.aining austenite, where it then forms
* :():ll(l}l)‘l‘\:m cementite.
: m Process (1) is naturally connected to mechanical
N stresses.
A Cause/contributor to macroscale effects like
TRIP
Motivation Modeling Analysis Homogenization Future Work 7
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m Two phases present, Austenite, Qa(t),
and Bainite, Qp(t)

m [(t) is a sharp (free moving) interface,

Geometry at time t.
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General Setting

m Two phases present, Austenite, Qa(t),

and Bainite, Q5(t) Qa(t)  Qs(1)
m [(t) is a sharp (free moving) interface, n(t)
= Notations: r(t)

n(t) = outer normal vector of Qp(t),
Wr(t) = velocity of I'(t) in n(t) direction,
Hr(t) = mean curvature of ['(t),

= U (e} =),

te(0,T)

Y= |J (t}xr().

te(0,T)

Geometry at time t.
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General Scenario

We need to consider the following effects

Mechanic: Deformations, stresses

Energy: Internal energy, heat flux, dissipation

Carbon content: concentration, diffusion, precipitation

Phase transformation ~ Interface movement

Transmission conditions at interface ~» Jump conditions

Motivation Modeling Analysis Homogenization Future Work
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u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -
temperatures (i € {A, B})

paOitua — div Py = 1,

pBOup — div Pg = f,,

in QA7
in Q37
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u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -
temperatures (i € {A, B})

paOitua — div Py = 1,

in QA7
pBOup — div Pg = f,, in @,
Up = ug on X,
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u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -
temperatures (i € {A, B})

paOitua — div Py = 1,

in QA7
pBOttup — div Pg = f,, in Qg,
[uf=0 on X,
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Mechanic

u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -
temperatures (i € {A, B})

paOitua — div Py = 1, in Qa,
pBOttup — div Pg = f,, in Qg,
[ul =0 on X,
[pO:u] Wr — [P]n = on X.
Motivation Modeling Analysis Homogenization Future Work 10
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Mechanic

u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -

temperatures (i € {A, B})

paOitua — div Py = 1,
pBOttup — div Pg = f,,

[u]l =0
[pOru]Wr — [P]n = — ooHrn

Motivation Modeling Analysis Homogenization Future Work
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Mechanic

u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -

temperatures (i € {A, B})

paOitua — div Py = 1,
pBOttup — div Pg = f,,

[u]l =0
[pOrulWr — [Pln = — ooHrn

Assumptions:

1 Quasi-stationary mechanics

Motivation Modeling Analysis Homogenization Future Work
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Mechanic

u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -

temperatures (i € {A, B})

— div PA = qu
—divPg = fu,
[u] =0
— [[P]]n = — O’oHrn
Assumptions:

1 Quasi-stationary mechanics

Motivation Modeling Analysis Homogenization Future Work
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Mechanic

u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -
temperatures (i € {A, B})

—div PA = qu in QA)
—div PB = fUB in QB;
[uf=0 on X,

— [[P]]n = —O’oHrn on X.
Assumptions:
1 Quasi-stationary mechanics

2 Linear Thermoelasticity: P; = Cie(u;) — «j6;13,
e(u) =3 (Vu+vuT)
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Mechanic

u; - deformation vectors, P; - Piola-Kirchhoff stress tensors, 6; -
temperatures (i € {A, B})

— diV(CAe(UA) — OéAQA]I3) = Tuy in QA,
— div(CBe(uB) — 045(9313) = fUB in QB;
[uf=0 on X,

— [Ce(u) — ablz]n = — ooHrn on X.
Assumptions:
1 Quasi-stationary mechanics
2 Linear Thermoelasticity: P; = Cie(u;) — «j6;13,
e(u) =3 (Vu+vuT)
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e - internal energies, Q; - heat fluxes

padiea +div Qa = fy, + Pa : VOrup
peOreg +divQp = fy, + Pg : VO:up
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Energy balance
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e - internal energies, Q; - heat fluxes

padiea +div Qa = fy, + Pa : VOrup
peOreg +divQp = fy, + Pg : VO:up

in QA7
in Q37
[0] =0 on X,
@ Universitat Bremen
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Energy balance

e - internal energies, Q; - heat fluxes

paOtea +divQa = fo, + Pa: VOrua in Qa,
pBOteg +divQp = fy, + Pg : VOrug  in Qp,

[0] =0 on X,
[pe]Wr + [Q] - n— [P : Vu]Wr = on X¥.
Motivation Modeling Analysis Homogenization Future Work 11
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e - internal energies, Q; - heat fluxes

paOtea +div Qa = fo, + Pa : VOrup

in Qa,
peOreg +divQp = fy, + Pg : VOrug in Qp,
[0] =0 on X,
[pelWr + [Q] - n— [P : VulWr = — LagWr on Y.
Motivation Modeling Analysis Homogenization Future Work 11
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Energy balance
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e - internal energies, Q; - heat fluxes

paOtea +div Qa = fo, + Pa : VOrup

in Qa,
pBOteg +divQp = fy, + Pg : VOrug  in Qp,
[f] =0 on X,
lpelWr +[Q] - n— [P : VulWr = — LagWr on X¥.

Assumptions:

1 Internal energy is given as e; = cy;0;

2 Fourier law of conductivity: Q;

—K;V0;

Motivation Modeling Analysis Homogenization Future Work 11
@ Universitat Bremen

«O» «F» «

it

v

a
it
v

DA


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Center for
Industrial Mathematics

Energy balance

Faculty 03

Mathematics / Computer Sciences

e - internal energies, Q; - heat fluxes

PACIAOOA — diV(KAVHA) = ng + Pp : VOiua

in Qa,
pBCdpO:fp — div(KgVlg) = fy, + Pg : VOrug  in Q@p,
[f] =0 on X,
loca]OWr — [KVO] - n— [P : Vu]lWr = — LagWr on X.

Assumptions:

1 Internal energy is given as e; = cy;0;

2 Fourier law of conductivity: Q;

—K;V0;
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Energy balance

e - internal energies, Q; - heat fluxes

PACIAOOA — diV(KAVHA) = ng + Pp:VOiua in Qa,
pBCdpO:fp — div(KgVlg) = fy, + Pg : VOrug  in Q@p,
] =0 on X,
lpca]loWr — [KVO] - n— [P : VulWr = — LagWr on ¥.
Assumptions:
1 Internal energy is given as e; = cy;0;
2 Fourier law of conductivity: Q; = —K;V;
3 Linearized dissipation law: P;: VO;u; = —~; div d;u;
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e - internal energies, Q; - heat fluxes

pAchatGA — diV(KAVHA) = ng — YA div atUA

in Qa,
pecagOifp — div(KgVlg) = fy, —ypdivoiug in Qp,

[f] =0 on X,

lpca]OWr — [KVO] - n+ [ydivulWr = — LagWr on Y.

Assumptions:

1 Internal energy is given as e; = cy;0;
2 Fourier law of conductivity: Q;

—K;V0;
3 Linearized dissipation law: P; : VO;u; = —~; div d;u;

Motivation Modeling Analysis Homogenization Future Work
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¢; - carbon concentration, ®; - carbon fluxes

pAatCA + d|V q>A - fCA in QA;
peOtcg +divdp = f,

in QBa
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Mass balance (carbon)

Mathematics / Computer Sciences

¢; - carbon concentration, ®; - carbon fluxes

pAatCA + d|V q>A - fCA in QA;
peOtcg +divdp = f,

in QBa
[c]=0 on X,
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Mass balance (carbon)

¢; - carbon concentration, ®; - carbon fluxes

paldica +divds =fo, in Qa,
pOtcg +div®p =f, in Qp,
[c]=0 on I,

[plcWr + [®]n = for on X
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Mass balance (carbon)

¢; - carbon concentration, ®; - carbon fluxes

pAatCA + d|V q>A - fCA in QA;
pOtcg +div®p =f, in Qp,
[c]=0 on X,
[plcWr + [®]n = for on X
Assumptions:

1 Fick's law of diffusion: ®; = —D;(0;)V¢;

Motivation Modeling Analysis Homogenization Future Work 12
@ Universitat Bremen

«0O» «F» «

it
v
a
it
v
it

DA


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Center for Faculty 03
Industrial Mathematics Mathematics / Computer Sciences

Mass balance (carbon)

¢; - carbon concentration, ®; - carbon fluxes

padica — div(Da(0a)Vea) =f, in Qa,
pgOtcg — div(Dg(8g)Veg) =f, in Qp,
[c]=0 on X,

[plcWr — [D(0)Vc]n=for on X.

Assumptions:
1 Fick's law of diffusion: ®; = —D;(0;)V¢;
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Mass balance (carbon)

¢; - carbon concentration, ®; - carbon fluxes

padica — div(Da(0a)Vea) =f, in Qa,
pgOtcg — div(Dg(8g)Veg) =f, in Qp,
[c]=0 on X,

[plcWr — [D(0)Vc]n=for on X.

Assumptions:
1 Fick's law of diffusion: ®; = —D;(0;)V¢;

2 fr: carbon well due to the precipitation of FesC (cementite)
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Interface movement
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Mathematics / Computer Sciences

0 = Hcrit

m Common approaches (often scaled to 6. = 0):
0 = Ocrit + ooHr

(classical condition),
(Gibbs-Thomson law)

@ Universitat Bremen

Motivation Modeling Analysis Homogenization Future Work

«0O)» «F»

13
<

DA


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de
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Faculty 03

Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0 =0+  (classical condition),
0 = Ocrit + ooHr

(Gibbs-Thomson law)
m Different idea: Wt oc “difference of the free enthalpies of the
phases”

>

Wr = Wr(e(u), 0, c,” geometry of ).
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Faculty 03

Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0 =0+  (classical condition),
0 = Ocrit + ooHr

(Gibbs-Thomson law)
m Different idea: Wt oc “difference of the free enthalpies of the
phases”

>

Wr = Wr(e(u), 0, c,” geometry of ).
m Possibilities (8 constant of proportionality):

@ Universitat Bremen

Motivation Modeling Analysis Homogenization Future Work

13
«O0» «F»r « =)«

DA


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

@ Center for

Industrial Mathematics

Faculty 03
Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0= Hcrit
0 = Ocrit + ooHr

(Gibbs-Thomson law)
phases”

(classical condition),
m Different idea: Wt oc “difference of the free enthalpies of the

>

Wr = Wr(e(u), 0, c,” geometry of ).
m Possibilities (8 constant of proportionality):

Wr(9) = 6(0 - Hcrit)

(Kinetic undercooling),
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@ Center for

Industrial Mathematics

Faculty 03
Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0= Hcrit
0 = Ocrit + ooHr

(Gibbs-Thomson law)
phases”

(classical condition),
m Different idea: Wt oc “difference of the free enthalpies of the

>

Wr = Wr(e(u), 0, c,” geometry of ).
m Possibilities (8 constant of proportionality):

Wr(6) = B(0 — Ocrir) (Kinetic undercooling),
Wr(0) = B(0 — Oair)* (one-way transformation),
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@ Center for

Industrial Mathematics

Faculty 03

Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0= Hcrit
0 = Ocrit + ooHr

(Gibbs-Thomson law)
phases”

(classical condition),
m Different idea: Wt oc “difference of the free enthalpies of the

>

Wr = Wr(e(u), 0, c,” geometry of ).
m Possibilities (8 constant of proportionality):

Wr(6) = B(0 — Ocrir) (Kinetic undercooling),
Wr(0) = B(0 — Oair)* (one-way transformation),
Wi (0, Hr) = B (—ooHr + 0 — 0it) (Gibbs-Thomson undercooling)
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@ Center for
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Faculty 03

Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0= Hcrit
0 = Ocrit + ooHr

(Gibbs-Thomson law)
phases”

(classical condition),
m Different idea: Wt oc “difference of the free enthalpies of the

>

Wr = Wr(e(u), 0, c,” geometry of ).
m Possibilities (8 constant of proportionality):

Wr(6) = B(0 — Ocrir) (Kinetic undercooling),
Wr(0) = B(0 — Oair)* (one-way transformation),
Wi (0, c, Hr) = 8(c) (—ooHr + 0 — 6it)  (Gibbs-Thomson undercooling)
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@ Center for

Industrial Mathematics

Faculty 03

Interface movement

Mathematics / Computer Sciences

m Common approaches (often scaled to 6. = 0):

0= Hcrit
0 = Ocrit + ooHr

(Gibbs-Thomson law)
phases”

(classical condition),
m Different idea: Wt oc “difference of the free enthalpies of the

>

Wr = Wr(e(u), 0, c,” geometry of ).
m Possibilities (8 constant of proportionality):

Wr(6) = B(0 — Ocrir) (Kinetic undercooling),
Wr(0) = B(0 — Oair)* (one-way transformation),
Wi (0, c, Hr) = 8(c) (—ooHr + 0 — 6it)  (Gibbs-Thomson undercooling)
m In the following: W a priori known!
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Faculty 03

Summary of the Model Equations

Mathematics / Computer Sciences

Model equations for deformations u;, temperatures 6;, and carbon
concentrations c;:

—div (C,-e(u,-) — ()4,'9,‘]I3)
PiCdi0:0; + i div Oru; — div (K;V@,’)

(Momentum bal.),
(Energy bal.),

(Mass bal.),
initial values.

p,-@tc,- —div (D;(@,‘)VC,’)
complemented by jump conditions on X, boundary conditions, and

fu
fo,
f
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@ Center for

Industrial Mathematics

Faculty 03

Summary of the Model Equations

Mathematics / Computer Sciences

Model equations for deformations u;, temperatures 6;, and carbon
concentrations c;:

—div(Gie(uj) — @j013) = f,, (Momentum bal.),
PiCdi0:0; + i div Oru; — div (K;V@,’) =f

(Energy bal.),

complemented by jump conditions on X, boundary conditions, and
initial values.

@ Universitat Bremen

Motivation Modeling Analysis Homogenization Future Work

14

A40>» «Fr» «=E» « E

>

DA


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Center for Faculty 03
Industrial Mathematics Mathematics / Computer Sciences

Periodic Setting
Q4(0) Q5(0)

m Periodic domains Q%(0), Q%(0) and periodic

interface ¢(0), r(0)

Q2(0)  925(0)
AN
dlaldlalda
ald|d|&ald] r-(o)
dddaaad
aaaaaaq e
Aaaaaa
aadaaaa
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Periodic Setting

Q4(0) Qp(0)

m Periodic domains Q%(0), Q%(0) and periodic
interface '(0), r(0)
[ Qi(t) N Q%(t) =0,
m [(t) = 0Q5(t),
] gi\(tg)?connec;ed, Q%(t) disconnected, Q5(0)  Q5(0)
mQ=Q5((t)UQ%(t)UTlE(t) time independent, AN
A(HURR(UT(D) b N
dadaaaa r<(0)
dlalalalad
A aaalaalc
AAa\aa\a
d\dddadada
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Periodic Setting

Q4(0) Qp(0)

m Periodic domains Q%(0), Q%(0) and periodic
interface '(0), r(0)
m Q5(t)NQ5(t) =0,
m [(t) = 0Q5(t),
] gi\(tg)?connec;ed, Q%(t) disconnected, Q5(0)  Q5(0)
m Q=0Q5(t) UQ%(t) Ul®(t) time independent, AN
A1) UR5(0)UT (1) time indepe N
m No contact between ['(t) and “the e-grid. ald|d|&ald] r-(o)
d|d|daad
Aaaaaa e
A aaaaa
aaaaaa
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@ Universitat Bremen

«A0O0>» AFr» «E» « E)>»

DA


http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de

Center for Faculty 03
Industrial Mathematics Mathematics / Computer Sciences

Interface movement

m Movement of the boundary a priori known
and sufficiently regular such that L T(0)
Q3000 Q5(0)
AN /\
daldla| a4 |
adddadd r-o
dlaaaad
dlaaaad e
dadadaa
daaadaa
Motivation Modeling Analysis Homogenization Future Work 16
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Interface movement

m Movement of the boundary a priori known

and sufficiently regular such that L T(0)
m there is a motion s° € C(S; C?(Q)) such
that
re(e) = s°(6,1°(0), (1) = (£, 25(0),  2%0)  5(0)
_ _ AN /\

r#(0) = (s°) (&, T*(1), Q(0) = ()" '(t, (1)), @aAA[A[Z M|
alalalalald] r-(o)
dlaaaad
dlaaaad e
dadadaa
daaadaa
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Interface movement

m Movement of the boundary a priori known

and sufficiently regular such that L T(0)
m there is a motion s° € C1(S; C%(Q)) such
that
r=(t) = s*(¢,1°(0)), Q7 (t) = s°(t,92(0)), Q400 Q3(0)
_ _ N A
[(0) = (s°)7M(t,T°(1)), Q5(0) = (s°) M, (1)), @Al@AZM
dddadada r<(0)
m Regularity of the boundary movement dlalala aa
uniform in ¢, e.g., daa\aladlc
daaadada
10¢s°|| < Ce dddddd
Motivation Modeling Analysis Homogenization Future Work 16
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e-scaling
Balance equations:

NENEEE
™

a4 aaa
aiaaa
a|aaa
a4 aaa
a|aaa
aaaia

Q&&&&&

—div(Cae(uy) — aalals

—div( e 2Cge(ug) — € aplpls

PACIAO0:0% + vadiv Orua — div(KaVE5
pecag0:bs + € ygdivorug — div( e 2KBV055

fu
E

)
)
)
)
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e-scaling ggaaaa
: . alalalaala
Balance equations: eaasadl
. @daaaaa
—div(Cae(ua) — aabals) = f;,, @dddda
. 2
—div(JE° Cge(ug) — Blagtsls) = f;,
PACIAO:0% + yadivOrua — div(KaVOy) = f5,,
pBCcasd:is + Blys div o ug — div(BI K Vo) = s -
Motivation Modeling Analysis Homogenization Future Work 17
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e-scaling gaadaa
Balance equations: i
. aaaaaa
—div(Cae(up) — aabfalz) = f; ,@ddada
- diV( 2CBe(uB) — € aBQB]I3) fUEB’
PACIAO:0% + yadivOrua — div(KaVOy) = f5,,
pBcag0:05 + [Blyp div Orup — div(JE KBV0 )= s -
Interface conditions:
[Cfe(u®) — a®0°13]n° = — Hf ogn®,
lpca]0° WE + [ydivu] Wi — [KEVE] - n° = Lag W,
[uU] =0, [60°]=0
(supplemented by boundary conditions and initial conditions).
Motivation Modeling Analysis Homogenization Future Work 17
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e-scaling gaadaa
Balance equations: i
. aaaaaa
—div(Cae(up) — aabfalz) = f; ,@ddada
- diV( 2CBe(uB) — € aBQB]I3) fUEB’
PACIAO:0% + yadivOrua — div(KaVOy) = f5,,
pBcag0:05 + [Blyp div Orup — div(JE KBV0 )= s -
Interface conditions:
[Cfe(u®) — a®0°13]n° = —[Hf ogn°,
lpca]0°TWE + [ divu] Wi | — [KEVE°] - n° = Lag Wi |,
[uU] =0, [60°]=0
(supplemented by boundary conditions and initial conditions).
Motivation Modeling Analysis Homogenization Future Work 17
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Overview
3 Analysis
Motivation
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Analysis of the model

Mathematics / Computer Sciences

1 Transform the system to the initial configuration (v® = U*(s%))
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Industrial Mathematics

Faculty 03

Analysis of the model

Mathematics / Computer Sciences

1 Transform the system to the initial configuration (v® = U*(s%))

ref .
FA

—div(C/e(U5) — ©5a/) = £/ in QF, te S,
Or(crF O + 41t . VU3) + div((/F - VUL)b™)
—div(K/Ve® + 0 = £/ in S x Q5.
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@ Center for

Industrial Mathematics

Analysis of the model

Faculty 03

Mathematics / Computer Sciences

1 Transform the system to the initial configuration (v® = U*(s%))

ref .
i

\V4 UA) bref)

—div(K/Ve® + 0 = £/ in S x Q5.

—div(C/e(U5) — ©5a/) = £/ in QF, te S,
De(cr O° 4 et . VUS) + div((y
2 Corresponding operator formulation

E(t)U° — ete(1)©°
dt

= Fi(t) in H(Q)?,
(B5(1)©° + B (t)U%) + A5(t)©° + A (t)U° = F5(t) in Hl(Q)*.
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@ Center for

Industrial Mathematics

Analysis of the model

Faculty 03

Mathematics / Computer Sciences

1 Transform the system to the initial configuration (v® = U*(s%))

ref .
i

\V4 UA) bref)

—div(K/Ve® + 0 = £/ in S x Q5.

—div(C/e(U5) — ©5a/) = £/ in QF, te S,
De(cr O° 4 et . VUS) + div((y
2 Corresponding operator formulation

EZ(t)U° — ()0 = Fy(t) in H(Q),
3 (B ()9 + A*(5)07 = F=(t) in HY(Q)*.
@ Universitat Bremen
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@ Center for

Industrial Mathematics

Analysis of the model

Faculty 03

Mathematics / Computer Sciences

1 Transform the system to the initial configuration (v® = U*(s%))

ref .
i

\V4 UA) bref)

—div(K/Ve® + 0 = £/ in S x Q5.

—div(C/e(U5) — ©5a/) = £/ in QF, te S,
De(cr O° 4 et . VUS) + div((y
2 Corresponding operator formulation

EC(t)U° — en(1)0° = Fi(t) in HTH(Q),
3 (B ()9 + A*(5)07 = F=(t) in HY(Q)*.
3 Existence of a unique solution in L2(S; H3(Q)3 x HL(Q)).
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@ Center for

Industrial Mathematics

Faculty 03
Analysis of the model

Mathematics / Computer Sciences

1 Transforming the system to the referential configuration
2 Corresponding operator formulation

EC(t)U° — e (1)0° = Fi(t) in HTH(Q),
d
dt

(B°(t)©°) 4+ A°(t)©° = F=(t) in HY(Q)*.
3 Existence of a unique solution in L2(S; H3(Q)3 x H1(Q)).
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@ Center for

Industrial Mathematics

Faculty 03
Analysis of the model

Mathematics / Computer Sciences

1 Transforming the system to the referential configuration
2 Corresponding operator formulation

EC(t)U° — e (1)0° = Fi(t) in HTH(Q),
d
dt

(B°(t)©°) 4+ A°(t)©° = F=(t) in HY(Q)*.

3 Existence of a unique solution in L2(S; H3(Q)3 x H1(Q)).
4 Establishing a priori estimates:

[0 (s:12(0)) + IVOll2(sxas)s +€llVOBl2(sxag)s < C,
ess sup (HU€HL2(Q)3 + le(Ua)ll 2(05)%3 +€\|6(UE)||L2(QEB)3X3> <C.
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Overview
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Mathematics / Computer Sciences

4 Homogenization

Motivation Modeling Analysis
@ Universitat Bremen
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Two-scale convergence
Definition
A sequence v© in L?(S x Q) two-scale converges to

v € L2(Sx QX Y), (V¢ 3 w), if, for all ¢ € L2(S x Q; Cu(Y)),
we have that

Iim/ vs(t,x)go(t,x,x)dxdt://v(t,x,y)g&(t,x,y)dxdtdy.
e—0 Q € QJY

Motivation Modeling Analysis Homogenization Future Work 20
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Two-scale convergence
Definition

A sequence v© in L?(S x Q) two-scale converges to

v € L2(Sx QX Y), (V¢ 3 w), if, for all ¢ € L2(S x Q; Cu(Y)),
we have that

Iim/ vg(t,x)go(t,x,x)dxdt://v(t,x,y)g&(t,x,y)dxdtdy.
Q € QJY

e—0

Theorem (Nguetseng 1989, Allaire 1992)

Let v¢ be a bounded sequence in L>(S x Q). Then, there exists a
function v € L?(S x Q x Y) such that, at least up to a
subsequence, v¢ 3> V0.

Motivation Modeling Analysis Homogenization Future Work 20
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Theorem (Existence of two-scale limit functions)

There are
ua € L2(S; H}(Q))3 such that dyus € L*(S x Q)
Us € L*(S x Q; HL(Y))? such that 9,Ug € L*(S x Q x Y)3,
0a € L2(S; HY(Q)) such that 9,04 € L*(S x Q),
©p € L2(S x Q; H(Y)) such that 9,0p € (S x QA x Y),
Ua € L2(S x Q HL(Y))?,  and ©a € LX(S x Q; HL(Y))



Theorem (Existence of two-scale limit functions)

There are
ua € L2(S; H}(Q))3 such that Oyua € L*(S x Q)3,
Us € L*(S x Q; HL(Y))? such that 9,Ug € L*(S x Q x Y)3,
0a € L2(S; HY(Q)) such that 9,04 € L*(S x Q),
©p € L2(S x Q; H(Y)) such that 9,0p € (S x QA x Y),
Ua € L2(S x Q HL(Y))?,  and ©a € LX(S x Q; HL(Y))

such that for a subsequence of (U3, Ug,©5,0%)

Us 2 ug, e(U3) 3 e(un) + ey (Un),
Us > Upg, e(Us) > ey(Up),
Xa0% = xafa, XaVOi 3 xa(Vla + VyOa),

2 2
X398 — x8O®s, exgVOs > x8VyOs.
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— div (ceff

A

m The macroscopic equations for the austenite:

e(ua)

. Oéiff

eA) = £ L H in SxQ,
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Homogenized problem

Mathematics / Computer Sciences

m The macroscopic equations for the austenite:

~div (csze(uA)

0 CefFQA —i—chdB/

0s dy + ")/f\ff :Vuga
YB(tvx)

— div (KjffveA) = WET £ in Sx Q.

. Oéiff

eA) = £ L H in SxQ,
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@ Center for

Industrial Mathematics

Faculty 03
Homogenized problem

Mathematics / Computer Sciences

m The macroscopic equations for the austenite:

~div (csze(uA) — o

eA) = £ L H in SxQ,
0 CefFQA + chdB/ O dy + ’)/f\ff :Vup
YB(t,X)

— div (KjffveA) =W + £ in SxQ
m The microscopic equations for the bainite (t € S, x € Q)

—diVy (CBey(uB) — 04393]13) = fBu in YB(t,X),
pBCdeO:0p + vO: divy ug — divy (KgVylg) = fy, in Yg(t,x),

ug = up, g =04 on 8YB(I',X).
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@ Center for

Industrial Mathematics

Faculty 03

Mathematics / Computer Sciences

m Simplified problem:
m Corrector estimates
m Properties of the homogenized problem

m Full problem: (with unknown interface movement)

m highly nonlinear, but there are results (Escher et al., 2003,
Priiss et al., 2013)

m Local in time solution: What happens when ¢ — 07
m Also a problem: establishing € estimates
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@ Center for

Industrial Mathematics

Faculty 03

Mathematics / Computer Sciences

Thank you for listening.

Tack sa mycket for er
uppmarksamhet!

Danke fur die Aufmerksamkeit!
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